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Value of g’ for Supermalloy 


G. G. Scott 
Research Laboratories, General Motors Corporation, Warren, Mi 
Received June 6, 1960 


The gyromagnetic ratio of supermalloy has been det 
effect. The value of 1.905+0.002 obtained for ¢’ is eq 
This is in good agreement with values obtained by ferromagr 


INTRODUCTION ship existing between g and g’ it was considered advisa- 


UPERMALLOY produces quite sharp peaks in ble to repeat our older gyromagnetic ratio experiments 
on supermalloy at this new laboratory 


ferromagnetic resonance experiments. Consequently 
should be a good material to check the Kittel-Van ; 
| , 5 RESULTS 
Vieck relation between the magnetomechanical factor g 
ind the spectroscopic splitting factor g. The rod used in these experiments* 
Recently a highly specialized laboratory facility has | which was used in our earlier experiments on supermalloy 
been made available for making measurements of the for which a g’ value of 1.910 was obtained.‘ The experi- 
Kinstein-deHaas etiect.'? In order to check the relation- mental arrangements used by us for making measure 
ments of the Einstein-deHaas effect have been previ- 
I. Values of g’ for supermalloy obtained ously described.? The present series of experiments is 
lor aily runs - . ES , 7“ te? - 
on summarized in Table I. The resulting value of g’ = 1.905 
+0.002 corresponds to a spectroscopic splitting factor g 
Magneti Se ¢ ; 
caaes : of 2.105. The most recent ferromagnetic resonance ex 
illiamperes g' periments on supermalloy by Young and Uehling® give 
<0 1906 a value of g=2.10. Experiments by Bloembergen® give 
10.00 1.909 a value of 2.12 for the g factor of supermalloy. Hence the 
10.00 1.911 Kittel-Van Vleck relation g=g’/(g’—1) appears to be 
500 1.898 4 F 
10.00 1.907 
10.00 1.904 
10.00 1.898 
1.905 


was the same one 


experimentally verified. 


Furnished by Dr. S. O. Morgan of the Bell Telephone Labo 
ratories 

‘S. Brown, A. J.-P. Meyer, and G. G. Scott, Compt. rend. 238, 
2504 (1954 
ettering Foundatior ‘J. A. Young and E. A. Uehling, Phys. Rev. 94, 544 (1954) 
119, 84 (1990 *N. Bloembergen, Phys. Rev. 78, 572 (1950 





Specific Heat and Elastic Constants of Sodium Iodide at Low Temperatures’ 


RICHARD N. CLAYTOR AND Bitty J. MARSHAI 
The Rice Institute, Houston, Texa 
Received June 13. 1960 


eat from 2.4°K to 8°K and a 
he Debye theta at 0°K, @ 
its at 4.2°K are ¢ 


wade on single crystals of sodium iodide. T 
ita is 1634+1°K. Values 
' 


of 10" dy cm’. 6) calculated from the ve 


of the elastic constar 


heat compares with the 


ta specitx 


and Morrison is discussed 


INTRODUCTION 
XPERIMENTAL result 


the elastic constant 


at this laboratory on 
and specific heats of some 
alkali halides at low temperatures have stimulated some 
At the same time 
ome value to theoretical 


The simple Debye 


criticism® concerning it yretation 
the « xperiments hay en ol 
studies® * on lattice vil ns. 
theory of pecili heat would not be expected to be valid 
substance like Nal 


theory’ 


for a 


vhere a more general lattice 
would predict i frequency distribution of the 
vibrational modes of greater complexity. Even so, at 
sufficiently low temperatu the high-frequency oscil- 


lators are in their 


zero-point 


| energy state, and long- 


wavelength modes of motion contribute to a specific 
vhich approaches the 
work 
at in Nal a 7 
ig ol temperatures, 
and that the char eristic Debye temperature at 0°K 
heat data is slightly lower 


familiar 7* law Debye he experimental 


report d in th trates t] 


law does in fact i ith loweri 


as calculated from 
than that which one ilculate from the veloc ity of 
We 


5 


sound data tak very low temperatures. 


Barron and Morrison 


are reiu V these x] la 


believe ha } irgul { ol 


| observations 


EXPERIMENTAL 


rhe single crystals of NaI used in these measurements 
were grown by Harshaw Chemical Company and are of 
supplied by that 
nes found several parts per 


the high purity, optically clear, type 
We have someti 
million of paramagneti 

alkali halides. The specit 
made in a high-vacuum cal 


company 


npurity (such as Fe) in such 


heat measurements were 
orimeter into which no heat 


exchange gas of He had been admitted. In this way the 


* Supported i ’ art by gt * fr = + ‘ Natio al \e ror 
and Space Administration, ¢ ted by the Office of 
Research 

C. V. Briscoe an quire, Ph Rev. 88, 398 (1957 

2M. H. Norwood and V. Briscoe, Phys. Rev. 112, 45 (1958 

W. Scales, Phys. Rev 

‘D. R. Huffman and rwo 1 Rev. 117, 709 
(1960 

*T. H. K. Barron and risor 1 Rev. 115 
1959) 

*W. Ludwig, J. Phys. Chem. Solids 4, 283 

7A. M. Karo, J. Chem. Phys. 31, 1489 (1959 

§C. Oliphint, Phys. Rev. 115, 296 


autics 


Nava 


1439 
1958 


1959 


" 
ork of 


of elastic const 


ocity of sound 


Berg ar 


common source of error caus‘ 

gas on the sample is elimina 

earlier 
Similarly, we may refer to earlier papers 


meter and techniques have been described in 
papers.’ 


from this laboratory concerning tl] juipment and 


techniques for determining the values of the velocity of 
sound in such single-crystal spe 
ture range from 4°K to 300°K 


pulsed sound waves at 10 megacycl eC 


he tempera 
Briefly the te hnique of 
was used and 
the well-known echo ranging method gave the round 
trip time through the specin Lor 


verse waves were sen 


1 
| 


and trans- 


gitudina 
tions In the « ry stal 
so that elastic constants could be calculated 


RESULTS 
I. Specific Heat 


The measured values of 
listed with their corresponding 
Figure 1 is a plot of ¢ 


is due to the low spe if itures, and 


rase I. The specific heat of temperatures 


ca e deg J » cal/mole 


0.002661 
0.002933 
0.003263 
0.003472 
0.00397 
0.004304 
0.004707 
0.005186 
0.005619 
0.005998 
0.006165 
0.0063% 
0.006574 
0.006654 
0.006925 0.0544 
0 007056 ( 00711 
0.007513 
0.007658 
0.007976 
0.008103 
0.008738 
0.008935 
0.01047 
0.01499 
0.01544 
0.02016 


0.02040 
0.02495 


0 O2488 


Nm hh bh 


0.02931 
0.02899 
0.033541 
0.03344 
0.03736 
0.04149 


Nm NM hy Nw ht 


0.0436 
0.0450 


aww 


0.04871 


0.04810 


ww 


0.05097 


snr ww 


0.08613 
0.09079 
0.09944 
0.1087 

0.1129 

0.1227 
0.1365 
0.1493 


0.1583 





AND | 


e PRESENT WORK 


MORRISOP 


“IN 


ric. 1, The specific heat at constant pressure divided by 7* 
plotted against the temperature, T7°K, for sodium iodide. 


to the reduced sensitivity of the carbon resistance 
thermometer at the higher temperatures. It can easily 
be seen that below 3.5°K the specific heat follows a 
Debye T* relation to within 2%. The specific heat in the 
T* region has been used to determine the 0°K limit of 
the Debye theta, @. The arithmetical average of the 22 
data points below 3.5°K gives a value of 


4)= 163.2+1.0°K. 


The low-temperature 7* behavior is in agreement with 
Blackman’s’ criterion that the specific heat follows the 
simple Debye law below 00/50=3.3°K. 

It will be noted that smoothed values of the specific 
heat at rounded values of the temperature taken from 
lable II of Berg and Morrison” are included in the plot 
of Fig. 1. Agreement with the present work is well 
within the experimental error, but there are important 
differences in interpretation and method of measure 
ment. In the present work, the salt was suspended in a 
high vacuum; in that of Berg and Morrison an exchange 
gas was employed. Further, reference to Fig. 4 of Berg 
and Morrison, a plot of @p versus temperature, doe 
not show a region of true 7* dependence 
attributed to the large scatter in their experimental 
points (+3% in @p, or +9% in C,), and to the fact that 
the measurements do not extend below 2.8°K. An 
average of their lowest points, which must be in the 7 


This may be 


rasBe II. Debye characteristic temperaturé 
Oo, at T + 0°K for Nal 


Sour Elastic constants 


Spe cific heat 


Berg and Morrisor 
t work 


164.2+1.0°K 


Preser 167.64+1.5°K 163.2+1.0°K 


*M. Blackman, in Reports om Progress in Phy 
Society, London, 1941), Vol. 8, Pp 11. 

“W. T. Berg and J. A. Morrison, Proc. R 
4242, 467 (1959 


LASTiC <4 


ONSTANT , ‘ 333 


would indicate a value 162+2°K, but 
rather they extrapolate the curve from higher tempera- 
tures to give a value of 164.2+1.0°K 

the two methods is given in 
h that derived from velocity of sound 
, the @) from the Berg and 
heat is in agreement with the 


region ol @ 


Comparison of 4 from 
Table I, along wi 
measurements. Substantially 
Morrison data on speciti 
6) from the present heat data and both values 


specii 


are smaller than the value of 6) from elastic wave 


velo ity data 
II. Elastic Constants 


lable III gives the values of the elastic 
which were calculated from the longitudinal and trans- 
verse sound wave velocities in the [1,0,0] direction and 
the longitudin il wave veloc ity in the [1,1,0 ] direc tion. 
In order that the velocities may be re-obtained the 
densities are also included in the table. There are data" 
available on the density from 300°K to 89°K. These 


data were extrapolated to O°K using available specifi 


constants 


constants in units of 
(°K) for sodium 


ras_e III. Density in g/cr elastic 


10" dynes/cm? as a functio nperature 


p Cis 

0.912 
0.905 
0.900 


$6689 
$6789 
6884 
6969 


heat data’ and applying the Griineisen relationship.” 
was determined as a 
function of temperature from the densities. The total 
change in length of the specimen between 300°K and 
4.2°K was approximately 0.8%. The change of density 


The linear expansion coefficient 


was approximately 2.5%. Binder corrections of 0.04 use: 
for transverse and 0.03 usec for longitudinal waves" 
were subtracted from the observed delay times. The 
estimated errors at 4.2°K for Ci, Cre, 
+ 0.6%, +7.1%, t 0.3%, respectively. The large 
is obtained by a propagation of error analysis 


and C44 were 
and 
error in C 
volving errors in the other elastic 
the error in the 

Dalven Garland’ have measured the elasti: 
onstants from 300°K to 180°K. Our values agree within 


experimental error wit! 


constants as well as 
travel time 


and 


the values which they obtained 
" International Critical Table 
Inc., New York, 1929 
2 Charles Kittel, Jntroduction to Solid-State Physics 
& Sons, Inc., New York, 1954), p. 154 
*L. J. Slutsky and C. W. Garland, Phys. Rev. 107, 972 (1957 
‘R. Dalven and C. W. Garland, J. Chem. Phys. 30, 346 (1959 


McGraw-Hill Book Company, 


(John Wiley 
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at 300°K. 7 herefore, we have concentrated on the tem- 
perature range from 50°K to 4.2°K 

The Debye theta (@) at O°K has been calculated 
from the elastic wave velocities. Using de Launay’s 
tables,® a 167.6+1.5°K was obtained. The 
setts, Bhatia, and Wyman method"® yielded a value of 
167.3+1.5°K. The error in the Debye theta was esti- 
mated by taking all possible combinations of plus and 

of the elast 


value of 


minus error constants 


DISCUSSION AND CONCLUSIONS 


Che experimental results and calculated quantities 


from the elastic wave measurements add useful data on 


] 
i< 
another alkali halide 


Léwdin"’ has given a theoretical 
analysis of the binding energy and elastic constants at 
alkali halides, but at 


very low temperatures of a few ' 
that time experimental data were meager and inade- 
quate. It is our hope that with such new experimental 
results these theoretical proble ms will be re-examined. 
Once again, we have evidence that the Debye theta 
evaluated at 0°K from elastic wave velocities is perhaps 
as much as 
heat 


1% higher than that computed from the 
These derived 
support an interesting theoretical conclusion byLudwig*® 


capacity studi results again 


that the inclusion of anharmonic terms would predict 
such a difference in the two derived Debye thetas, 4. 
We turn our attention now to the experimental results 
on the specifi heat of Nal. Figure 1 supports the con- 
tention that at te mperatures below 3.5°K the so-called 


7* region has been achieved and that a theoretical term 


involving 7*® would require a very small coefficie nt. On 


the high-temperature side of 3.5°K, it is evident that a 


large number of normal modes of oscillation are being 


excited out of their zero-point energy state and hence 
give rise to a rapid increase of the specific heat with 


oversimplified Briscoe 


temperature The approa¢ h of 


J. de Launay, J. Chem. Phys. 30, 91 (1959 
‘6D. D. Betts, A. B. Bhatia, and M. Wyman, Phys 
37 (1956 
Per-Olov Léwdin, in 
Mott (Taylor and Francis 


Rev. 104, 


edited by N. I 
1956), Vol. 15, No. 17 


idvances in Physics, 
Ltd., London, 


AND B 


and Squire! to an understanding of the frequency versus 


density of oscillat give theoreti 
agreement with ex 


most 


I agreement 
ted be ause tl Ta ( IT 


unexper 
ionic radii of the Na to the I were ant ipa 1 to give an 


asSCS 
ideal situation wherein the larg: ; formed the 
lattice continuum (Debve tvpe ter 
sodium ions behaved lik« 

lators with a frequency tal 
tion maximum. We are 
the density of oscillat 
probably more my 
trum of Nal wherein the 
indeed separated in fre 
has a conside rable det upper 
frequency range. In any sarron 


and Morrison® on the earlier work from tl boratory 
are refuted by the present investigatior vould be 
ill-advised to fit the ngie pows eries a +bT*-+ 
6f’, to the data above I 

deduce the 
Debye theta, %, valid for temperatures appro 
O°K. Yet this is the basis for t] irron and 
approat h to these BB 

ignore experime! tal low my} ture data® to the 
trary. We do not deny 

ture does in fact exist for 5] 
like KCl or 
temperature from 0°K to 10°K. But 
that for substan like I 
spectrum ol 
permits a 7 
tures—e.g., K for Nal 
+} 


tne specific neat rapidly denarts 


heory 
behavior of ( I vy 3 ( oO derive a 
iching 
\orrison 

tently 
con 
empera 


valid in substances 


exist 
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of this researcl 
( onside rable as sis 


the elastic waves ] 





Model of Exchange-Inversion Magnetization* 


( KitTre.t 


Department of Ph ; tversity ( 


is 
states as the temperat 
nickel arsenide ty] 
such transformatior 
Hamiltonian. It 
e of some 
havior ot compac 
} 


teractions betweet 


As type 


N AGNETIC crysta ire believed to exist whict iewed only | model applicable to certain 
without benefit of major crystallographic rear ibstan . t] ibstan it may be inapplicabl 
rangements, transform from ferromagnetic F (or ads t number of results which appear qualita 
ferrimagnetic) to antiferromagnetic AF structures as ivel; mb fe 1 observed in numerou 
the temperature is varied. Among the numerous 
xamples we mention only three: MnAs! and Dy? are to start with, that the magnetic struc 
d to have a transition from F to AF, and Cr- ul may ecomy into two identicai lattices A 
lified Mn.Sb* definitely has a transition from Al , ea ghtly cou y exchange within itself 
F with increasing temperature, which Jaep* ha a ‘ havi i net magi noment at all temper 
nted out is a first-order transition. Such transitior ati below tl i¢ temperature. The 
hich have been aptly called exchange inversi l lagn tic structur of tl substances of interest to us 
itions) pose a theoretical problem because they will not always permit a decomposition into only two 
I 
framework of pure molecular field theory with _ nei f tl itoms on one sublattice lie on the 
mperature-independent interactions. There are, how Oo iblattice; in particular, we shall have to make 


nerous other ways in which such transitio1 n in rt: lification in order to treat NiAs-type 


ind several explanations have been sug tructures il ions in a simple hexagonal 
Néel,® Smart,® Pratt,’ and Liu ef al.* In th irrans wit osely stacked layers. Similarly, 


not expected to occur, as far as we know, withi blattices, with the property that all the nearest 


ent paper we examine the consequences of another v tart with that the ordered states have 
ific phenomenological model which can give rise to linear gnetic structures, but some of the features 
transitions. Our model has elements in common f our n | may b produced in canted or spiral 


the models of Née!] and of smart, al d it ippear 


de a physical 


+} 


justification for an unusua ur central s] issumption is that the exchange 


near function 


? 
ulated by Liu ef al., but the new mod ouplins the tv attices is a li 
from all of these. Our model should bk f som n nfis tional dinate or lattice pa 


narticul critical 
the National Science | par ilar critical value 


er Institute for Basic Resear sa} ' ls in uld, a 
at the exchange between the 


an alternate 


1929 
J. phys. radium 12, inction of the temperature and 
ce, as C. P. Bean has point at son ny ture 7,, in the neighbor- 
t the transition is from { } f | aw rt tif , att 
; I WW 1 1 omagnetic/antilerromagnet 
nas proposed an us . ° ° 
cia F eemenitiiies’ iateaiier die two formulations of the basi 
ler | transiti ma j 

Nature 175, 518 (1955). _ assumptions would be equivalent if the temperature 

1945); 236, 591 (1953 . - 
ling, Phys. Rev. 94, 1143 ads: - 
vhoie temperature range of interest, but there may be 


meter a were constant over the 


+} ¢ 4 s - a . -« 
A Bithe Ml . rge magnetic effect on the expansion coefficient 
509 (1960 
eering Depart 


da/dT which destroy its constancy. It is essential to 
i into account the variation of da/dT. We will 
¢ Comnt. re 24? 1824 (1956 Izvest P : . . 
| l. ate, 152 ; y lave re t maconeti -xDans 

«:. Fic. 21. 890 (1957) [translation Bull, Acad, Sciences _ to have most ol he magnetic expansion 
21. 889 (1957 properties come out of the model, but we feed in the 
e. rt = s q gs 4 } 4% 1 P P 1 . 
art, Phys. Rev. 90, 55 (1953 a usual lattice thermal expansion. We select the first 

W. Pratt Jr . Phys. Rev. 108, 1233 (1957 f loos +} = | | f 
a ormul: the the se q - 
H. Liu, D. R. Behrendt, S. Legvold, and R. H ormulation, rather than Correct the second tor expan 
Rev. 116, 1464 (1959 sion changes. It is certainly an ad hoc assumption to 

£ 5 
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SUPpost that one ex inge constant vanishes at some 


accessible value of a lattice parameter—one suggestion® 


is that the superexchange and indirect exchange inter- 
at this 


actions accidentally cancel value. The materials 


metallic conductors, and the 


dependence of the ex 


cited are all spatial 


hange interactions offers possi- 


1 


bilities for accidents, as that experimentalists will 


discover materia! which cancellations of two inter 


actions occur. By v ing the temperature and by form 
a O.1A 
if the 


zero at one point at random 


ing solid solutions, it is not unusual to cover 
range in lattice parameter with a given crystal 
exe hange inte gral crosses 
in an appropriate 2 A range, one might argue, 
facetiously, that there is a 1:20 chance 
magnetic crystal will display a I 

The We do 
not include magnetocrystalline anisotropy, because thi 
is not to the 


partly 
that a new 
AF transition 

mathematical treatment is elementary 
central present model; anisotropy ca! 
easily be added where it is known. We wish, however 
to include specifically the effects of the strain depend 
what Néel’® has 


called the exchange magnetostriction. This makes a mort 


ence of the isotropi ex hang energy 


important contribution to the energy than previously 
MnAs the volume change 
transition is about 2%; the 
will be of the order of 10*-10° 
comparable with the 
exchange energy. This 


recognized ; for « xample, In 
at the po sible | \l 
associated elastic energy 


ergs/cm’, which is interlattice 


is appreciably larger than the 
usual run of anisotropy energies, and in this circum- 


stance the exchange magnetostriction will dominate at 
the transition, rather than the anisotropy energy. In 
Mn, o¢Cro.osSb the deformation at the AF/I 


is 0.6%; the transition here 


transition 
appears to set in near a 
fixed value of the c-lattice parameter. The Cr content, 
by contracting the lattice, appears chiefly to influence 
the temperature at which the critical lattice parameter 
is reached, but other alloying constituents may have 
more important direct effects on the interlattice 
coupling, so that the size of an ion ts not the only 
criterion of its effect o1 transition. 

Much larger strait d strain-energy densities than 
crystals subject to Jahn- 
deformatior rT deformations 
Good ougn, McClure, 


Wojtowk Z, I ink h, 5 


these are found in 1 


Teller have been 


discussed by Orgel, 


ha, and others in connection with 


Dunitz, 


transition metal « particularly cupric and 


manganite oxides and ferri rhe often 
transition. The 
deformations around lividual ion si are associated 


with the 


crystals 


exhibit a first-ord ubic 


remova strain 


greater the 


> and the 
1S coupled to the 
splitting of the deg 
of the 
weaken (in genera 


he quenching 
spin-orbit coupli juenching tend 


g 
* This suggestio 
of du Pont; see 


L. Néel, Bu 


irt. footnote 


direction and strain I does not mean 
that Jahn-Teller orbital situations do not 
high magnetocrystal 
magnetostriction, for i 


have fairly 
assoc iated 
suggests that thi 
part of the Jahr 
the exchange magnetoe!] 


Ie rgy may not be as large a 

ept perhaps in 

quite special situations ignetostrictiv 

deformation of 10 dered to be 

extremely but 

magnetostriction whicl 

prese nt paper Thus 

which is connect 

very importan 
If, however 


lransilion 


should occur 


or AF/P transition 


temperature, then the accompanying change in atom 


spacing might be enoug » cause a F/AF transition 
purely as a side effect first-order transition 
Here P denotes a paramag! tl has We woul expect 
bined F/AF-J1 in ‘mation 


it is not clear that any have be 


to find such con 


heir thermodynar 
tension of the theo 
new \ iriables Ir 


paper, it appears 


plausibly provide 

observed deformation 

of (0J/de)/J~10, wher tl har ntegral 
e the It is not 
mental measurements te 


and 
strain her experi- 
theory 
to make an unambiguous ili 
for the F/Al 


leller transitior 


transiti 


lattice 


canda 
the transition; 
materials 

One should note 
coupling by phonons Ww ice of terms 
in the free energy of the for f, etc. Suci 
terms may have roug! a magnel 
transition as the (M,-! ter hich, as 


below, arise from the 


we show 
stic energy 
The phonon spin-spi ! 
the Jahn-Teller eff 
magnetocrystallin¢ First-order 
transformations in t rcur ve been con 
sidered by Néel ur | not 


" 


applicable to suct 


EXCHANGE MAGNETOELASTIC ENERGY 





MODEL OF EXCHANGE-INVERSION MAGNET 


changes sign; p denotes da/ da, where a is the molecular 
field constant connecting the sublattice magnetizations 
M, and Mz. We have no a priori knowledge of the sign 
of p, which may be positive or negative, according to 
the substance. 

If we may neglect the intrinsic dependence of the 
ublattice magnetization on the parameter a, the parts 
f the free energy at zero pressure which involve a 
re, to the lowest relevant order, 


F =4RV (a—ar)*—p(a—a.)VMa- Ma, (1) 


where R is equal to the appropriate elastic stiffness 
constant divided by a’; here ar is the equilibrium value 
of a at temperature T for the orientation M, 1 Mz. 
We shall not, in the interest of simplicity, extend the 
model to yield the temperature dependence of M 

M, M,|, but shall take this as determined by 
experiment and assumed to be independent of the 
relatively weak interlattice interaction. 

The equilibrium value of a is given by 


(OF /da)7r=RV (a—az \—pVM,-Mz=0. (2) 


Here we have neglected higher order effects. Thus 
we have 


a=<art+(p R)(M,4- Mz). (3 


In the molecular field approximation a=ay in the 
paramagnetic region. The term in M,-Mzg gives the 
thermal expansion or contraction resulting from the 
intrinsic decrease of sublattice magnetization with 
increasing temperature. The same term also gives the 
change in the lattice parameter when the orientation 
of M, relative to Mg is changed. Thus the difference 
in a at constant temperature between the ferromagnetic 
and antife rromagne tic states is 


Aa dp—dar=2pM? R. (4) 


The sign of ay—aay determines the sign of p 
We now substitute (3) in (1), obtaining 


F/\ p 2R (M, M, 2— 9(ar—a,)(M4- Ms). 


We see that if p(ar—a,) is positive the interaction is 
It is the sign of p\adr—a,) and not of 


determines the effective sign of the 


lerromagnetic: 
that 
interaction. 

If ¢ is the angle between M, and Mg, we see that 
the energy density (5) involves 


p\a— da, 


cos*¢ 1 


¢ 1+ cos2¢), 6 


in addition to the usual cos¢ dependence of the ex- 
change energy. A term in the free energy in the cosine 
of twice the angle was put forward simply as a postulate 
by Liu et al.’ in discussing dysprosium; we have found 
in Eq. (5) one explanation of the origin of such a term. 
Our result suggests that there is no necessary connection 
between the temperature dependences of the cosy and 


cos2¢ terms. The cos2¢ dependence should not be 
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confused with the cos(¢/2) dependence found by 
Anderson and Hasegawa" for the Zener double exchange 
interaction. Terms in a spin Hamiltonian having the 
form (S,-S,)? may arise in the way we have indicated. 
The condition 0//d¢g=0 for an extremum has 
several solutions; th 0, so that 


F/V (p 


minimum has sing 
2R)M‘ t pM? (a7 


to ferromagnetic order and 
order. There 
first-order phase transition between the two states at a 
temperature 75 such that 


with one sign corre sponding 


the other to antiferromagneti occurs a 


ar= d.. (8) 


We observe that ar, not a, enters the condition for the 
At this temperature the actual 
values of a for the two states will differ by the amount 
given in Eq. (4 
assumed the 


transition temperature. 


), with a, half-way in between. We have 


sublattice magnetization M does not 
change on passing through the transition. 

The term in cos*¢ in (5 a potential barrier 
separating the ferromagnetic and antiferromagnetic 


states and may caus¢ 


acts as 
a temperature hysteresis at the 
transition. The instability criterion for an extremum is 
V (p?M* R cos2¢ 


+Vplar—a 


eF/a g 


M? cos¢gs0. (9) 


Setting cosg= +1, instability occurs when 


a7 t pM? R, (10) 


suggesting that the temperature hysteresis—the differ- 
ence between the temperatures at which the transition 
occurs on warming and on cooling—may be as great 
as that determined by 


Aa7 2pM? R, ( 11) 


or, if the Griine isen relation is applicable, 


(yC ,/aoR)AT = 2pM?/R, (12) 


where Cy, is the lattice heat capacity per unit volume 
constant. The result (11) must 
not be confused with (4), which gives the difference in 
at the temperature 7» at 
which they are in equilibrium. 


and y is the Griineisen 


a between the two states 
One must bear in mind that the width of the temper- 
ature hysteresis may often be much less than (12) 
(in temperature) may even be 
essentially zero. The point is that the phase of lowest 
free energy may be to nucleate and to grow at 
than (12). This fact is 


well known in connection with order-disorder transfor- 


suggests; the width 
able 


smaller temperature differences 


mations of the first order in alloys, where often no hys- 
teresis is observed. In antiferromagnetics, however, we 
frequently do observe the magnetic hysteresis connected 


Anderson and H. Hasegawa, Phys. Rev 
G. de Gennes, Phys. Rev. 118, 141 (1960 


100, 675 
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with the flopping field 2H vH.)*. Without a detailed 
study, we really do not know what to expect by way 
of temperature hyster in the present problem. The 
presence of nucleation center 


will reduce the hysteresis, 
o that the 


purer specimens may show more hysteresis. 


PRESSURE DEPENDENCE OF THE 
TRANSITION TEMPERATURE 


We want to tre 
tral 


ne effect ol hydrostati« pre ire 
ferro- and 


geometry 


on the ition Lemp rature between 


antilerromagnetism without going in the 
coordinate we have 


for the pre 


lor any particular crystal) of the 


sumeé ent 


denoted by a. We hall sin ly a 


nent ol work 


done on the 


n causing the ( 


4) and (7 


14) 


15 
capacity per unit volume 
mstant for the crystal direction 

pecihe model ac tually yi Ids 
ip whi h has 
her phase transitions. We must 


magnet 


often been used 
ontain some 
anharmonic effects. 
be those which do 


tior 


MAGNETIC FIELD DEPENDENCE OF THE 
TRANSITION TEMPERATURE 


AS=2MV/A(AF/AT)», (16 


etization of 


of M as i magi 


pM (daz 17) 


We can 
relation 


(OT o/ 0H 


where 


(0p/0H) ro= — A(OF/OH)p, 70/4 p)#,1 


Ra pM, 20 


in agreement 
It is vay 
dT )/AH), from t 


at various temper 


not 
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negative 
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(18). We shall 


late A but 


sign 


with our n 
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MODEL OF EXCHANGE 


1-B exchange energy in the antiferromagnetic configu- 
ration is equal but opposite to that in the ferromagnetic 
configuration. An antiferromagnetic structure for which 
this is true we call compact; the layer arrangement in 
Cr-modified Mn.Sb is compact. However, with lines of 
pins it is not possible 


to get as good an antiferro 


magnet 


energy as this, for the simple hexagonal 
tructure is noncompact. Wannier" 
has considered the problem on the Ising model using 
tions. He finds the best anti 
an energy equal to —1/3 of 
the 


using the classical iso- 


tructure. Such a 


nearest-neighbor interac 
ferromagneti array has 
the ferromagneti Loudon" has obtained 
more appropriate result —1/2 


tropic exchange 


array 
interaction; the stable configuration 
nearest-neighbor interactions 
is triangular. He has extended the calculation to second 
nearest-neighbor interactions, but we shall restrict our- 
selves to nearest neighbors. It is evident then that for 
MnAs we could pat h up 1) as 


under antiferromagnetk 


} ‘RV (a—ay pi\ad—d )VEMa-Me-+ 1M? }y (21 


this gives (at constant a 2 for the 
and ferromagneti 


orientations. It is more satisfying, as Marshall Spark 


the ratio —1 
energies in the antiferromagnetic 


has emphasized in a discussion, to go over (for MnAs 
with nearest-neighbor interactions between lines) to 
the appropriate three-sublattice model. 
For three sublattices, with M= | M, M, M, 
= 1R(a - ay 
p(a—a,)M*{ cose+cosé+ cos(y—86 
h has extrema at 6, g=0, —2zx/3, corresponding to 
—3/2 for the quantity in the 
square brackets. Thus the stable spin array is either 
ferromagnetic or an equilateral triangle 4. Minimizing 
F/\ 


ly { 2 nad 
vaiues 2 5 ana 


witl we obtain 


pM? R)D, 


1 respect to a, 


drt 


art 3oM? R ls ay 


ada 


Aa 99M? 2R, 


bearing in mind that M here is 1/3 of the ferromagnetic 
saturation magnetization, in terms of which (24 


be pM, 2R. We writ 


would 


O that 6 


F/V 


9/4 for | 
linear in 6 are 


F/V = —plar+ (3pM?/4R)—a, |M%, 


and the criterion for the F/A transition temperature is 
that 
a.™= ar+ 


3pM?/4R), 26 
79, 357 (1950 


nic ation 


*G. Wannier, Phys 
5R Loudor 


Rev 


(private con 
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so that a magnetic term (a contraction) now helps 
determine the transition, along with the usual phonon 
expansion contained in ar. In MnAs the magnetic 
term is almost certainly dominant near the transition. 

We must modify the pressure coefficient (07/0) 


by using in (14) for da7/AT as written the quantity 


Odryv oT Ody a7] Vv 3 } p R OM? OT )a, (27) 


instead of the pho on contribution alone. These con- 
Op) to be negative for MnAs, 
as observed, and they also remove the apparent contra 


siderations permit (07 


diction between the nature of the low-temperature state 
and the sign of Aa. The result (4 
to the present situation, but we 


goes over unchanged 

should take AV as 
2V Aa/a in (13), because the cell volume is proportional 
to a’c. With this adjustment in AV and with the value 
of the latent heat 1.8 cal/g measured by Bates,’ the 
observed values of AS and AV satisfy the Clausius- 
Clapeyron relation 


NEEL TEMPERATUE (COMPACT STRUCTURE) 


We consider now the determination of the tempera- 
ture 7, which the high-temperature ordered 
phase becomes paramagnetic. 


above 
If the high-temperature 
the present treatment 
only if the antiferromagnetic structure is simple 
or ‘‘“compact.’’ We treat MnAs, which is noncompact, 
later. The 


phase is antiferromagnetic, 


applies 


exchange magnetoc lastic term does not 


enter into the determination of the Néel temperature 


because the paramagnetic transition is second order, so 
that terms in M* in the free energy may be neglected 
at the transition in comparison with terms in M*. We 
therefore may assume that the Curie law is valid in the 
paramagnetic region, so that for T>T,,: 


MT t HT ay; M27 r HT ase®, 


(28) 


where Co is the specific Curie constant for each lattice, 
per unit volume. If the phonon thermal expansivity 


0ar/OT is constant, we may write 


p\d7 a 7 (28) 


where v denotes p(dar/dT 
Then 


MsT=c (T 


UM » T H Jy 
To)vM 4+ 6M p+H). 


Phese equations have 
for H=0 when 


1 nontrivial solution for M,, M,, 


(29) 


(30 


often m solution for which +p is 
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negative, as 8 is supposed to be the dominant inter- 


action. 


PARAMAGNETIC SUSCEPTIBILITY 
(COMPACT STRUCTURE) 


The susceptibility for 7>7, is found, on adding the 
two equations (28), to be 


X = Cott (T—6), (31) 
where the effective Curie constant is 
Cett= 260/ (1—cov), (32) 
and the paramagnetic Curie temperature i 
6=cyo(B—Tov)/(1—cov). (33) 
If v is positive, so that the upper transition is F/P, 


then we see that 7,,=8. 
upper transition is AF/P, then T, 
and @ will be va 


ce pe ndent exchange 


If v is negative, so that the 
co(B+T \v)/ (1+ cor) 
Néel noted earlier that temperature- 
interactions modify the apparent 
Curie constant 


FURTHER PROPERTIES 


Near the F/AI 
to the energy of a Bloch wall will be unusually low, 


transition the exchange contribution 


provided that the directions of easy magnetization are 
parallel to the elements of a sublattice. The walls will 
also be unusually thin. It is likely that these properties 
of the walls will lead to very low magnetic hystere sis in 
subject to the restriction on 


the ferromagnetic state 


the easy direction 

The spin-wave contribution to the low-temperature 
heat capacity may be abnormally large, although still 
of the 7! form, as can be seen from the calculation of 
Herring and Kittel 


extreme instances it 


for an orthorhombic structure. In 
some may be possible to detect 


exp rimentally tne spin wave heat capacity despite a 


background of a metallic type of electronic heat 
capacity 

The antiferromagnetic resonance frequency should 
be unusually low in the AF state near the AF/I 


the 


the variation of the interlattice 


transition, and the temperature dependenc of 


} 
{ 


resonance s} ould rei 


exchange interaction 
MAGNETIC PROPERTIES IN THE ANTIFERRO- 
MAGNETIC STATE: METAMAGNETISM AND 
HYSTERESIS (COMPACT STRUCTURE) 


discussion of 


The 


ferromagnetic sta 


gnetic properties in the anti 
te is fairly sensitive in places to the 
isotropy, and our results will 

ignetic fields H large enough 


mag 
B magnetizations to 


assumption of zero an 
apply only for external 


to cause the A and arrange 

themselves symmetrically about the direction of H; 

this is the geometry contemplated in the classical 
© C. Herring and C. Kittel, I Rev. $1, 869 (1951), Appen 


Landau" calculation of the perpendicular susceptibility 
of an antiferromagnet. We let 6 be the angle between 
M, and H and between Mz and H. Then, from (5), 
with M taken to be constant, 


F/V =—2MH cos#—aM? cos20—nM‘ cos?26, $4 
where a= p(ar—a-.), and n= (p?/2R). The extrema are 
given by 

2M H siné+ 2aM? sin20+4nM‘* cos2@ sin2@=0. (35) 


One root is sind=0; after factoring this out the equation 
is 


2M H+4aM? cos6+- 8nM‘* cos26 cos#=0 36 


For small deviations ¢ of 6 from 2/2, 


we have from (36): 


H 
2aM +4nM? 


The initial perpendicular susceptibility in the anti 

ferromagnetic state is given by, for a compact structure, 
2Me I 1 

x 38 


H a+2nM y(T—7 


T wi 


over 


If v is negative, a plot of 1/x v increase linearly 
from pAa/2 at To, but bending M 
near T,. This behavior appears to be often 


dex reases 





observed in 


substances with F/AF/P transitions 
At high fields there occur magnetization discon 
tinuities and hysteresis, as usual in metamagnetii 


phenomena. It is convenient 


f= F/pM*\ h cos6+- — cos26— cos*26, (39 
where h=2H/nM? and ¢ v(T—To)/nM?. Letting 
r=cos#, the extrema are given bi 

} ‘ rt 1¢ 4) 
after factoring out the solutio né=0. Typi olu 
tions are plotted in Fig. 1. The discontinuity in a 


] 


which is the relative net magnetization, fo 


h occurs at 


vy=[(2+&)/12 hy=4| (2+ £)/3 3 41 

On decreasing A the unstable branch of the rve sets 
in at 

= 4¢—8 $2 

The unstable return branch is shown only for &=5 

for £=2, 3, and 8 it is replaced by a vertical discon- 


tinuity. There is no room on the plot to show the vertical 


return for é = 1, which falls at negative h. We emphasize 
l property 
modified by nucle- 


1 


that the hysteresis as shown i 
of the model, but may possibly be 


ntrinsk 


17 LL. Landau, Physik. Z. Sowjetunion 4, 675 (1933 

18 F. K. Lotgering and E. W. Gorter, J. Phys. Chem. Solids 3, 
238 (1957); T. Hirone, S. Maeda, and I. Tsubokawa, J. Phys 
Soc. Japan 11, 1083 (1956); A. Serre |. phys. radium 5, 146 
1947 
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Fic. 1. Relative net magnetization in the antiferromagnetic 


tate vs perpendicular magnetic field in normalized units, for 
various values of £, which is a direct measure of the intralattice 
exchange interaction or of the temperature difference 7—T7; 
Demagnetizing effects (which lead at low / to the formation of 
domains) have been neglected 


ation. At high fields the magnetization is shown as 
but we should add to this the effect of the 
intrinsic susceptibility of each sublattice: that is, in 
the free energy the sublattice entropy terms and the 
terms in 8 should be retained to give the high-field 
intrinsi¢ susceptibility 


constant, 


NEEL TEMPERATURE AND PARAMAGNETIC 
SUSCEPTIBILITY FOR NiAs STRUCTURE 


We consider the molecular field 


H.=8M,.+a(Mz+M-)+H, et 13 


lor 8 positive the Néel temperature is given by 


T .=Co(B+ lan! ), $4 


where co refers to one of the three sublattices and a, 
is evaluated at T7,. 
In discussing the susceptibility at T>T7,, it is 


convenient to expand a@ around its value at 7,: 


a a,ntTp dar dT)r,(T-—T, 9 +5 
a p' lay dT)\(7 - r : 16 
vhere 
T’'=T,—[an/p(dar/dT)]. 47) 
Then, if we write 
Cetf 
y=—_, (48) 
T-0 
we have 
3 
Cott = ‘ ; 49) 
1 — 2cop(dar/dT) 
B—2p(dar dT)T’ : - 
8=C5—- = 7. — Cott Gn! . 50) 


1— 2cop(dar/dT) 
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\ tentative numerical analysis of MnAs is given in 


Appendix A. 


TENTATIVE ANALYSIS OF Mn, _,.Cr.Sb 


According to Swoboda ef al.* the transition from F 
to AF occurs on cooling when the c-lattice parameter 
decreases to 6.53 A, for « ompositions Mne -Cr.Sb, with 

0.04, 0.09, and 0.12. The fact that the ¢ axis alone 
uffers a discontinuity at the transition implies that the 
intiferromagneti layers (not 
necessarily single planes) normal to the c axis, and this 
is confirmed by neutron studies. The antiferromagnetic 
lattices are thus compact in our sense, and the theory 
of Eqs. (1) through (20), and (28)-(33), should apply 
directly. The theory shows that the criterion for the 
transition is that ¢ at the mid-point of the discontinuity 
should determine the critical value; the experiments 


structure consists of 


indicate that c just above the transition has a simpler 
behavior. This appears to be fortuitous within the low 
accuracy of reading off the published curves. The 
natural suggestion is that the critical parameter depends 
slightly upon the Cr content. The value of Ac as a 
function of Cr content varies approximately as M?, in 
agreement with the theoretical result (4). A calculation 
A(dc/0T) using constants from Ac and 
dT,/dp works out in fairly good agreement with the 
experimental value 


determined 
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APPENDIX A. TENTATIVE ANALYSIS OF THE 
PROPERTIES OF MnAs 


In the absence of conclusive neutron diffraction 


tructural studies on MnAs, it is premature and rash 


to make specific detailed applications of the above 
theory to this crystal, but it is of some interest to 
consider the orders of magnitude of relevant physical 
quantities, assuming that the transitions are F/A/P. 
The pressure coefficient (6T»/Ap)y has the value 
1.2X10-* deg/dyne cm Rodbell. 


From the expansion data of Willis and Rooksby we 


acc ording to 


estimate for the orientation-independent part of the 
expansivity dary/dT=1.510~" cm/deg near To, by 
taking the average on either side of the transition. 
From (14), as modified by the discussion following 
(27), we estimate the elastic modulus for the special 











34? ( KITT 


train involved 


@R=2a/(dary 


ensitive to the ‘ ) 
4.2 10" erg /‘« \.1 by (27). ] 
ment a ’ 


It would be good if ti vere know! directly fron 
} $410 


Note thal p p | erT ot é ! cep or ¢ e he 
ence ol he ¢ nye Ta \ € Ol p orre effec ( p 
ponds roug! » OJ /de= 2K 10-" ergs, whicl ( eractio 
plausible. We can check these estimates independently inetd regi 


by looking at the difference in 
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MAGNETIC ANNEALING IN ( 
tropy energy density induced by magnetic annealing 
can be represented in the following functional form: 

a,a,8.8;, (1) 


—~ 


Wi=—-F Da%82-GL 


‘7 Jj 


where a, and §, are the direction cosines of the mag- 
netization during measurement and annealing, respec- 
tively, and F and G are positive constants. The value 
of G was observed to be approximately proportional to 
the concentration of cobalt. The value of F was found 
to vary roughly quadratically with cobalt concentration. 

Penoyer and Bickford explained their results by 
postulating a fundamental uniaxial spin-lattice interac- 
tion energy which couples the spin of an individual 
cobalt ion and the axis of trigonal symmetry character- 
istic of the particular octahedral lattice site which the 
ion occupies. This trigonal axis results from the disposi- 
tion of the six cations and six oxygen which 
surround each site of the octahedral lattice, and lies 
along one of the four [111] directions. Because of the 
spin-lattice interaction, the energy associated with a 
single cobalt ion on a given octahedral site depends upon 
the angle made by the magnetization with the approp- 
riate trigonal axis. Thus, for a given direction of 
magnetization, with cobalt 
ions on the four types of cation sites are not in general 
identical. During the annealing process the cobalt ions 
redistribute themselves, presumably by a vacancy 
diffusion mechanism, over the available lattice sites in 
such a way as to minimize the crystal free energy. The 
resulting equilibrium distribution is one which produces 
a uniaxial anisotropy energy with the symmetry of the 
term in Eq. (1) whose coefficient is G. Since the energy 
differences among cobalt on various types of 
cation sites were attributed to an interaction between 
individual cobalt ions and their surroundings, the linear 
variation of G with cobalt concentration was readily 
accounted for. However, the symmetry of the octahedral 
lattice sites does not allow individual cobalt ions to 
contribute to the value of F. Penoyer and Bickford 
suggested that pairs of cobalt ions on adjacent cation 
sites might be responsible for the energy term propor- 
tional to F, noting that this hypothesis would explain the 
quadratic dependence of its magnitude upon cobalt 
content. 


ions 


the energies associated 


ions 


Several more recent studies have tended to support 
the above model. Slonczewski® has studied the origin 
of the spin-lattice interaction energy and has proposed 
a one-ion model which yields the correct temperature 
dependence for G. In this theory the interaction results 
from a coupling of the cobalt spin to the residual orbital 
angular momentum, which is constrained by the 
crystalline field to lie along the trigonal axis. The role 
of cation vacancies in the annealing process has been 
qualitatively confirmed by Bickford, Brownlow, and 
Penoyer’ by comparing the annealing rates of samples 
in different states of oxidation. Since an excess of oxygen 
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is nown to produce cauion vacancies, more rapid 
annealing would be expected in more highly oxidized 
samples if the redistribution of cobalt ions occurs by a 
diffusion Such a relation between 
annealing rate and degree of oxidation was observed. 
In the work reported here the time dependence of the 


magnetic annealing effect in single crystals is investi- 


vacancy process. 


gated. The experimental technique permits observation 
of the effect at the annealing temperature and allows 
the annealing kinetics in particular crystallographic 
directions to be determined. Samples of low cobalt 
concentration are used in order to make possible 
interpretation of the data in terms of the redistribution 
of single cobalt ions and cobalt ion pairs, and to insure 
the relevance of the results to the static measurements 
of Penoyer and Bickford. Previous determinations of 
annealing kinetics in single crystals of low cobalt 
concentration’ have not been of sufficient precision to 
justify detailed analysis of the results, and more recent 
work of good precision in crystals of high cobalt concen- 
tration*® is not amenable to the above type of interpreta- 
tion. In the present study the time dependence of the 
magnetit effect is investigated for two 
crystallographic directions. The kinetics observed for 
the two directions are different, and the results can be 
interpreted to yield information about the ionic diffusion 
processes responsible for the uniaxial anisotropy coeffi- 
cients F and G. 

In the following section the experimental technique 
is described, and in Sec. III the results of the annealing 
measurements are presented. In Sec. IV the kinetic 
behavior resulting from the anneal-induced redistribu- 
tion of single cobalt ions and cobalt ion pairs in the 
magnetite lattice is analyzed, and the conclusions are 
used in Sec. V to explain the experimental annealing 
The results are consistent with the known 
concentration dependence of F and G, and permit 
estimates to be made of the interaction energy and 
torque contribution of cobalt ion pairs 


annealing 


curves, 


Il. EXPERIMENTAL PROCEDURE 


Magnetic annealing of cobalt-substituted magnetite 
in certain crystallographic directions produces a uniaxial 
torque with a node in the direction of the annealing 
field. If a sample is previously annealed so that the 
torque in one of these directions has a nonvanishing 
value, then this torque will diminish from its initial 
value to zero if it is measured at a temperature suffi- 
ciently high that magnetic annealing can occur. From 
observations of the time dependence of this torque 
decay the kinetics of the annealing process for the 
direction can be determined. 


Torque measurements are made in the (001) plane, 
and the directions chosen for preparatory annealing 
and for the measurement of torque decay are the [100] 
ind [110] directions. For the (001) plane, Eq. (1) may 
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he rewritten as follow 


W,, F (cos cos} , +sintd sin*d, ) 
1G (sin2d sin2,), 
where J and J, are the angles with the [100] axis 


ou 
- 


formed by the magnetization during a torque measure 


The 


ae pe ndence is 


ment and during annealing 


give n by 


respectively. torque 


resulting from this angular energy 


hs 


an av Zi 0 


1G cos2’ sin2d 


It is evident from this expression that an anneal in the 
[110] direction produces a uniaxial contribution to the 
torque whose maximum amplitude is measured in the 
[ 100 | direction and is equal to G/2 
anneal in the [100 | direction produces a uniaxial torque 
the [ 110 | 
the anneal 


Similarly, an 
measured in 
F. In both case S, 
ing direction is one in whic} 

The kinetics of the 
the following 


whose maximum amplitude 1s 
direction and is equal to 
no torque is observed. 
annealing process are studied in 
\ sample is first annealed to 
at temperature in the [110] 
The of then 
anged to the [ 100 | direction. The tor juc 


manner 


aturation a suitable 


direction. direction magnetization is 


abruptly cl 


) 


After a long time, however, 


the torque must disappear, si 


initiaily measured is G 
ice at an elevated temper- 
ature the measuring direction becomes a new annealing 


direction and therefore a node of the 


uniaxial torque 
curve. The intervening period is thus one in which the 


torque Liyo0y(t may be observed to decay from an 
initial value of G/2 to an ultimate value of zero. After 


ac magnetization 1s 


The L 


an initial value of 


this decay 1s hieved, the 
shifted to the [110 


then observed to decay f1 


abruptly 


direction torque (7) Is 


I ’ 


(11 
om 
to zero 

Ihe above procedure has a number of features which 
particularly suit it to the study of annealing kinetics. 
Of primary importance is the fact that all measurements 
at the annealing temperature and for only 
field directic thereby eliminating the 
need for determining complete torque curves and for 
the preparatory quench 


are mac 
two specific ns 
ing of the sample required for 
such measurements. Moreover, the two field directions 
chosen are ones in which the torque associated with the 
cubic anisotropy is zero, thereby permitting an adjust- 
ment of the measuring apparatus to a sensitivity 
appropriate to the magnitude of the uniaxial anisotropy. 

rhe 


about 


samples studied were single-crystal spheres 
mm in diameter of Co,Fe;_,O,4 for which the 
0.01, 0.04, 0.07, and 0.10. With the 
0.10, they were the 
sample s used by Pe noyer al d Bickford, and the method 
of preparation and orientation described else- 
0.10 in 


various states of oxidation were made by the following 


) 


values of x were 
exception of those for which a 


are 
where.’ Several samples of composition x 


*L. R. Bickford, Jr., J. M. Brownlow, and R. F. Penoyer, 
Proc. Inst. Elec. Engrs. (Lond 104, Part B, Suppl. 5, 238 
(1957) 
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technique: A single crystal was first grown from the 
melt in an atmosphere of pure CO». One section, 
without subsequent treatment, yielded a slightly 
oxidized sample which was designated A. A second 
section (sample B) was treated at 1404°C in a reducing 
atmosphere (29 parts CO, to 1 part H,) to yield as 
nearly as possible a stoichiometric ferrite. A third 
ection (sample C) was heated at 1200°C in an atmo- 
sphere of CO, to produce a somewhat more oxidized 
ample than A. The above estimates of the relative 
degrees of oxidation are derived from the phase dia 


grams of the iron-oxygen system determined by Darken 
and Gurry” and Smiltens.'' Following heat 


treatment, 


the samples were ground into and oriented 


sp! eres 
ice 
1 by a 6-inch Varian 
elec tromagnet which could be rotated about the sample. 
To shift of ol 
rotation was adjusted so as t the required 45 
ds. The 
elf-balancing 
torque magnetometer described by Penoyer. 


Torque measurements were m in a 
field of 10 400 oersteds provides 


} 


magnet 


the direction magnetization, the rate 


» perform 


rotation in approximately 3. secon torque 


measurements made with the 


were 


Annealing 


temperatures were measured by a copper-constantan 


thermocouplk and were maintained constant to +0,.1° 
by an electric heater 
III. RESULTS 

Curves representing the decay of the torque’ in 
the [100] direction following an ann in the [110] 
direction are shown in Fig. 1 for samples of various 
cobalt concentration The temperature for bot 
annealing and measuring, was 373.7°K. Curves of the 
decay of L 7 at this emperature for f sample $ 
in which it is measurable are shown in Fig. 2. It may be 
seen that Lyjoo(t) and Ly, t) do not decay in the 
same sample at identical rates, / requiring 
somewhat longer than Ly, t) to dim to one-half 
its initial value. Moreover, the curves are seen to 
approach single decaying exponential functions as 
the concentration of cobalt is reduced. The curves for 


L100) (4) have been analyzed with the aid of a computer 
into the sum of three decayit 
and the curves for Zy;:9)(¢) h 
two decaying exponential functions 


ig exponential functions 


ave been decomposed into 


The constants of 
the expressions L t)= A,e~*"*+- Ase Ay and 
Liyo() =M wit + VU 2¢ wat are presented n Table | 

“LL. S. Darken and R. W. Gurry, J. Am. Chen 68, 798 
1946) 

4 J. Smiltens, J. Am. Chem. Soc. 79, 4877 

2R. F. Penoyer, Rev. Sci. Instr. 30, 711 


* All torque values reported i 
for the effect of incomplete magnetic sat 





If both the magnetization and applic | 

and make angles with the [100) axi 3 

then L(d)= HxM =HM si v—v; and cor 

+L(8)/HM. Thus one finds L(dg)=L@-—Lid 
4L/d3)/HM). Values of dL/dd can be 

known values of K;, Lroo(t), and J f 

experimentally that Lyo9(¢) and J grow at approximate 


the same rate as they deca 
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Fic. 1. Torque in the (001) plane measured in Co,Fes_,0, is 
the [i100] direction at 373.7°K as a function of time, following 
a preparatory anneal in the [110] direction at the measuring 
temperature 


Decay curves at 351.9 and 394.7°K were obtained in 
addition to the ones shown in Figs. 1 and 2. The initial 
torque values Ly100)(0) and L190) (0), together with the 
half-lives of the decay processes 7;, are shown in Table 
II. Average activation energies for the decay processes 
were obtained by plotting &In7,; as a function of the 
reciprocal of the absolute annealing temperature and 
determining the slope of the resulting curve. These 
energies are included in Table II. An 
approximately uniform value of 1.05+0.03 ev is found 
for both annealing directions in all samples except 
0.10 (B). The quantities Lyyo0)(0), although obtained 
at higher temperatures, show the same types of con 
centration dependence as those found by Penoyer and 
Bickford for G and F, respectively. The results for 
samples 0.10 (4) and 0.10 (C) indicate that differences 

the degree of oxidation produce differences in the 


activation 


A A 
10* dyne cm/cm!? mir 
0.01 2.459 0.149 0.281 0.0768 
0.04 &.08 1.31 0.492 0.132 
0.07 13.62 4.65 0 480 0.556 0.157 
0.104 18.85 9 24 280 0.257 0.0727 
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I 2. Torque in the (001) plane measured in Co,Fe3_,0, in 


ity 
the [110] direction at 373.7°K as a function of time, following a 
preparatory anneal in the [100] direction at the measuring 
temperature 


annealing rates but do not affect the magnitude of the 
anneal-induced anisotropy. In the stoichiometric sample 
0.10 (B) a slow annealing rate together with an anomal 
ously small anneal-induced anisotropy and activation 
energy are observed 


IV. THEORY OF ISOTHERMAL 
MAGNETIC ANNEALING 


In this section the experimental rates compiled in 
lables I and II are explained by assuming that the 
sources of the uniaxia] anisotropy are various configura- 
tions of cobalt ions and determining the manner in 
alter the concentra- 
Attention is restricted 
ion pairs, since it win 
be shown that the important features of the data call 


which vacancy diffusion processes 
tions of these configurations 
to single cobalt ions and cobalt 


be accounted for without considering the effects of 
que ecay Cur 
=Mie*'+Mae" 

Fi uM: bs ua 

10% « € ¢ ci min™') 

1.009 0.0885 0.232 0.0308 
0.022% 3.21 0.564 0.236 0.0285 
0.0123 6. 2.84 0.119 0.0150 














346 WILF 


OXYGEN 


CATION 





hu 3. The lattice of octahedrally coordinated cations and 
neighboring oxygen ions in a spinel 

larger agglomerations. The term ‘‘single cobalt ion” is 

used to denote those individual cobalt ions whose 


nearest cation neighbors consist entirely of iron ions. 
The 
surrounded groups of two adjacent cobalt ions. 
lattice of octahedral site 


term “cobalt ion pairs” is applied to similarly 
The 


in a spinel is shown in Fig. 3. 


a. The Annealing Kinetics 
Case I. Magnetization in the (100 direction 


lo determine the torque in the (001) plane that one 
would measure with the magnetization in the [100 | 


direction, the cobalt ion configurations which are 


capable of contributing a torque under these circum 
stances must be first ined. One observes that a 
180° rotation about the [100] axis results in 


of the 


ascerti 


iL reve rsal 


ign of the measured torque, since this is equiva- 


lent to a reversal of the sign of all components of a 


vector that are normal to the magnetization direction. 


The torque reversal resulting from the above operation 
extends to the individual torque contributions of any 
given cation or group of cations. It follows therefore 
that any cation configuration which retains its identity 
after a 180° rotation about the [100] axis is incapabl 
of contributing a torque in this case 

If a single cobalt ion is placed on any of the odd 
numbered marked 0, a possibly non 
vanishing torque 11° will be produced in the (001) plane, 
would transfer the 
with an even number or marked e. The 
odd sites are all equivalent, SInce 


sites or those 


since the rotation described above 


ion to a site 


their surroundings 
are either identical or differ only by a reflection through 
the measuring plane. The 
equivalent 


even sites are similarly 


A single ion on an even site will contribute a 


RED 





PALMER 
Paste II. Initial torque; half-lives and activat 
energies of torque decay 
L 0 I 0 
7 10° d TY 1 F Tr} / 
K) cm/ i f 
351.9 3.44 18.6 
001 373.7 20 2.58 1.0 
394.7 1.805 0.491 
351.9 12.97 11.75 142 24.6 
0.04 373.7 9.39 1.54 1.06 1.10 3.1 1.06 
394.7 6.12 () 268 0.77 0 558 
351.9 26.48 12.5 $85 27.4 
0.07 373.7 18.75 1.64 0 3.71 3.5 1.06 
394.7 12.62 0.29 84 0.62 
351.9 41.0 320 11.40 645 
0.10(C) 373.7 0.9 430 1.05 51 8 40 1.06 
394.7 21.9 0.75 4) 1.45 
373.7 31.2 17.3 , 953 31.1 ’ 
9.10(A) 3947 276 239 «(108 733 510 6«| 
373.7 0.86 36.7 0.23 45.0 
0.10(B 394.7 0.73 92 87 0.23 11.8 0.83 
$15.2 0.62 A 0.24 3.4 


ansferred to an 


odd site by a 180 rotation of the crysta about the 


1e ion could be tr 


torque 


[100 } axis. 
Cobalt ion pair can assume the orientations 
possessed by all possible pairs of imbered sites in 


Fig. 3. Cobalt pairs /4 and 23 
contribution in case I since they ' 
under the 180 Pairs 1/2 and 
34 make no contribution for the following reason: a 
180° rotation about the magnetization 


make no torque 
retain their identity 


rotation described above 


direction trans 
forms a /2 pair into a 34 pair, and thus, the torque 
contribution of a /2 pair must be the negative of that 
of a 34 pair. However, the torque of a /2 
changed by a reversal of the 


pair is un- 


magnetization direction, 


and since the torque contribut 12 pair following 


such a reversal is the same as 


of a 34 pair before 





the reversal, the tor jue COr tributior 
a 34 pair must be identical. These two requirements cat 
be met only if the torque contributions are zero 

13 pairs do not retain their identity followi: 
rotation of the crystal about the 
thus contribute a possibly nonvanishing torque L; 
Since 24 pairs are transformed into /3 pairs 
rotation, the torque of a 24 pair is —Z, 

The torque per unit volume in the (001) plane for 
the magnetization in the 
written 


Co and c, are the molar mncentration 


where s of sing 
cobalt ions on odd and even sites. re spe vely , 
and C24 are the concentrations of cobalt ion pairs of 
the type designated by the subscript, V is Avogadro’s 
number, p is the density, and M is the molecular weight 

The presence of vacancies on the octahedral cation 
sites will allow the various ynfigurations to 











ANNEALING IT} ( 
change their identity, since there is a finite probability 
that any given configuration will have a vacancy on 
a neighboring lattice site and that this vacancy will 
interchange sites with a cobalt ion. Since the concentra- 
tion of vacancies is fixed, this probability will remain 
the course of an anneal. It is 


constant 


throughout 
evident from Fig. 3 that the jumps of cobalt ions from 
one site to an adjacent one can convert any cobalt ion 
configuration, whether a single cobalt ion or a cobalt 
ion pair, into any other configuration. These jumps not 
only allow single cobalt ions to change the type of site 
on which they are located, but permit them to combine 
Similarly, 


to form pairs of all possible orientations. 


cobalt ion pairs cannot only change their orientation, 
but can break up to form two single cobalt ions. Thus, 
there is a finite probability that within a given time 
any configuration will lose its identity and contribut 
to the concentration of any other type of configuration 
concentration of any given 





Che rate of change of the 
type of configuration will consequently depend upon 
the concentration of all other configurations. 

The rate of change of the concentration of cobalt ions 
on odd sites can be written as follows 


di 
Ca)"t Dd (2p. o 


+c.p.°(1—2¢,—<¢, +> p 3) 


cobalt 


t time that a single 


Db," is the probability per un 
ion on an odd site jumps to an adjacent even site, and 
the factor (1—2c,—c,) approximates the probability 
no other cobalt neig! 


hat the adjacent even site has 
bors. p,” is the corresponding transition probability 
for the reverse process Pr p is the rate at whi hi 


formed as a result of the combining of two 


coba I ions on odd SiteS. CLePe.e” 


pairs are 
is the corre sponding 


rate for 7/ pair forrnation resulting from the combinatior 


of an odd-site and an even-site cobalt ion p is the 


probability per unit time that an ij cobalt ion pair 
produces a single cobalt ion on an odd site as a result 
of breaking up 
The rate of change of the concentration of »b 
ne es ‘ 
ions on even sites can be similarly written 
d 
p ] 2 ri t ee 2 p. + Pp 
‘ — — 
p 1 a ( T 2 * p } 
ihe symmetry of the lattice, however, is suc! 
b*=h 
f fi 
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and 
f pr 
One thus obtau 
d ( 
2( bo — (co*—.2)( X 2Po,o?— Spo" 
t =. Cis Piy' pi) 
) et | 4 . i pe 
@\° ‘ LP c ‘ —~ p ip } 
+ (¢ Cos) (Pis°’— pra®). (5 
The rate of change of the concentration of 13 cobalt 


ion pairs is given by 


dc, pis? + pis ‘ 
cl i > pi + 
dt 2 
Pp 


where p,;™™ is the probability per unit time that an 
ij pair becomes an mm pair, and the prime signifies 


exclusion of the specified pair from the summation 
indices 


T he 


; given by 


rate of change of the concentration of 24 pairs 


The symmetry of the lattice requires further that 
2’ put= 2’ p 
P p Pus p 
Pris pis p p 
p p 
a t Pee 
Since the processes represented by the probabilities 
p pos”, p ‘ and p and p. cannot occur by 
single jumps, they may be taken as zero. Upon subtract 


from Ea. (6). one obtains 


ng | ( 
Z / 


( ( + 2’ pi 
f 2 
+ (Com Ce) (Co*Ce) Po,e” (8) 
Equation (5) may be rewritten 
dé ay+/ (9) 
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where ilarly, one finds Ly/* Lu lhe torque of a 1/2 pair 
is unchanged by a reversal of the magnetization direc- 
tion, and thus Zy;"2= Zy;;**. TI > under the 
conditions of case II can now 


pis? 


Equation (8) may , 
. The rate ot chan 
given by 


Since (¢,4 is essentially constant during the anneal 


ing pro ess. ' . ‘a 3. Y. and 5 can also be where the gs denote antit ppropriate 

taken as constant qui is (9) and (10) thus consti conditions ol ve I a orrespond to thos 
tute a pair of ordinary differential equations with constant designated by p’s for the condition case I. Similar 
coefhicients and can be solved by well-known te 


Solution of these equatior 


su 


hnidau expressions can be writte! r tl rates of change of 
Liiit cs 
“ 
7a . the concentrations ( ne ‘ metry jure 
velds the following expre ; vis , requil 
f \ ; that 
wl or the torque 

{ 


11 


Vo and z ire the init values of 
Equations (11 
[100 | direction 


y and z, respectively. 
torque decay in the 
e liquidation of any dif 


ferences of c, and f nd co, which may have 


initially existed 
It is evident fron 
Case IT. Magne he [1101 d , [110] direction 


I | l differences of (12 
n order to obtau expression for the tora + se 
‘ Mf, have initially exi 
under the conditions ontributing 


configurations must be determined as for case I. The 


torque-reversing operatio en for this purpose will b. The Equilibrium Configuration Concentrations 
be a reflection of the cry through t 110) plan In order to determine the initial torque in a giver 
All single cobalt I ntity lowing crystallographic direction, t! I ation concentra 
this operation and thus d contribute to the torque tions resulting from an infinitely long magnetic anneal! 
13 and 24 pairs ; imilar naffect /2 and /4 pair in the preparatory annealing d n must be specified 
interchange identiti Lu’. Su ['o do this, one must first f 
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each cobalt ion configuration. From these energies the 
configuration concentrations existing under conditions 
of thermal equilibrium can be determined by the 
methods of statistical mechanics. 

If the magnetization is in the (001) plane, the free 
energy of a cobalt ion configuration can be written as a 
Fourier series composed of functions of multiples of 
23. Experimental results and the theoretical work of 
Slonczewski indicate that the coefficients of functions 
of 49 and higher multiples of 23 are negligible relative 
to the 
resulting from the replacement of an iron ion on an 


coefficients of 23, and the free energy change 
odd site by a cobalt ion can therefore be written in the 
following useful form 


F v,—43Ly° sin2v. 19) 


In the above expression the 


symmetry of the lattice 
is used to exclude a function of cos 20, and the coefficient 
of sin2d is made to correspond to the torque designation 
of the previous section. The free energies of the other 
configurations are as follows: 


ve t+$Ly° sin2d, 
J34>=Vpt 3 Lu” cos2v, (71 


F14= Fo3= vp—4L 11 cos2v, (22 


Fis=vpt$Llu"— ZL" sin2v, 2 
Fog= vp thlu?+43L," sind. 24 


In the derivation of Eqs. (23) and (24), use is made of 
the fact that for )=0, Fi3= Fy. 

The above energies can now be used to calculate the 
equilibrium configuration concentrations. By using the 
results of Yvon,'* the probability of finding two 
adjacent cobalt ions can be shown for small cobalt 
concentrations x to be 


1+2(w—1)—[(1—x)?+2x(1—x/2)w ] 


Ny 
2(w—1) 


leTe 


exp(—ASi,/kT), 


and A&,, is the energy required to bring an odd and 
an even cobalt ion together to form an 77 pair. One may 
may write A&,, as follows 


where 


ind 


\s was shown by Néel,’* the right-hand side of Eq. (25 

can be expanded about the point ¢,;=0, and if ¢<<Ay, 

one obtains the approximation 
ny(Av,fi;)=np(Av,0) —So.;/kT, 


‘J. Yvon, Cahiers phys. 28, 1 (1945) 
*L. Néel, J. phys. radium 15, 22 (1954 


(26) 


S=- 
d(—t/kT) 
and 


After all pair concentrations have been determined 
by this procedure, the total concentration of single 
cobalt ions can be found by subtrac ting twice the pair 
concentrations from the total cobalt ion concentration, 
has been that the concentration 
of agglomerations larger than pairs is negligible. The 


since it assumed 
relative concentration of odd and even cobalt ions can 
then be determined from the single ion energies by 
statistical mechanics 

After a long anneal in the [100 } direction at tempera- 
ture T, the the 
following: 


configuration concentrations are 


n,y(Av,O) 
Ny Av,0)+SLy," 


x—[6n,(Ayv,0) 


SLy"” 
2kT, 
SL! 


(} 24 2kT, 
kT’). 


These concentrations, being the ultimate ones for 


Case I, are the initial concentrations for Case II. From 
Eqs. (16) and (17), the initial torque measured after 
the magnetization is rotated to the [110] direction is 


Lyj30; (0 2(Np Mk S(Lyy"*)*. (29 


Ihe ultimate concentrations resulting from a long 
inneal in the [110] direction are the following 


n,(Av,0 S(Ly' - Ly'*) 
ny(Av,0)—S(Ly"*+ Ly?) 

C14= Cog = Ny(Av,0), 
{4x—[6n,(Av,0)—SLi” 

ce= (4x—[6n,(Av0)—SLuy 


kT ]) (14+L1°/2kT), 
kT]) (1—L1?/2kT). 


These concentrations are the initial ones for Case I, 
The torque initially measured with the magnetization 


direction in the [100] direction is thus 


] 0 Vp/MkT){[4x— (6n,(Av,0 


+ SLy RT) \(Ly + S(Ly ) 3 (30) 


of Lyon (0) observed 
at low concentration can be used to determine Ly’. 
Using the data of Table II, one obtains for T= 373.7°K 
the value L;°= 4.4610 


The concentration dependence 


* dyne cm. 


V. THE CORRESPONDENCE OF THEORY 
WITH EXPERIMENT 


rhe theory of the magnetic annealing effect presented 
in the two preceding sections explains many of the 
results summarized in Tables I and II. Equation (11) in- 
dicates that the torque decay in the [100 ] direction can be 
represented by the sum of two exponential functions of 
nitial magnitudes A; and A, and rate coefficients A, 





From kx : id t can n that, cobalt ions, o1 
6 proportional _ 2 ficiently lov (30) show that 
concentrations A a nd } , Since a becomes tion of pairs to t 
independent of concentrat I t! cobalt cont i that of pair 
reduced, the ratio \,;/1 uffi- if the deplet 
formation 
(or 4G 21 
mall val ve, Ve I nal to x, A, Is al concentrat 
proportional to x. More ! ! | , j and the valu 
proportional , U proportionalit 


ge i reduced nese of such a proj 


features of t] I t \ . w-concentrati exchange bet 
annealing behat re observed in the experimentall via adjacent 
etermined curves of throughout the concentra Smit and W 
that Ly be 
do not allow an e' 
ive a nearly linear If the magneti 
y proportional . Vacancy diffusior 
ird decaying exponential magnitude of all 
all, is small and probably coethcients 
of three or more adjacent concentratio1 
cobalt ion fects of which < t taken int induced 
account by 
Equation 
[.110 | direct 
oxidatior 
essentially 
observed in sam] 
atmosphere to prod 
be explained by tne 
proportional to a view of the anomalot 
function probably tne possibility mu 
usters. A ratio torque changes d 
t VY, 1 of cobalt ton 
governed by 
reorientation of VI. THE COBALT ION PAIR INTERACTION 
not approximately 
: nt toa 13 pair do 
not contribut ( il I \ contains only 


is section 
Av will be ey i] lat 
dependence ot the 
of the depende: 


on tne preparal 


four reorentatio ’ yf lit * Ol the other hand, 
o a 12 pair contribute 
and 
If a sample of 1 
must : . 
substituted coba 
temperature 7, 

r110 direct 

restrictions tf \ be | eq on the Eq ze ' 


f halt : : . F s temperatures 
0 a coba ( I ( n ( vn 1 can 


inferred from 

22) 24) indicate t the pair energy can be approxi 
mated by ar Dsol ne of the semi-axes lies along t] 
ine joining tl M balt ns and has 
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+3 Li . ft ‘ ethagnt emiaxes. If uri SAM pric 


: . onenct ] 
pt rpendicu juenched 
configur 


the other is 
equilibrium 





vhich is different from Tg, it will no longer be given by 


e | 110} direction is then measured at a temperature 7 


Eq. (29), but by the expression 
p/ MRT 9) S(T) Li? (Te) Lu 


um amplitude of th 
nd can be determi 
it a temperature 
magnetic annealing 
number of temper ture 


opt 1S 
Lame dla 
Ly"(T) dT 


The curve of values of J g can be extr 
ike the required intersection with the curs 
rz at 7=Tg. At this temperature 


S dTN ki 
If Av>O and the on itration of cobalt 
tinds from Eas nd é that 
‘ e torque ¢O, measured in the [110] 
lin the [100] direction at 
ung the sample open 


tion following a prepara 
i ring temperature 





The two types of measurements described above can 
be performed also for an anneal in the[ 110] direction. 
Following such an anneal, the initial torque in the [100 ] 
at the annealing temperature can, from 


performed with the si 


of low cobalt col 
lirection 


(30), be approxim at low concentrations by 


from a simpli ‘ Vpx/2MRT)[ 11°(T) 


requirement 
in the 110} direction at tempera 


sample was first annealed 
terminated by quenching the sample, 


in the [100] direction at 373.7°K and th 
liquid nitrogen. Torque curves were then 1 in the [100] direction at tempera 
es between 158°K and 288°K 
xial component of the ¢/2MkT 9) Ly°(T 9) L1°(T 
ts are plotted as the 

Table II are piotte 
I} ‘ at ratu ni hown to be 


ots and determine the curve of Ly,,0). The 


Lop of L 


d 
g is extrapolated to give a common torqu 
value of —1.10X10* dyne cm it T=373.7 
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The direct exchange integral which occurs in the Heisenberg theory of ferromagnetism is evaluated for all 
internuclear spacings. We find that it is always positive, whereas Bethe originally suggested it would be 
positive only at large spacing and more recently it has been suggested that the integral should always be 
negative. However, at the observed internuclear separation the magnitude calculated is of the order of 70 
times too small to explain the experimentally determined exchange constant in ferromagnetic metals, and we 


therefore conclude that direct exchange is not responsible for ferromagnetism in these metals 


I. INTRODUCTION 


i ER since Heisenberg' explained how exchange 
4 effects could account for ferromagnetism, there has 
been controversy over the sign of the direct-exchange 
ntegral which appears in the Heisenberg theory. Using 

simple Heitler-London model with one electron per 


tom, Heisenberg showed that the spin coupling be- 
tween two nearest-neighbor atoms A and B of separation 
R was given by the exchange integral 


/ A B) f fare, B r,)A (rz) 


e ¢€ e e 
x|— - B(r2)A(r), (1) 
R rie Tip fea 


where r; and re are the coordinates of the two electrons 
and A(r) and B(r) are the 
real) centered one on each nucleus. The first two terms 


wave functions (assumed 


if this expression are positive, the last two are negative, 
ind clearly all four are of the same order of magnitude 
The sign of this integral is therefore not easy to esti- 
mate and, in the Heisenberg theory, ferromagnetism 
results only if it is positive. 
It is exactly this integral which occurs in the theory of 
e hydrogen molecule where the wave functions A and 
B are the 1s orbitals of the hydrogen atoms. For this 
utter problem J is known to be negative [singlet state 
owest ] but Heisenberg postulated that J was positive 
for wave functions and lattice spacings appropriate for 
the ferromagnetic elements. It was left to Bethe? to give 
plausible arguments why J should be positive. He 
pointed out that the second term of (1) would dominate 
the others if all the overlap between A and B were 
ntrated in a smal! region away from the nuclei. He 
that this would be the case if the wave 
A and B had (a) small amplitude at their 
parent nuclei, (b) angular lobes pointing towards and 


conce 
suggested 


Tunctions 


1 W. Heisenberg, Z. Physik 49, 619 (1928) 
A. Sommerfeld and H. Bethe, Handbuch der Physik, edited by 
Fligge (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part TI 
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overlapping one another, and (c) small radial extent 
compared to the internuclear spacing R. 

All three conditions are satisfied by the ferromagnetic 
metals. In these metals the magnetic electrons are in 3d 
wave functions and near the nucleus these are small 
(like r?) so (a) is satisfied. These 3d wave functions also 
have strong angular lobes which can be made to overlap 
one another so (b) is also satisfied. Detailed estimates by 
Slater*® show that the ratio of the mean radius of these 
wave functions compared to the internuclear separation 
is smaller for the three ferromagnetic metals than for 
any other metal. Hence condition (c) is also well satis- 
fied. It is clear that in general it is hard to satisfy all 
three conditions simultaneously so it seemed not sur- 
prising that only three metals were ferromagnetic. 

From general arguments Bethe was able to suggest 
how J varied with internuclear spacing R. At small R, he 
concluded J was negative because (c) was not satisfied: 
is R was increased he suggested that J approached zero, 
became positive, passed through a maximum and then 
decayed exponentially to zero. Bethe gave a rough 
sketch of this behavior and this has become known as 
the Bethe‘ curve. 

Subsequently the validity of Bethe’s arguments was 
severely questioned and it was suggested by Van Vleck,® 
by Slater® himself, and by Zener,’ that J could never be 
positive but simply varied monotonically from a large 
negative value at small R to an exponentially small 
at large R 
Secause of this controversy an explicit calculation of 


gative vals 
negative value 


/ is obviously of value but the integrals involved ap- 
peared so difficult that only two such calculations have 
been made. The first was by Wohlfarth*® who concluded 


hat J was always negative. However, for ease of calcu- 
+J. C. Slater, Phys. Rev. 36, 57 (1930) 

R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company 

, Princeton, New Jersey, 1951), p. 444 

* J. H. Van Vieck, Revs. Modern Phys. 25, 220 (1953). 

*J C. Slater, Phys. Rev. 49, 537 (1936); Revs. Modern Phys 
25, 199 (1953 

7C. Zener, Phys. Rev 
1951 

SE. P. We 


$1, 440 (1951); 82, 403 (1951); 83, 299 


hifarth, Nature 163, 57 (1949 
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clearly distinguished from (2); in the latter S4 and Sg 

denote the spins assoc lated with the partic ular orbitals 

{ and B, respectively |. Neutron diffraction experi- 

ments show that there is essentially no preference for 

the 3d “hole” to occupy any parti ular orbital of (8) 

Assuming therefore that each 3d orbital has a equal 

probability of 0.2 of being occupied by the hole, we 

deduce that the probabi ity of the two 2? orbitals bei y 


occupied simultaneously is 0.04. Henc: 


0.04/ (2°. (10 


¢ > 79 
dew lhe 


Using a value of 6.810~° ev for J(<?, we ge 
x 10% ev for J. This is to be compared to the exper 
mental results of 0.020 ev from spin wave measurements 
ind 0.010 ev from specit at measurements." We 
therefore conclude that d xchange fails by a factor 
of about 70 to account e observed coupling. 

In Fe we again us amiltonian (9) but this time 
S, and S» have magnitud . Because expe riment 
tells us the 3d orbitals ar ually occupied, we assume 
equal probabilities for a ccupation assignments. On 
each atom there are two holes which may be placed in 
any of 10 distinct pairs; four of these pairs involve the 
* orbital so the probability of having a hole in ¢? is 0.4. 
lhe probability of simultaneous occupation of the 2? of 
1 and that of B is therefore 0.16 and for each such case 
S4 is 0.58; and Sz 0.5.82: hence (10) is correct for Fe 
also. A similar argument for Co, assumed to involve a 


mixture of (3d)* and (3d)*® configuratior 


“7. A. Hofmann 


Phys. Chem. of Sol 





DIRECT EXCHANGI 
value | and it is only the small probability, 0.04, of the 
} orbitals which 
renders this direct-exchange mechanism unimportant in 


oles appearing simultaneously in the 2? 
this case. In salts the electrons may be in fixed orbitals 
and then, for favorable cases, direct exchange may be of 


importance. 


APPENDIX A 
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The expression for J; was programmed for the 
IBM 704. The integrations over the variables u, M, ¢, 
and R were performed by using the Gaussian quadrature 
method ; the trapezoidal rule was used to integrate over 
r. For Rap=4ao the following number of integration 
points was used; 4 points for yw, 5 points for M, 4 points 
for @, 10 points for R; and a Ar equal to 0.15 was used in 
the trapezoidal integration of r. The accuracy of the 
procedure was checked by making numerous runs with 
various mesh dimensions, and the above-mentioned 
mesh size was found to give an answer which was accu 
rate to better than 0.1% 
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For this case, a running time 
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In metals and semiconductors heat is transported by 
both the The total 
thermal conductivity is composed of two 


charge carriers and the lattice. 
thereiore 
parts 


(6) 


Atota ei 


The the 


Wiedemann-Franz law 


electron contribution wa obtained from 


LT/p 7) 


with an appropriate Lorenz number L. For metals 


above their Debye temperatures the theoretical value 





paper Or 
expresslor 


vit} t} 


Fable I\ 


\t low tempera 


ubstituting S 





Db THERMAI NDUCTI | ’ ; , 363 


the thermal resistivity originating from such oscillating 


dislocations is 





T/@) cm deg/watt, (12 


here F(T/0 { | Here a is. the 
lattice spacing along «ation line. We have again 
taken Vp to be 7 5 cn nd have plotted ox lis 
i hat this mechanism 
again does n count lantitatiy for the measured 
values but a mo ophistica theory including 
perhaps a combination of ru ;’ and Granato’s 
. — cm deg/watt, models might improve 
hurl. 2X10" However, cattering yy | \ n iione cannot 


nt for the fact that whi ut Ul west tempera- 


parameter SS 1 and a density of 
i . ° 
, the therma luctivily ol sample 6 1s five times 


nt defe V=2x10" cm“. This value, which is . 2 

‘ “ee | ae “hy > malier than that o my nicroscopic examination 
he order of aximum possible number of poin Niel 

P 1 | ‘ reveaicd approximately | ime number ol disiocations 
mperfections” in lead sulfide, differs somewhat from ———— 
: 1). The carrier con 
larger than that of 


LIT) pit hat tl ) iv a pert aps be be st 


the density of point imperfections obtained from 
obility data and listed in Table IIT (4.74 10'* cm 
e both values are based on rather crude approxi- 


1: : : ' . F xplained by the atteriz phonons by free charge 
we believe that the value obtained from (10 —e ied y . : rg 


carriers. In the temperati with which we are 


1e less reliable because 1) the method of summing : 
rmal resistivities is inaccurate; (2) curves B and D 


concerned Ziman'® <¢ ited tl nean free path J of 


“= . phonon attered by Carri s res is 
Fig. 6 will only have unit slope in the region in which P20nONS scattered b rriers. His result 


the specific heat is proportional to 7*; for T7286 the two whip] 
hould level off; (3) the scattering parameter § cm. (13) 
impurities is not known accurately; 

the number of point defects becomes large 


‘ 


‘ : ° t} r 
to be proportional to and the expression ly; e degeneracy 


temperature, and eC} nt 1 coupling factor 
between the I latte We have calculated 
l from 3) witl v, m*/mo=O015 and have 


to consider rather different 


attering on boundaries, sca 
determin 1e CK | ling t | resistance from 


becomes important in t 


iS given an expres 
resistivity, 

1.68 cm deg Phe pecih heat per unit vol T) was extra 
polated from asurem y Parkinson and Quar- 
onstant, « the velocity of — rington Phe is plot in Fig. 6 (curve H/). 
he Burgers vector, a Once more the ret | valu do not compare too 
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to 7.5X10*® cm ib] Ziman’s theory is in an « y stag velopment. In 

T) from Ex f 

urve E. As seen from tl ble only in rat! tricted ranges of temperatures 


j- (11) and i yermanium, for example, Ziman finds his theory appli- 
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ciated with the thermoelectric power if there is only 
one kind of charge carrier present, this result is not 
unexpected. 

Between 20°K and 100°K the 
previous measurements. 


results are similar to 
sclow that, however, we found 
pronounced maxima in the thermoelectric powers of 
three samples with high thermal conductivities. These 
maxima can be explained by the phonon drag effect®*-** 
according to which the charge carriers are pushed 
towards the cold end of the sample by the phonon flow. 
Herring”® has estimated the phonon drag contribution 
to the thermoelectric power to be 

Son=ufl/Tu, 


(15) 
where f is the fraction of the crystal momentum lost 
by the charge carriers to the lattice vibrations and l 
is the mean free path of those phonons which interact 
with the carriers. 

If the experimentally observed decrease of the mo- 
bilities in a series of different samples at any given 
temperature can be attributed to a gradual increase of 
the importance of 
lattice vibrations, it 


cattering mechanisms other than 
is reasonable to assume that such 
a decrease of the mobilities is ac ompanied by a similar 
decrease of f. In fact Herring has shown that if wz is 
the mobility arising from the interaction of the carriers 
with low-energy lattice vibrations, then wz f/u is always 
close to unity. We therefore have 


ul/T ux. (16) 


Since yy, Is an intrinsic property of the material, S,y is 
proportional to lat any temperature. If lis of the same 
order as the phonon mean free paths / derived from the 
thermal conductivities (in fact J is always smaller than 
l), it follows that in the samples in which the thermal 
conductivity is low, the phonon drag effect will con- 
tribute only little to the thermoelectric power. It is not 
surprising therefore that the natural samples show no 
maxima in the power. 

We the synthetic samples at 
temperatures above 20 the thermal conduc tivity is 
governed by scattering on point imperfections. In this 
case l is inve rse ly 


thermoelectric 


have seen that in 


proportional to the fourth power of 
the angular frequency w of the lattice modes, and since 
w is of the order 3k7/h it follows that 


i~l« T- 17 
Taking yw, to be equal to uw in the region of intrinsic 
behavior of the synthetic samples (80°K to 300°K 
7 -**, B 


the lowest temperatures, we obtain from (17 


we 


have po this relation can be extrapol ited to 


[3.8 18 
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However at temperatures near ar 
of the thermal conductivitic 
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free charge carriers be: 
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by charge carriers upon the phonon 
found that at sufficiently high carrier de 
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peratures as the maxima in the thermal conductivity, 
and indeed, only appear at all in the samples which are 
among the best conductors of heat. 
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Nuclear 
investigated by selectively exciting nuclei into particular magneti 


relaxation in a quadrupolar spin system has beer 
levels and observing the transient recovery of the spin syster 

ward an equilibrium population distribution. Selective exci 

ion is achieved by correlating the frequency and precessional 
behavior of nuclei in certain states with applied elliptically and 
linearly polarized, pulsed radio-frequency fields. A quantum 
mechanical analysis is presented to describe the excitation of a 
quadrupolar spin by a pulsed, elliptically 
polarized rf field. Using selective excitation techniques, several 
new modes of longitudinal relaxation are observed. Experiments 
using the chlorine quadrupole resonance in a single crystal of 


system produced 


I. INTRODUCTION 


ULSED nuclear magnetic induction techniques 
are a convenient means for study of the direct 
transient recovery of a spin system toward thermal 
equilibrium. Thermal equilibrium among the spins is 
established by spin-spin interactions, if a spin tem- 
perature can be defined ; and also a spin-lattice thermal 
equilibrium is established if a lattice temperature can 
be defined. The present paper describes the application 
of transient resonance techniques to the study of nuclear 
spin relaxation in quadrupolar spin systems. By means 
f selectively exciting nuclei into particular magnetic 
about 


important information 


effects, 


substates, additional 


pin-spin cross-relaxation quadrupolar spin- 


Research and the 
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ynal Security 


KCIO, demonstrate how these new relaxation modes are used 
interactions and cross relaxation 
overlapping resonance lines to determine the 
individual Am=+1 and +2 quadrupolar spin-lattice relaxation 
is introduced by which the 


to the resonance linewidth 


1) to study dynamic spin-spir 


hetweer and (2 


transition probabilities. A method 


magnetic dipole-dipole contribution 
can be determined independently of static quadrupole broadening, 
by observing the decay of the beat modulation of certain free 
induction signals caused by precession in a small magnetic field 
linewidth of Cl*® in KCIO, is in good 


second-moment 


The measured magneti 


agreement with the value obtained from a 


calculation 


lattice relaxation, and pure magnetic line broadening 
can be obtained. 

In solids having noncubic symmetry, the interaction 
between the nuclear electric quadrupole moment and 
the crystalline electric field gradient can establish a 
system of well-defined quadrupole energy levels.’ In 
zero magnetic field energy exhibit a 
characteristic twofold Kramer’s degeneracy of =m, 
where m is the magnetic quantum number. Although 
spins in +m and —™m states have the same energy, 
they precess in opposite directions about the electric 
field gradient as a result of the quadrupole coupling. 
rherefore, when a linearly polarized rf field is used to 
excite a quadrupole resonance, both oppositely rotating 
circularly polarized components of the field are active 
in inducing transitions. One circularly polarized com- 
ponent excites spins in +m while the other 
The action of the rf magnetic 
field leads to an observable linearly polarized mag- 


these states 


states 


excites spins in — m states 


“1 ° ° . 
| 


netization, oscillating in the direction of the exciting 
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field, which arises from the superposition of two com- 
ponents, corresponding to spins in +m and —™ states, 
rotating in opposite directions.? 

The nuclear precessional properties of a quadrupolar 
spin system suggest a way of selectively exciting nuclei 
associated with a given frequency transition. If instead 
of a linearly polarized rf field, a circularly polarized ri 
field is 
system will be excited, corresponding to nuclei in states 


applied, only one-half of the quadrupolar spin 


of one sign of m only.* When an elliptically polarized rf 
field is used, which can be decomposed into two op- 
positely rotating circularly polarized fields of different 
amplitudes, spin ociated with transitions between 


+-m and —m states will be excited differently. Thus the 


additional degree of freedom inherent in the rf field 


polarization enables one to divide a quadrupolar spin 
ystem into two separately observable subsystems com 
posed of nuclei in +m and —™m states 

Selective excitation using circularly polarized rf has 


that degenerate resonant tran- 
sitions can be examined individually. Thus spin-spin 


the unique advantage 


interactions and cross relaxation can be studied between 


quadrupole resonance lines which are separated by 
| a 


arbitrarily small and variable Zeeman splittings. In 
m and 


( veral 


Viet] ods 


illustrate how these new relaxation modes may be used 


general, whenever the m spin systems are 


selectively excited new modes of relaxation 


can be observed will be developed which 


to distinguish relaxation contributions from spin- 


lattice and spin-spin interactions, and, in addition, to 
determine the individual 


Am + 1 


changes in quadrupol 


transition probabilities as- 


sociated with and +2 quantum number 
pin lattice 


relaxation. 
\ quantum-mechanical 


II whicl 


ystem by an ellip y polarized pulsed rf field. The 


] 
analy 


is presented in Sec. 


describe tation of a quadrupole spin 


observed nuclear free magnetic induction signals fol- 


he rf pulse are calculated, and their properties 


are discussed for various rf field polarizations. From 


this analysis initial conditions are obtained which are 


inserted into the relaxation equations to be treated in 
Secs. II] and IV. The theory of selective excitation and 
relaxation is verified by observation of the Cl 


rupole resonance in KC1QOs. 


quad 


II. SELECTIVE EXCITATION 
Elliptically Polarized rf 
he general Hamiltonian for the excitation of 
pin system is 
Q-vE—yhAl-H(s), 


ymagnetic ratio and 


AND E H 


AHN 


applied radio-frequency field. For the 
symmetric electric field 
quadrupole interaction Q-VE leads to the 
equation® 


(Q- VE) ¢,, 


ise of an axially 
VE, the 


eigenvalue 


gradie tensor 


where g is the ] ipal value of the field gradient at 
and 


TAP 
exhibit 


the nucleus, Q is the nuclear quadrupole moment, 
I is the nuclear spin. The energy levels in (2 
characteristi¢ 
spin /=3, 
this paper, 


levels giving rise 


+m Kramer’s degeneracy. In the case of 


le 
ed ex 


lusively throughout 


which will be tre 


there are two doul energy 


degenerate 


wo= egQ/ 2h. 
Consider an ¢ 

to the spin system in 
gradient symmetry 
This field can be gener 
fields applied at right 
amplitudes H’ and H” 

] 


w, and with a phase differe: 
H (t)= 2H’ « 


The rf field is applied f 
satisfies the condition 1 

equivalent resonance linewidt! 
dition insures that the entire sy pectrum is excited 
The spin system is assumed to be in thermal equilibrium 
with the lattice at time ‘=0, prior to the application of 
the rf pulse during the intervy </St,. The total 
wave function y for /= 3 is written in expansion in 
the orthogonal eigenfunctions ¢,, of the quadrupole 


Hamiltonian, 


5 
By using (1) and hrédinger 


equation and 


simult is obtained 


C..(t 


a sel ineo 
for the time rate 
The solutions for ¢ y expressed in 


terms of the initial coeffici by the matrix 


relation® C(t) = R¢ 


Che transtormat 
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where 0, = V3yH 41/2, and 
H,=(H°+H'"+2H'H" sind), 


+H" cosd 
a,=tan ( - —)) 
H'+H" siné 


H, and a, are the magnitudes and phases, respectively, 
of the two circularly polarized rf fields, one rotating 
clockwise, the other counterclockwise, generated by 
the superposition of two linearly polarized alternating 
fields given by Eq. (3). 

The expectation values of the components of nuclear 
magnetization during the period of free nuclear pre- 
cession following the rf pulse are calculated using the 
solution of the Schrédinger equation for /2/, when 
H (¢)=0. All nuclear spin relaxation effects are omitted 
The results are 


M = (V3 Nyh?wo 8kT)[ sin (V3yH 4b, 2) sin (wol—a,) 
+sin(V3yH_1./2) sin(woe—a_) ], (8a) 
M, bee v3 Vyh* wo, 8k7 ) 
X [sin (V3yH,t../2) cos(wol—a,) 
—sin(V3yH_1t,,/2) cos(wol—a_)], (8b) 


M, = (N-yh®wo/8kT) [cos (V3-yH_te/2) 


(&c) 


— cos (V3yH,t./2) }, 


where NV is the total number of spins. 

The M, and M, components of magnetization can 
be looked upon as components of two macroscopic 
magnetization vectors, each of magnitude v3. Vyh?wo 
&kT, given by M, and M_, which precess, respectively, 
in the clockwise and counterclockwise directions. At 
thermal equilibrium it is convenient to consider these 
vectors as aligned, antiparallel to one another, along 
the z axis of quantization for the system, realizing that 
the thermal magnetization differs from M, and M_ by 
a factor V3, because the analysis does not yield strictly 
a classical model.? Since the +m and —m magnetization 
vectors arise from spins precessing in opposite direc- 
tions, they are excited independently by one of the two 
circularly polarized components H, of the applied rf 
field. The angles 6,=V3yH41,./2 in (8) represent the 
angles through which M, and M_ have been tipped 
toward the xy plane by the rf pulse. The components 
of M, and ML_ in the xy plane precess in opposite 
directions and therefore add in the x direction and 
subtract in the y direction as indicated by the + and 

signs in (8a) and (8b). The decay of the precessing 
transverse components of magnetization has been 
omitted. Longitudinal relaxation of M, will be treated 
in detail in Sec. IIT. 

The solutions in (8) are now examined for two ri 
field polarizations of special interest : 

a. Linearly polarized rf: H’=2H,, 


H”=0. With 
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these conditions (8) reduces to 


M,= (V3 Nyh*wo/4kT) sin(V37H ite) sinwol, 


(9) 
M,=M,=0 


. 
Therefore in a quadrupole resonance experiment using 
a linearly polarized rf magnetic field, the observed free- 
induction signal is linearly polarized along the direction 
of the rf field. There is no signal perpendicular to this 
direction, and the sample always has zero net M, since 
spins in +m states are excited equally.’ 

b. Circularly polarized rf: H’= HH" =H), 6=x/2. For 
this case (8) reduces to 


M = (V3N yhtwo/8k7 
MU, = (—V3 NV yh*wo/8kT) sin(V3yH ite) Coswol, (10) 
M = (Nyh*wo/8kT)[1—cos(VayHile) |. 


) sin(V3yH il.) sinwol, 


\ circularly polarized rf field excites only one half of 
the quadrupole spin system corresponding to spins in 
states of one sign of m only. The resulting free-induction 
signal is only one half as large as in (a), where all spins 
are excited, and the signal is circularly polarized and 
observable in any direction in the xy plane. In addition, 
the sample now has a nonzero M, component of nuclear 
magnetization 


Application of a Consecutive Double Pulse 


The elliptically polarized rf field in a single pulse of 
the preceding section is the resultant of two linearly 
polarized fields applied simultaneously at right angles 
with a relative phase difference 6. It is now shown that 
if the two fields are applied consecutively rather than 
simultaneously, a different net excitation of nuclei in 
+m and —m states is again obtained. Under certain 
conditions the final state of excitation of the quad- 
rupolar spin system is identical to that obtained using 
circularly polarized rf. This double-pulse method of 
selectively exciting a quadrupolar spin system provides 
certain technical advantages which are discussed in 
Sec. VI. 

An rf field pulse of time duration /,; is applied to a 
spin sample in the x direction at time /=0. At l=ly1 
another rf field from the coherent source of 
duration t,» is applied at right angles to the first field 
but shifted in rf phase by an angle 6. The Hamiltonian 
is given by (1) where now the rf magnetic field is 
described by 


H(i) 2H, cos(wol)4 
H (1) = 2H2 cos(wol —4)%, 
H(t) =0, 


same 


lei stSle +- lor; 


(11) 
L> twit ler. 


The pulse time widths /,, and f 2 are assumed to be 
very short compared to the time required for individual 
nuclear spins to lose phase coherence. 

The first rf pulse produces a_ transformation 
C(tw:)=RiC(0), where R, has the form of R given by 
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Fic. 1. Rf magnetic fields as seen by nuclei in +m states during 
the two pulses used in the double-pulse technique. A. Oppositely 
rotating components oi a linearly polarized rf field H, applied 
in the x direction. B. Oppositely rotating components of a linearly 
polarized rf field H2 applied in the y direction and delayed in 
phase by 90° with respect to ;. 


Eq. (6) with 6, =@_=6,=V3yHil,; and a, =a_=0. The 
second pulse produces a further transformation de- 
scribed by R., with @#,= =6.=V3yHolw. and 
5. The coefficients C,,(¢,) at time ty=twitlee 
are found from the combined transformation C(t,) 
=R»R,C(0). They are used in the solution of the 
Schrédinger equation after the double pulse to calculate 
the expectation values of the spin operators during the 
period of free precession. The associated macroscopic 
magnetizaiion components for />¢, are 
M = (V3Nyh'wo/4kT) sin(V3yH tw) 
X [cos? (V3-yH ofw2/2) sinwot+sin? (V3yH otw2/ 2) 
X sin (wol+ 28) ], 
M,= (—V3 Nyh®wo/4kT) cos(V37A ttw1) 
X sin (V37H of w2) sin(wol+4), 
M ,= (Nyhwo/4kT) sin(V3yH itw1) 
sin (V3yH ofw2) sind. 


a, =a 


(12) 


A classical picture of the excitation of a quadrupolar 
spin system by the double rf pulse is obtained by 
studying the behavior of the resultant magnetization 
vectors M, and M_ subject to the rf magnetic fields 
shown in Fig. 1. During the first rf pulse the torques 
produced by H,* and H; tip both M, and M_ through 
an angle 6,:=V37H itw:. During the second pulse M, is 
tipped through an additional angle 6.=V3yHotw: by 
the field H,*+. M_, however, sees a field H,~ directed 
oppositely to the field it experienced during the first 
pulse, and therefore is tipped back a negative angle 
—6,. Thus the net effect of the double rf pulse is to 
nutate one sign of magnetization through an angle 
(0,;+62) the 
through an angle (@;—6.). 


while other magnetization is nutated 

The solutions in (12) are now examined for the special 
case where the phase difference 6=90° and the rf field- 
time product H ifwi= Holw2. The latter condition makes 
the absolute nutations produced by the two pulses 
equal. Thus from the above discussion one sign of 
magnetization is nutated an angle 26, while the other 


will show no net effect after the double pulse. Under 
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these conditions Eqs. (12) reduce to results identical 
to those in (10) for a single pulse of circularly polarized 
rf capable of inducing a nutation angle (2V37H tw). 

When 690° and Hitu:% Hote: the double rf pulse 
will still produce an unequal excitation of nuclei in 
+m and —m states. Equation (12) describes the 
resulting state of nuclear magnetization immediately 
after the two rf pulses. Although the magnetization 
vector picture of the excitation is possible, it is more 
complicated for the case where 6#90° since the ro- 
tations 6, and 6, produced by the two rf pulses do not 
occur in the same plane. The visualization of the macro- 
scopic behavior of the spin system is accordingly more 
complex. The effect of the first pulse is straightforward. 
The analysis of the second pulse is best made in the 
rotating frame of the magnetization vector of interest. 
It can be shown that the two rf pulses may be over- 
lapped and the net excitation of the spins obtained will 
still be the same. 


Small External Magnetic Field 


The effect of the application of a small magnetic 
field Ho» to the quadrupolar spin system, where 
vyhH «€egQ, is now considered. The addition of Ho to 
the spin 3 quadrupole system removes the +m de- 
generacy and introduces a zero-order mixing of the 
m= +4 states. The new set of eigenvalues and eigen- 
functions for the system is given in Fig. 2. The applied 
rf field is again given by (3) and it is assumed that 
tw<1/yH» and H:>Hp>. The general expressions ob- 
tained for the expectation values of the spin operators 
following an rf pulse of elliptical polarization when 
H 0 are lengthy® and will not be given here. Instead 
consider the special case of an applied circularly 
polarized rf field where H’=H” =H, and 6=x/2. The 
x component of precessing nuclear magnetization for 
t21t, is then given by® 


V3 NV yh*wo 
M,= ——— sin(V37A it,. 
8kT 


xi-— sn| wx -+5(cos ( ) 
2f ’ 


(13) 


where Qo=yHo, and f=(1+4tan%))'. A similar ex- 
pression is obtained for M,. 

Since the circularly polarized rf pulse excites two lines 
(a’,8’) of the general four-line Zeeman spectrum for 
I=}, M, in (13) is made up of a superposition of two 
frequency components. The result is a modulation 
superimposed on the decay of the free-induction signals. 
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The phase of this modulation is the only difference 
between the expressions for M, and M,. The remaining 
resonance lines (a,8) can be excited by circularly 
polarized rf of the opposite sense of rotation. 

The zs component of nuclear magnetization following 
a circularly polarized rf pulse is given by 

Nyt*w 
¥..—— 
4kT 


x f1+[(2—1)/2 7701 —cos (ft cos) }}. 


0 
~ sin? (V3yH jt,./2) 


(14) 


Low-frequency terms proportional to the sine and 
cosine of the function fi» cos6) have been omitted 
from M, in (13) since they produce a negligible in- 
duction signal in experiments where Q¢<wo. This low- 
frequency term, which has its origin in the magnetic- 
field mixing of the m=+4 states, is included in the 
expression for M,, however, since it produces beats in 
free-induction signals to be discussed later. The mag- 
netization along the quadrupole axis of quantization 
oscillates at the low Zeeman frequency. This results 
because another magnetization, made up of a super- 
position of spins in the mixed states, is actually pre- 
cessing coherently about a different axis of quantization 
z’ determined by the angle @ which the applied field H» 
makes with respect to the z axis.’ The 2’ axis lies in the 
plane of the z quadrupole axis and Ho, at an angle ¢ 
with respect to the z axis, where 


6’ = {2 (144 tan%)'—1]/(1+4 tan%)}}!. 


An oscillatory population change of the mixed states 
is observed, analogous to the modulation of the intensity 
of light absorption in experiments on optical pumping 
when coherent spin precession occurs.® 

Thus far only free-induction signals following a 
single rf pulse have been considered. If additional 
pulses are applied, quadrupole spin-echo signals? also 
occur. The calculation of spin-echo signals following 
excitation with circularly polarized rf is straightforward. 
The results are similar to those obtained by a linearly 
polarized field except for differences which enter 
because only one half of the spin system is excited; 


H, H,# 0 Eigenvalues Eigenfunctions 
. ae Pt rihese, ty, 
|. rae ‘ 
eqQ Adela “a ~ ZH h cos 6, Py, 
“ooh aa) 'B| ~9q0 , | 
ph i wt a+ frHh cos 8, $.*b¢, - a,, 
ap er. B. 2id 
os o£ tyHh cos, $,79¢_, * bd, 


F1G. 2. Energy levels for spin J = § axially symmetric quadrupole 
interaction perturbed by a small magnetic field H». A system of 
coordinates is chosen in which Ho = (£sin®)+£cos6,). Parameters 
are a=[(f—1)/2f}', b=[(f+1)/2f}), f= (1+4 tan) 


7M. Emshwiller, E. L. Hahn, and D. Kaplar, Phys. Rev. 118, 
414 (1960). 
*H. G. Dehmelt, Phys. Rev. 105, 1924 (1957). 
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Fic. 3. Relaxation transitions in a spin § quadrupole system. 
Quadrupole spin-lattice relaxation transitions are labeled W, and 
W:. w, and w: denote transitions arising from spin-spin inter- 
actions. The w, transitions represent the simultaneous flip of two 
spins 


wy 


namely (1) the echo amplitude is one-half as large, 
(2) the echo signal is circularly polarized, and (3) the 
echo modulation in a small magnetic field is different. 

The double-pulse technique of selectively exciting 
spins is also applicable when a small magnetic field is 
present. The results and interpretation are similar to 
those obtained for excitation using elliptically polarized 
rf 


III. LONGITUDINAL RELAXATION 


Since the individual groups of +m and —m spin 
states may be excited and observed separately, the 
longitudinal relaxation or population changes of these 
separate spin subsystems can be studied rather than 
the relaxation of the total spin system. The energy 
levels for the +m and —m spin subsystems are shown 
in Fig. 3* for a spin § system, together with allowed 
transitions leading to longitudinal relaxation of the 
-++m subsystems. In general, longitudinal relaxation of 
these two systems is determined by a combination of 
spin-lattice coupling and spin-spin coupling. W, and 
W, denote the transition probabilities per unit time for 
Am=+1 and +2 quadrupolar spin-lattice relaxation. 
The transitions labeled by the probabilities per unit 
time w; and w, arise from secular magnetic dipole- 
dipole interactions involving the operators /,‘/,/ and 
1,‘],’, respectively, of the dipolar interaction Hamil- 
tonian” of spins ¢ and j. 

The longitudinal relaxation is described by a set of 
simultaneous rate equations for the spin state popu- 
lations N,, of the form 


aN 
! => (Waal 
+ > (Wir.amV iNa—Wt.mnNiN wr). 
kin 
The first summation describes the spin-lattice relaxa- 
tion ; the second summation is the additional relaxation 
contribution arising from spin-spin interactions. Wir,am 
is the probability per unit time that a spin in state / 
and a spin in state m flip to new states & and m, 
respectively. 





. W aaN a) 
(15) 


* In an actual solid the degeneracy of the +m levels is removed 
by local dipolar magnetic fields. The + label is used to refer to 
those states which become pure in the limit of zero magnetic filed 

WN. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
71, 466 (1947). 
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A set of simultaneous rate 15) including 
the spin-lattice and spin-spin relaxation transitions 
shown in Fig. 3 are solved in the limit eg0/kT<1. The 
z-component macroscopic 


equations 


time dependence of the 
VM +(t) of thie 


n t / {) 


magnetization +m subsystems following 


initial excitati neglecting the short time fy, 


is obtained as 


M+ (t)= Mo+ A, exp(Ait) +A 2 exp(Agl) 
tA;exp(Ast), (16) 
where 
di 2(Wi+W,), 
Ao3 (Wi +W24+w14+- 2:2) 
t[ (Wi—We+we)?+w;? }!. (17) 


The constants A; 23 describing initial conditions are 


1,=[M+(0)+ M- (0)—2M, //2, 
a W+(0)—M~-(0 
, )( 
a a, 2 (18) 
a, M+ (0)—M~(0) 
A» ) , 
a : a,” 2 
where 
W ,—W.24+-we tf (Wy W2+w2)?+w;? |! 
a, 7 . (19) 
W,-We4 


and Mo is the thermal equilibrium magnetization of the 
m subsystems 


individual +m and 


The above results are obtained for a quadrupole 
system in zero external magnetic field. The spin-spin 
transition probabilities w; and we, however, are func- 
tions of both the magnitude and angle of any external 
magnetic field. If a small field Ho is applied, the +m 
degeneracy of the quadrupole energy levels is removed 
and the probability for spin-spin coupling is thereby 
reduced. At sufficiently large field strengths (H)>AH), 
the dipolar transition probabilities w; and w. become 
zero. In this limit A,=0, As=[M+*(0)—M~(0) ]/2, 
A; 2W, and (16 a linear combination 
of two exponential functions of the time. By measuring 
the two exponentials, the 
transition probabilities W, and W, for quadrupolar 
spin-lattice relaxation can be determined separately 


reduces to 


the decay constants of 


IV. OBSERVATION OF LONGITUDINAL RELAXATION 


The longitudinal relaxation of M, is observed by 
first applying a short intense pulse of rf to excite the 
spin system and reduce the equilibrium value of M,. 
At some later time r a second “inspection” pulse is 


applied to examine the relaxation of M, toward its 
equilibrium value. In pure quadrupole resonance using 
linearly polarized rf, the sum of the relaxation of the 
+m subsystems is observed. From (16) this relaxation 
is described by 
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AI + (t)+- M~(t) = 2Mo+[M*(0)+M-(0)—2Mo | 


Xexp[—2(Wit+W2)t], (20) 


and is due solely to spin-lattice coupling. The spin 


lattice relaxation time 7; 


T,\=1 


is defined a 
(2(W,4+n : 21) 


and is obtained directly by observing the “‘sum”’ signal 
of Eq. (20) 

The use of linearly polarized rf in quadrupole reso- 
nance precludes the observation of the other terms in 
(16) which involve spin-spin interactions. The co 


efficients multiplying the second and third terms in 


(16) are proportional to [M+(0)—M~(0) |, which are 


zero when linearly polarized rf is used to excite the spin 
system initially because M+(0)= M~(0). The terms of 
interest involving spin-spin coupling therefore vanish. 
can be studied by 
he +m and —m 


Che effects of spin-spin interactions 
observing the individual relax: 
subsystems using circularly polarized rf excitation. How- 
ever, since the transient recovery predicted by (16) is in 
the form of a linear combination of 
terms, the analysis of data and reduction 
tive results would be difficult 


ition of t 


three exponent ial 


to quantita 


Sum and Difference Signals 


The independent measurement of (1) the rate at 
which internal spin-spin equilibrium among the +m 
subsystems is established, and (2) the rate at which 
the total quadrupolar system attains thermal equilib- 
rium with the lattice, can both be hieved by meas 
urements derived from the relaxation of the “sum”’ 
and “difference” signals. Assume an elliptically polar 


ized rf pulse is applied to excite juadrupolar spin 


system. If a linearly pol: 
the relaxation, the signal observed in the direction of 
the applied rf is the “sum” signal (20 
previously. If, however, the signal in the x 
of the ipplied rf is 


irized p ilse is used to inspect 
des« ribed 
ry plane 
perpendicular to the directior 
observed, a “difference” signal 


amplitude difference of the tw 


orresponding to the 
precessing +-m and 
-m magnetizations is seen. The difference signal exists 
because, unlike the case of linearly polar 


rf polarization produces an unequal initial excit 


ized rf, elliptical 

t ation 
of +m spins. The amplitude of this signal is a measure 
of the magnetization difference of the -+-m subsystems 
at the time the inspection pulse is applied 


The difference signal decays to zero as the spin system 


returns to internal equilibrium, and M*(t) and M 
approach equality. The form of this decay is obtained 
by subtracting M*+(/) and M~(t) in (16), giving 


M+ (t)—M-(t)=2A, exp(Ast), (22 


where A» and X; are defined in (17) and include both 
spin-spin and spin-lattice interactions. Since spin-spin 
interactions have transition probabilities of order 1/72, 
and generally 7,<7, for solids, spin-spin coupling 
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between the +m subsystems is the principal cause of 
the difference signal decay. This is particularly true at 
low temperatures where thermal spin-lattice processes 
are very slow. 

The prcbability for spin-spin coupling between the 
+m and the —m spin systems can be varied and 
studied more thoroughly by introducing a small dec 
perturbing magnetic field. To interpret the resulting 
sum and difference signals, theoretical expressions are 
derived for these signals in the presence of a magnetic 
field. 

Assume a spin } quadrupole system is initially excited 
with a 180° circularly polarized rf pulse R(180°). This 
pulse condition is chosen because (1) it maximizes the 
difference signal and, (2) there is no free-induction tail 
following the pulse which can interfere with the obser- 
vation of the longitudinal relaxation immediately 
following the excitation pulse. The development of 
free precession following the pulse is described by a 
transformation operator P(t). At time f=r a 90° 
linearly polarized inspection pulse R,(90°) is applied 
in the x direction. The expansion coefficients in y after 
the second pulse are related to the initial ones by 
C(r) = R,(90°) P(r) R(180°)C (0). We assume the rf 
pulse widths are negligible compared to 7. The y com- 
ponent of precessing magnetization following the 
inspection pulse is 


V3 Nyh*wo 3~— f 
{,= ——- con bt « os r ost _ -)e| 
4kT 2 


3+f 
+a‘ cos costo — ): [+20 COS ($229 COSFo!) 
? 


f 
cos “24 costu(2r+1) | (23) 
9 


2 !’ 


where a and 6 are defined in the caption of Fig. 2. A 
similar expression is obtained for M, which arises from 
magnetic precession of the M, signal. 

Thus far no relaxation effects have been introduced 
into the calculation of (23). To include a rigorous 
treatment of longitudinal relaxation, the differential 
equations for the time rate of change of the diagonal 
elements C,,*C,, of the density matrix for the spin 
system must be solved. Here general expressions for 
M, and M, are derived by first calculating the free- 
induction signals in the absence of relaxation, and then 
introducing relaxation of |C,,(t)|? based on Eq. (15), 
using the free-induction values as initial conditions. 
The form of these solutions is in good agreement with 
the shape of the decays which are measured. Solutions 
are given for two special orientations of the magnetic 
field. 

1. =0. 
U~-(0)= Mo, 





With initial conditions M*(0)=— Mog, 


the transverse components of magneti- 
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zation following a 90° inspection pulse at /= 7 are 
M = 2Mo1—exp(A17) ] cosQot sinwof 
— [2M o/(a?—a,*) J[a_* exp(Agr) 
-a,2 exp(Agr) ] sinQet coswot ; 
M,=2Mo.1—exp(Ai7) | sinQel sinwof 
—[2M/(a*—a,?) La? exp(A2r) 


a4? exp(Asr) ] cosQol coswol. 


(24) 


Both the M, and M, signals contain a superposition of 
two relaxation processes: (1) the recovery of the total 
system toward thermal equilibrium behaving as 
[i—exp(A,/) ], and (2) the equilibration of the +m 
subsystems behaving as [a_? exp(A/)—a,? exp(A,é) J. 
Since the phase of the magnetic field sinusoidal modu- 
lation factor of the first and second terms in the ex- 
pressions for M, and M, in (24) differ by 90°, the 
observation of either M, or M, as a function of pulse 
separation 7 will be characterized by a decay to zero 
of the initial modulation peaks, while simultaneously 
the initial modulation nulls grow to become peaks at 
i= ©, Measurement of the two relaxation phenomena 
is made by observing the decay and growth processes 
separately. 

2. 6.=90°.—A similar calculation of the transverse 
magnetization components for this field orientation 
yields 


M = 2M 1 —exp(Ai7) | coslof Sinwol, 
M,=[2Mo/(a,2?—a_*) \[a_? exp(A2f) +4,” exp(Agf) ] (25) 
X [cosQet+ cosQo(27+-1) ] coswol. 


When 6)>=90° there are no orthogonal signal compo- 
nents arising from magnetic precession and, therefore, 
the signals in (25) are not complicated by the super- 
position of two simultaneous relaxation phenomena. 
M, is a direct measure of the spin-lattice relaxation of 
the total system, while M, reveals the magnetization 
difference of the --m subsystems. 


V. MEASUREMENT OF MAGNETIC LINE BROADENING 


One of the modulation factors in (23) involves r, 
the pulse separation. This introduces a periodic ampli- 
tude variation of M, of period ~ 27/{ as r is increased. 
The variation originates in the low-frequency term in 
the expression for M, in (14) arising from the magnetic 
field mixing of the m= +4 states. Although the oscil- 
lation of M, is not observed directly, the instantaneous 
value of M, at time 7 is projected into the xy plane by 
the 90° inspection pulse. The oscillation, therefore, 
appears as a periodic modulation of the over-all ampli- 
tude of the free-induction signal as a function of r. A 
similar beat modulation occurs in quadrupole spin 
echoes." 

Since there is always a spread in Ho, due either to 
external field inhomogeneities or to local magnetic 


M. Bloom, Phys. Rev. 94, 1396 (1954). 
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dipole fields of nuclear neighbors, the above periodic 
modulation of the envelope of the difference signal 
amplitude will decay to zero in time. To include this 
decay, (23) must be multiplied by a distribution func- 
tion describing the variation of Ho and 60, and inte- 
grated over all possible values. A Gaussian function of 
the form 


g(Q—Qo) = exp[ — (Q—No)?/2¢* ]/(2wg*)! (26) 


is assumed to describe the distribution of H» due to 
neighboring spins. ¢ is the root-mean-square deviation 
of the frequency due to the internal dipolar magnetic 
fields. The average of (23) over the distribution function 
(26) introduces a multiplicative factor 


exp[ — ¢” f?(cos*Oo) (27+1)?/8 ]. (27) 


In general we must also average over the field angle 4 
since the angle for the internal dipolar field at differ- 
ent nuclear sites varies in direction. If, however, the 
externally applied field is much greater than local in- 
ternal fields, the angle of the resultant field will equal 
approximately the angle of the external field. Thus we 
choose not to average over this angle and will assume 
¢ is equivalent to an internal field which lies along the 
direction of the externally applied Ho, independent of 
Ao. 

The decay of free-precession signals is caused by 
spin-dephasing effects due to variations in both local 
electric field gradients and magnetic fields. The rate 
of decay of the modulation described above, however, 
depends only upon the magnetic field distribution. 
Therefore, this decay may be used to provide a measure 
of dipole broadening independent of electric field 
gradient broadening.” The broadening of the Cl** reso- 
nance in KCIO; is measured in this fashion, and is dis- 
cussed in Sec. VII. 


VI. APPARATUS AND TECHNIQUES 


The nuclear quadrupole resonance spectrometer used 
to perform experiments utilizing all the techniques of 
selective excitation and observation described previ- 
ously is shown in the block diagram, Fig. 4. The ap- 
paratus operates in the region of 30 Mc/sec. The rf 
source is an oscillator with an output gated into two 
rf channels, one of which contains a variable delay-line 
rf phase shifter. The input rf in the two channels is 
amplified, and the output is coupled into two orthogonal 
transmitting coils shown pictorially in Fig. 4. The inner 
solenoidal coil which holds the sample also functions 
as a pickup coil for the nuclear free-precession signal. 
This signal is amplified and detected in the receiver, 
and the final signal presentation is made on an oscillo- 
scope. A signal integration circuit and an oscilloscope 


2]. Solomon [Phys. Rev. 110, 61 (1958)] has demonstrated 
how multiple spin echoes may be used to make the converse 
measurement, namely, the determination of the average of random 
quadrupole interactions independently of magnetic dipole-dipole 
broadening. 
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camera are used to measure and record simultaneously 
the relaxation of the nuclear induction signals. 

The use of two rf gates permits versatility in carrying 
out measurements. Experiments requiring elliptically 
polarized rf are performed by opening the two rf gates 
simultaneously and adjusting the rf amplitude and 
phase difference of the two superimposed linearly 
polarized fields in order to obtain the desired resultant 
polarization. If the double-pulse technique of selective 
excitation is used, the rf gates are open consecutively. 
When only one rf gate is opened, experiments with 
linearly polarized rf are performed. Since free-induction 
signals are always observed with the inner solenoidal 
coil, the signals associated with the use of linearly 
polarized rf inspection pulses are observed either in 
the direction of the applied rf or perpendicular to it, 
depending upon whether the solenoidal or Helmholtz 
coil is pulsed. Therefore the “sum’’ signal is observed 
when the solenoida! coil is pulsed, and the “difference” 
signal is observed when the Helmholtz coil is pulsed. 

Although both the elliptically polarized rf and 
double-pulse methods gave satisfactory results, most 
experiments requiring selective excitation of nuclei in 
+m or —m states were performed using the con- 
secutive double-pulse technique, because the adjust- 
ment for the desired excitation was easier. In order to 
generate circularly polarized rf, the amplitude of the 
two superimposed rf fields must be equal, but to produce 
an equivalent excitation using the consecutive double- 
pulse technique, the rf field-time product Ht.; for the 
two pulses must be equal. Thus in the latter case if the 
two rf field amplitudes H, and H, are not equal, the 
pulse durations ¢,.: and /.2 are easily adjusted to com- 
pensate for the difference and to satisfy the Hui 
equality criterion. The amplitude of the free-precession 
signal following the initial excitation pulse and the 
difference signal are used to indicate the proper adjust- 
ment of the time widths and phase difference of the 
two rf pulses. 

The two-coil rf output head shown in Fig. 4 consists 
of a Helmholtz coil of ?-in. radius and an inner 
solenoidal coil of § in. length and diameter. A 90° pulse 
for the Cl*®* resonance of 25 microseconds is produced 
by the Helmholtz rf coil. Coupling between the coils 
is eliminated to a adjusting the 
solenoidal coil for orthogonality with respect to the 
axis of the Helmholtz coil. The sample consisted of a 
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Pic. 4. Block diagram of apparatus 
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single crystal, approximately cylindrical, with a length 
and diameter ~y¢ in. The filling factor and homo- 
geneity of the rf pulse fields with the above arrangement 
were satisfactory. The remaining components of the 
spectrometer are of standard design and similar to 
apparatus described elsewhere.” 


VII. EXPERIMENTAL RESULTS AND DISCUSSION 


The theoretical predictions of selective excitation of 
nuclei in +m and —m states developed in II, and the 
analysis of the subsequent longitudinal relaxation in 
III and IV, have been verified by observation of the 
Cl** quadrupole free-precession signals in a single 
crystal of potassium chlorate.” This crystal is well 
suited for this investigation because the two KCIO; 
molecules in the unit cell’ have chemically and physi- 
cally equivalent quadrupole resonance and Zeeman 
spectrum properties. 

Using the spectrometer described in VI, both ellipti- 
cally polarized rf and the double-pulse techniques were 
applied for selective excitation of nuclei in +m and 
—m states. The resulting free-induction signals con- 
firmed the predictions of (8) and (12) with respect to 
their amplitude, polarization, and functional depend- 
ence on the rf polarization and field amplitudes. 

A small magnetic field Ho~ AH was applied for the 
observation of the sum and difference signal relaxation. 
A series of photographs of the difference signal free- 
precession decay for various pulse separations is 
shown in Fig. 5 for a magnetic field orientation @.=0. 
The sequence clearly illustrates the simultaneous decay 
of the Zeeman modulation peaks and the growth of the 
nulls of the M, signal as predicted by Eq. (24). The 
two separate relaxation rates are measured more con- 
veniently by the use of a field orientation %)=90°, 
since then only one relaxation process is present in the 
M, or M, signal expressed by Eq. (25). 


Fic. 5. Series of photo- 
graphs of oscillographic dis- 
play of difference signal 
free-precession decay of Cl** 
in KCIO,; in a magnetic field 
Ho=3 oersteds applied at 
6,=0. Photographs from top 
to bottom are taken at times 
r=0, 10, 15, 25, and 100 
milliseconds after the initial 
excitation pulse. Total 
sweep time is 2.0 msec. The 
initial spike is due to re- 
ceiver recovery 


4% Dr. Ralph Livingston of the Oak Ridge National Laboratory 
kindly supplied the KCIO, crystal used in these experiments. 

4 R.W.G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1957 


IN NUCLEAR QU 


ADRUPOLE RESONANCE 


Fic. 6. Photograph of oscillographic display envelope trace 
showing amplitude modulation and relaxation of difference signal 
for Cl* in KCIO;. Ho=2.7 oersteds in the @,.=90° direction. Total 
sweep time is 3.5 milliseconds. 


The difference signal M, in Eq. (25) contains a 
sinusoidal amplitude modulation factor which is pro- 
portional to the time r between excitation and inspec- 
tion of the spin system. The envelope of this signal 
amplitude modulation is shown in Fig. 6 for a magnetic 
field at 6=90°. The general decay of the amplitude 
modulation peaks is due principally to spin-spin inter- 
actions which equilibrate the spin magnetizations of 
the +m and —m systems, thereby reducing the differ- 
ence signal amplitude. 

The contribution to the resonance linewidth arising 
from magnetic dipole-dipole interactions or external 
magnetic field inhomogeneities has been measured by 
utilizing the decay of the above modulation of the 
difference signal amplitude. Assuming a Gaussian 
decay factor given in Eq. (27), a root-mean-square 
local field at a chlorine site in KCIO,; of ((AH"))# 
=(.26+0.03 oersted was found. To obtain consistent 
results independent of Ho, it was necessary to use a 
field Ho>AH, since then the neglect of the average 
over 4 is less important. The broadening of quadrupole 
spectrum lines due to magnetic dipole-dipole inter- 
actions has been treated by Abragam and Kambe.'® 
Applying their results to KCIO;, a moment of ((AH”))# 
=().27 oersted is obtained, which is in good agreement 
with the above measurement. This value of magnetic 
linewidth corresponds to a characteristic decay time 
T,* of the free-precession signal which is more than 
twice as large as the observed value T,*~0.7 milli- 
second. Thus quadrupolar line broadening was present 
in the crystal used in these experiments. 

The dependence of the spin-spin interaction proba- 
bilities w; and w, upon magnetic field was investigated 
at room temperature by applying a small field Ho to the 
sample at an angle >= 0 to produce a Zeeman doublet of 
lines. Equation (22) predicts a time-dependent decay 
of the difference signal in the form of a linear com- 
bination of two exponential terms involving w,; and wy. 
As Ho is increased, w;, w2, and the coefficient A» multi- 
plying exp(A2f) in (22) become smaller. In the limit w,, 
wr<W,, Wo, the coefficient A, approaches zero. The 
remaining simple exponential decay of the difference 
signal fits the data observed for fields H»>0.5 oersted. 

The Azexp(Ast) term in (22) will always be less 


‘SA. Abragam and K. Kambe, Phys. Rev. 91, 894 (1954) 





Fic. 7. Characteristic relaxation rate of difference signal for 
Cl in KCIO; measured as a function of magnetic field H» applied 
in the 06.=0 direction 


important than A;exp(A;/) since the multiplicative 
coefficient is smaller. However, for very small magnetic 
fields where w; and wy, have their greatest value, this 
term should make a contribution to the 
relaxation process. In the region 0<H»)<0.5 oersted, 
due to inadequate cancellation of the earth’s magnetic 
field and inhomogeneities over the sample, it was not 
possible to eliminate completely the amplitude modu- 
lation of the difference signal as a function of 7. Thus 
the difference signal decay 
had a sinusoidal modulation of long period super- 
imposed upon it. This effect interfered with the accurate 


significant 


as a function of r always 


determination of the decay time dependence, and a 
decay proportional to a. linear combination of two 
exponential terms could not be established. Therefore, 
the difference signal decay were 
fitted to a simple law of the form exp[ —2(W,+w)/}. 
The measurements of exponent 2(W,+w) 

plotted as a function of Ho and are shown in Fig. 7. 

The qualitative features of the data in Fig. 7 are as 
expected. In fields Hy)< AH, spin-spin interactions are 
very probable, and the decay of the difference signal 
is due primarily to them, and is of order 1/7». The 
decay rate decreases rapidly when Ho becomes SAH, 
and the rate asymptotically approaches a limit 2W,, 
as predicted by (17) for w;=w.=0. The experiment 
may be viewed as the gradual separation of the two 
resonance lines associated with the circularly polarized 
resonance of the -++-m and —™m states. Since spin-spin 
coupling between the lines is a function of the overlap 
of the two lines, the coupling is progressively decreased 
as Hg is increased. 

If we ascribe individual spin temperatures 7,* to 
the +-m and —™m spin systems, the above experiment 
may be interpreted thermodynamically as the thermal 
mixing of two systems of equal heat capacities. The 
two spin systems transfer heat to the thermal lattice 
both at a rate governed by the quadrupolar relaxation 
probabilities W, and W»,. Simultaneously the spins 
exchange energy between themselves at a rate deter- 
mined by the spin-spin coupling quantity w. A treat- 


all observations of 


the are 


ND |] 


is confirmed 
to temperature 


ment using the spin-temperature 
by the observed exponential approach 
equilibrium between the two spin system 

A theoretical calculation of the H 
the spin-spin interaction probabilities 
difference 
methods combining perturbation meth« 


oncept"* 


dependence of 
involved in 
hybrid 


ds and moment 


signal decay i difficult Certain 


calculations of line shape I y been attempted 


in a semiquantitative discussi f cross relaxation 
spin systems.'’ In order to co1 e transition proba- 
bilities using first-order perturbation theory, the density 
of the final states for a syste » overlapping in 
teracting lines is required ipproximation one 
might treat pairs of spins whose mutual 

We 


derived from J fg, (w,)g- (w_)6(w, —w_)dw,dw_, where 


transitions con 


serve energy. then c density function 


£4 and g_ are the line hape F ociate with the +m 


and —m spin systems and 6(w s the delta fun 
IS expression 


AH 


thereby pre 


tion. Assuming a Gaussian line 


into 


introduces a multiplicative factor exp(—H 


the first-order transition probability 


dicting a Gaussian reduction of the different signal 
fitted curve in Fig 


rather 


decay rate as Hp is increased. The 


7 is not Gaussian, however, | shows the 


presence of coupling when 1 1 line and m \ine 


are separated by several linewidtl more than is 
Since 
Cr 


Gaussian 


predicted by the overlap of ian lines 


accurate line-shape data lable for the 
in our sample of KCIOs, the validity of the 
tablished ; however, it is a 


line shape was not es rea 


sonable first-order assumption for solids. The enchanced 
coupling when H,)>AH may arise from higher order 
multiple-spin transitions. This type of process 
the tota quency 


, although 
of higher order, utilizes distribution 
of spins within the line more im- 
portant in providing coupli! t lines at large 
separations. 

The individual 
for quadrupolar 
determined by applying a magnetic field of 75 
and selectively exciting and observing the relaxation 
of one of the Zeeman component lines s 2. 
If the magnetic field is applied at an angle 4- 
relaxation recovery of the a, a’ 
(16) and is given by 


transition HW 1 and W q 


spin-latti ‘laxation have been 


fauss 


own in Fig 
0, the 
in be derived from 


ines ¢ 


M aa (t)= Mo+A, exp[—2(Wi4+0 


2W t), 


+ A; exp 


where w,;=w2=0. By combining observations of the 
relaxation of the total quadrupolar spin system given 
by (20) with that of (28), ind Ws are 
Measurements at room temperature 
=[(2(Wi+W),) | 21 milliseconds 

and W.2=5.4 sec” with an estimated error of +2 se 


1®R. T. Schumacher, Phys. Rev 
17 N. Bloembergen, S. Shapiro, P 
Phys. Rev. 114, 445 (1959 


evaluated 
gave T; 
18.5 sec 





SPIN } PION 

This value of W, corresponds to the limiting value of 
2(W:+w) shown in Fig. 7 as the probability for spin- 
spin coupling approaches zero. 

The ability to determine W, and W; is of considerable 
importance for the experimental verification of quad- 
rupole spin-lattice relaxation theories. Since W, and 
We. are proportional to different components of the 
time-dependent electric field gradient tensor, the above 
measurement of W,~3W sz in KCIQ; reveals the relative 
importance of the xz and yz, and xa, yy, and xy tensor 
components of the field gradient. The separate measure- 
ment of W, and W, may be used to provide a sensitive 
and critical test of the theoretical model chosen to 
describe the source of the crystalline electric field 
gradient. A discussion of the measurements of W, and 
W. in KCIO; and a comparison of the data with 
quadrupole spin-lattice relaxation theories 
considered in a separate paper.'* 


will be 


VIII. CONCLUSION 


The use of circularly polarized radiofrequency fields 
produces effects in a nuclear quadrupole spin ensemble 
which are similar to those obtained by the action of 
circularly polarized light in the method of optical 
pumping. By inducing spin transitions into excited 
states, so that a net change in spin momentum takes 
place, the degenerate states of the spin system become 
unequally populated, and the crystalline sample be- 


*M. J. Weber, J. Phys. Chen 


Solids (to be | ublished 


QOUADRUPO NCH 375 
comes polarized. Following such a 
pulsed excitation, spin-spin and spin-lattice relaxation 
processes are observed as the spins repopulate the 
initial equilibrium Various components of 
relaxation can be distinguished from one another by 


macroscopically 


States 


adjustment of initial pulse excitation conditions and 
by variations of the magnitude and direction of small 
Zeeman fields relative to the crystalline axes. Given 
components of relaxation therefore are adjusted to 
become dominant, measured 
separately. The separate determination of spin-lattice 
relaxation due to Am=+1 and Am=-+2 changes in 
spin momentum, previously unavailable, provides a 


allowing them to be 


critical test of current theories of nuclear quadrupole 
relaxation, and are discussed in detail in a separate 
paper. Spin-spin cross-relaxation effects can be meas- 
ured for arbitrary separation of resonance lines by 
imply varying the magnitude of the Zeeman field. An 
absolute measurement of the pure magnetic dipolar 
broadening of nucleus is 
demonstrated, which is not obscured by a spread in 


the quadrupole coupled 


electric field gradient due to crystalline imperfections 

limited to the 
, where the simplest case of Cl*, 
siie in KCIO;, has been treated 
in this paper. Studies in crystals which contain more 


The selective excitation method is 
study of single crystal 


having one equivalent 


complicated nuclear quadrupole resonance spectra may 


also be made. However, the analysis of the experi 


mental results would require a more involved extension 


of our present treatment 
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The longitudinal polar modes of vibration in the III-V compound semiconductors play an 
in determining their transport properties, such as mobility. One would therefore expect then 
for free carrier absorption, as well, in these semiconductors. A quantum mechanical calculati 


rtant part 


portant 


carrier absorption arising from these modes has been made and gives an absorption varyir 
such behavior has been reported experimentally in InP and GaP. The calculated value 
coefficient in InP is in good agreement with experiment 


I. INTRODUCTION 


HE absorption produced by the free carriers in a 

semiconductor may be observed in the infrared 
beyond the edge of the intrinsic absorption. The 
absorption arises through the interaction of the electrons 
with the lattice perturbed by vibrations or imperfec- 
The absorption can be considered 
quantum mechanically! as a two-step process in which 


tions. process 
the electron absorbs a photon and is excited to an 
intermediate lattice 
vibrations or impurities and reaches a final state, the 
net result being the rhe 
theory of the free carrier absorption arising from the 
acoustic vibrations was first worked 
out by Frohlich? and later in great detail by various 
authors’ who have be important in 
determining the free carrier absorption in germanium. 
Ehrenreich has shown that the optic polar modes of 


state, where it interacts with 


absorption of- the photon. 
modes of lattice 


shown them to 


vibration of the lattice determine the transport proper- 
ties of the III-V compound semiconductors; and as 
the same scattering mechanisms are operative in the 
transport and the free carrier absorption processes, 
we should expect the optic polar modes to be effective 
for the free carrier absorption in these compound 
semiconductors. We shall indeed find this to be the 
case for these compound semiconductors 


II. QUANTUM THEORY OF THE FREE CARRIER 
ABSORPTION DUE TO POLAR MODES 


The free carrier absorption takes place as a two-step 
process, the two parts of the process being: (1) an 
absorption by the electron of the light quantum 
(energy fw) and (2) an interaction with the longitudinal 
polar modes (phonons of energy fw;). We have to 
consider all possible processes in which a light quantum 
is absorbed, i.e., we cannot limit ourselves to those in 
which the first stage is this absorption and the second 


'H. Y. Fan, Reports on Progress in Physics (The Physical 
Society, London, 1956), Vol. 14, p. 119 

2H. Frohlich, in Advances in Physics, edited by N. | 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 325 

+H. J. Meyer, Phys. Rev. 112, 298 (1958); R. Rosenberg and 
M. Lax, 112, 843 (1958) 

‘H. Ehrenreich, J. Phys. Chem 


Mott 


Solids 2, 131 (1957 


the interaction with the phonons, but must also take 
account of the processes in which a phonon interacts 
with an electron first and then the photon is absorbed. 
There are thus four distinct sé that must be 
considered. The total probability for a 
two-step process is given by® 


quences 


transition 


0 Ay\1 
pli 


where N is the number of electrons in the volume; the 
itial, intermediate, 
0 H,\i) and (i| AH! f 
are the matrix elements of interaction with the radiation 
field and the interaction with the phonons; the E£’ 
are energies and p(/ is the nsity of 
As we 


subscripts 0, 1, and f refer to the iz 


and final states, respectively ; 


final states. 
are interested absorption, the 
summation is over all final states the 
interact only with the longitudinal polar 
do not consider the in h tl 
modes of the optic branch 

For the two processes W it! 
conservation conditions fo 
energies are 


k, ko, . ky, ko q 


electrons 
modes, we 


nsvers¢ 


For phonon interaction preceding 
k,=ko¥q, k,=k 


The conservation of energy 
given by 
h? 
k + q)?+F hus 
2m* 
where the electron energy surfaces are assumed to be 
spherical. 
The upper sign in the above « 


lower sig 


ds to 
phonon emission while thé orrespends to 
phonon absorption; q is the wave number vector of 
the phonon. The matrix element for the perturbation 


uallor 


orrespo! 


*W. Heitler, Quantum Theor 
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POLAR {ODES IN ITI-N 


due to the radiation field is, for the first two processes,’ 


e h® s2x\! 
(0| H,\1)= neem -—(=) ko Cos”, (3) 
(eV) m* \tw 


where V is the volume, « is the dielectric constant at 
frequency w, and 7 is the angle between the polarization 
direction of the radiation field and k; the radiation 
field is normalized for one photon in the volume V of 
the crystal. For the process in which the phonon 
interaction precedes ko in (3) is replaced by |ko+q|, 
i.e., [koe&+ (2m*/h) (wFw,) }' obtained from Eq. (2). 

The matrix element for the perturbatidn by the 
lattice vibrations is given by? 


h idarieV~4 
(i| | f) -+(—) — 
yw q (m,+1)! 


(n,)* 


where the upper sign and n,! apply to phonon absorp- 
tion, while the lower sign and (m,+4)! apply to phonon 
emission; m,, the quantum number of the lattice 
vibrational mode, is given by 


ng=(e'—1)", s=ha/kT, 5) 


and w, is assumed to be constant for the optic branch. 
The factor y in (4) is defined by 


4r/ywo? = €.'— eg", (6) 


where ¢,, is the high-frequency dielectric constant and 
€o is the static dielectric constant. 

An assumption implicit in our perturbation treat- 
ment and particularly in writing down (4) is that the 
phonon field and the electron field interact only weakly. 
This is expressed quantitatively by means of the 
coupling constant’: 


a= (e/h) (mo 2hw 4 é. '— eo +) (m*/mo)! 


(mo is the free electron mass), the electron being 
strongly or weakly coupled to the phonon field depend- 
ing on whether a is, respectively, greater or less than 
unity. Ehrenreich estimates a value of 0.014 for a in 
InSb. The estimated values of a for GaAs, InP, and 
GaP, from the data in Table I, are 0.054, 0.031, 0.092, 
respectively. Therefore, it is permissible to regard the 
phonon field as a weak perturbation. 

The number of q values in a volume dQ, in g space is 
VdQ,/(2r)*, therefore the density of final states per 
unit energy range is given by 


(7) 


By substituting the various expressions in (1) and 
integrating over g, remembering that the limits of the 
7 integration (obtained from the conservation of energy 


COMPO| 


ND SEMICONDUCTORS 


raBe I. Calculation of the absorption coefficient of 
the III-V compound semiconductors. 





Effective 

mass of Dielectric tive Phonon 

electron constants index energy 
Compound (m*/moe) eo te ” in ev 


Refrac- Al ». conf 
# (in cm“) 


Cale Obs 


0.043 4.7 5 
0.035 1.1 


InP 0.07 15 10.6 3.1 
GaAs 0.072 12.51 11.1 3.4 


equation) are 


Qmax * 
for processes 

j 2m* : (1) and (3); 
—. (w—wy) 


m* 


1 2 7 
ko?+ = 7 (w+) 


L J 


F 2m* 7 | 
qmin = a 





for processes 
(2) and (4); 
— ke | 








we obtain 

P 2xe* w, cos*n 

— = —— ——(¢.~'— 9") (F), (9) 
N WV m*hu* 


where (F), the average over the Maxwellian distribution 
for the electrons, is given by 


2m*kT 4 as 
@)=(— - ) 2m) f dx xe~* 
rh? | | ° 
a a\? x\! 
x| 2+ -2(1 ‘ ) | si () 
xr r a 
" b by} 
+n, f dx xe~*| 2+ -2( 1+ )| 
0 x , 
x\i 
xsint*(~) : 
b 
where a=h(w—w;)/kT, b=h(w+w,)/kT, x= E/kT. 


Now noting that (cos*9).w=4 and a@(w)=(eV/4r)P, 


we have 


(10) 


Netw 
\(1—e- (PF): 


a g@(w) = ——— (en '— € 
6m*his* 


(11) 


t=hw/kT, and the factor (1—e~*) takes into account 
induced emission. 
Let us examine the following cases of interest : 


Case 1. a>1, 5>1.—We have 
Neto (2m*kT \! 
cq(w)= ( )a-ey 
3m*hus*\ xh? 
X(2(n,+1)G(a)+2nGG(6) }, 





(12) 
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where 


G(x) = e#/*K, 


being the 


Ko(x) and Ky(a modified Bessel function 
(See Appe ndix for evaluation of the integrals. ) 


V2 Nes tw; 


oo(w)= 
Q . : 
3 m* (hu 


Here, we not that o«¢ Va as A which is 
behavior 
InP. 

Cs 


experimentally observed Newman® 


Vetw s2m*kT l—e§ 
) G b 
m* tu: ah e+ 


‘ 


wd m , a 
a =) é 1 


va 


} 
foré<1, (14 


] 


vielding Lh semiclassical 


be hav lor one 


III. COMPARISON WITH SEMICLASSICAL THEORY 


In order to compare og with the classica expres- 


s10Nn o.(w r4./w’r?, we eliminate 6 from the expression 
for og(w) by using the expression for mobility (due to 
] 


scattering by polar modes only) obtained by Howarth 


and Sondheimer,’ giving 


86 
(15) 
drrtwe 
where x(z)~1, for Therefore 


using (15), we obtail 


we find ge(w 


®*R. Newman, Phy 
7D. Howarth an 
4219. 53 (1953 


For case 2, 


TQq\w)=a,(w) 


The 
7 given by uu (4 
are given in Tabl 
} 


been calculated for t] 


calculated 


Vaiue LDSOTT coethcent 


ied from Eq. (13 
coefficient has 
4 10'* cn 


btair 
( ila |. 


n is the refractive 


DISCUSSION 
The 


compound semiconductors InP, 


above theory should be applicable to the 
GaP, a id 


ther 


GaAs; we 
also see from the above tabi good agree- 
ment between theory 
InP, explaining the A 
of GaP, preliminary data by Spitzer med to ir 


case of GaA 


ped material 


] ‘ 
il¢ ( 


the same sort of behavior. Ir s,° the 
absorption has been observed 
the impurity absorption predomin: nd gives a A 


behavior of the absorpti coefficien It would be 


interesting to apply thes ead compound 


semiconductors, where polar m¢ i\ been invoked 


to explain the temperatur mobility 


in these compound semicond 


III-V compound sem 


an important part | etern g | mobility 


well | absorptior 


as opti 


APPENDIX 


The integrals appe aring in 


mrais ir 


{ 
ici 


using the following inte 
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rhe free carrier absorption due to ionized impurities in semiconductors is essentially the inverse process 
of bremsstrahlung. The cross section for bremsstrahlung is readily available in the literature and one can 
calculate the spectral distribution of bremsstrahlung for the carriers in a semiconductor; furthermore, by 
using Kirchhoff’s law of radiation, relating the emission and absorption in the semiconductor, one arrives 
quite easily at the absorption coefficient. The results so obtained agree with those of previous authors who 
have used a different method of calculation. The inadequacy of the Born approximation in the calculation 
of the ionized impurity effects on free carrier absorption is brought out clearly in the present treatment 


INTRODUCTION 
I ‘HE free carrier absorption in semiconductors due 
te 


» ionized impurities has been calculated by 
various authors,'* as a two-step process involving the 
electron-photon and electron-ionized impurity inter 
actions. It has also been remarked?" that the free carrier 
absorption due to ionized impurities can be viewed as 
the inverse process of bremsstrahlung, but this obser 
vation has not been used to its fullest advantage. The 
cross section for bremsstrahlung has been evaluated 
exactly by Sommerfeld for low-energy electrons in the 
presence of a Coulomb field, and suitable approxi- 
mations to the exact formula are readily available in 
the literature, so that one can calculate the spectral 
distribution of bremsstrahlung radiation in a semi 
conductor. The absorption coefficient can then be 
obtained with the aid of Kirchhoff’s law of radiation, 
as shown below. In the course of our treatment, we 
shall find that the Born approximation is inapplicable 
to the calculation of ionized impurity effects on free 

irrier absorption 


I. SPECTRAL DISTRIBUTION OF BREMSSTRAHLUNG 
IN A SEMICONDUCTOR 


The cross section of collision between a positive ion 
of charge Ze and an electron of energy ¢9= }mv” is given 


by the exact expression due to Sommerfeld,* 


de, A No d 
= x—| F(x) 
d(hv) hv (2**—1)(1—e°**”) dx 


|= 8reh/3m'c*, 


n Zé/hvy;, and F(x) is the generalized hyper 
geometric function, F (x)= »F (ino, ins; 1, — x); 
effective mass of the electron, v9 and tv, are the velocities 
of the electron before and after collision. 

For the low energies of interest in a semiconductor, 
it is difficult to use (1) in all its generality and hence we 

1 R. Wolfe, Proc. Phys. Soc. (London) A67, 74 (1954 

7H. Y. Fan, Reports on Progress im Physics (The 
Society, London, 1956), Vol. 14, p. 119. 

*H. J. Meyer, Phys. Rev. 112, 298 (1958). 


*R. Rosenberg and M. Lax, Phys. Rev. 112, 843 
’ A Sommerfeld, Ann. Physik 11, 257 (1931 


4nons/(ny—7 


m is the 


Physical 


1958 


replace the exact result by suitable approximations, 
given by the following expressions, together with their 
ranges of validity expressed in terms of the interaction 
parameter 7: 


do B 


A no sno 
: n( ), valid for no. <1, 
d(hv) hv x* n¢—No 


do x dog 1—e**™ 
( ), valid for no~ 1, 
d(hv) 1 —¢F"¥ 


but n;- 


dthi 
no<1, (3) 
do A 7 , 


: , valid for m>>1< No, (4) 
dthv) hv xv3 


where B stands for the Born approximation,® & for the 
Elwert approximation,’ and C for the classical limit*® 
of (1). Before proceeding further with the calculation, 
let us note the orders of magnitude of the quantities 
involved in the cross section. The magnitude of ‘y is 
large for slow electrons or holes in a semiconductor, and 
for electrons in an n-type semiconductor; mo corre- 
sponds to optical energies and is ~5 (for Z=1, A=2 
microns, m= free electron mass) ; and n, corresponds to 
~20 (Z=1, at T7=300°K). 
Therefore we see from the ranges of validity indicated 
along with the approximations (2-4), that the Born 
approximation (2) is clearly invalid for the calculation 
of free carrier absorption and, depending on the energy 
ranges of interest, (3) and (4) should be applicable to 
the case of a semiconductor 


thermal energies and is 


In adapting the approximations (2-4) for the cross 
ection to the semiconductor, one must remember that 
the process is taking place in a medium characterized 
by a large refractive index m and dielectric constant K, 
i.e., the electron is decelerated in the modified Coulomb 
field, (Kr)~' of the ionized impurity. This results in a 
factor nK~* multiplying the cross section. 

The spectral distribution of bremsstrahlung is given 


*W. Heitler, Quantum Theory of Radiation (Clarendon Press 
Oxford, 1944), 2nd ed 

7G. Elwert, Ann. Physik 34, 178 (1939) 

*H. Bethe and E. Salpeter, Encylopedia of Physics, edited | 


S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 333 
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by 


“ 2€0 ‘ da 
I(v)dy= veh f ( - ) hv——-N (€o)deo, (5) 
Ar m d(hv) 


where /(v)dy is the energy of radiation per unit volume 
per unit time in the frequency range between v and 
v+dv; N; is the number of ionized impurities per unit 
volume; N(eo)deo is the number of electrons having 
energies between €9 and €9+deéo, given for a Maxwellian 
distribution by 
m ° 
N (€9)deo= 44 wl ) exp(— mv ?/2kT )tvo*dv9; (6) 
2kT 
V, is the number of electrons per unit volume; & is the 
Boltzmann constant; and 7 is the temperature. 
Combining Eqs. (2-4), (5), and (6), we obtain 


T ply) . De* 2K o(z 2), 7) 
where 
64r NN Zee 
D=- , s=hv/kT: 
3 mK? (2emkT)* 
Ie(v)=sameas (7) for 721, 
: 8) 
2D for <>; 
Lely r/vV3)D 9) 
Il. ABSORPTION COEFFICIENT 
If pul(v)=k(v)/4r is the absorption coefficient, 


Kirchhoff’s law for a medium of refractive index m gives 
T(v) 2hyv'n? 

B(y (e*—1) 

k v) Cc 


Therefore, the absorption coefficient is given as 


Malt Tet? K Z 2), 


(11) 
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where 
8 NWN Zeée(l—e*) 


3 mchv*nK? (2xmkT )' 
which is the same as the result obtained in references 1 


and 2, but corrected for stimulated emission, through 
the factor (1—e~*); 


same as (11 for 21, 
2J for 2z>1, 


ME\?) 
(12) 


which result is identical with that given in reference 3; 
finally, 


ar/V3)J, (13) 


and this result is the same as the result given by 
Spitzer’ for the case of a plasma, where n, K are ~1, 
and here again the formula is corrected for induced 
emission. 

III. DISCUSSION 


One sees that the various expressions (11-13) for the 
absorption coefficient behave as v~ for the limiting case 
1, and this is precisely what one would expect from 
theory. It was noted earlier that the 
magnitude of mo and n; are quite large in the case of the 
semiconductor, and hence (12) and (13) are the valid 
equations for a semiconductor. Furthermore these 
expressions give the correct limiting behavior at low 
frequencies and also at the high frequency and give a 
\* behavior of the absorption coefficient, which result 
seems to be borne out by the recent experimental results 
of Spitzer and Whelan” on the free carrier absorption 
in heavily doped samples of gallium arsenide. 


semiclassical 


*L. Spitzer, The Physics of Fully Ionized Gases 
Publishers, Inc., New York, 1956). 
” W. G. Spitzer and J. M. Whelan, Phys. Rev 


Interscience 


114, 59 (1959) 
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Transport in Metals. II. Effect of the Phonon Spectrum and Umklapp 
Processes at High and Low Temperatures* 
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\ calculation of the nonmagnetic transport coefficients of the 
alkali metals is made, with improvements designed to take into 
account the effect of the phonon spectrum on both the normal and 
umklapp regions of scattering. The phonon equations of motion are 
solved numerically to obtain a spectrum sample, and spectrum 
averages are then computed in a manner similar to specific heat 
calculations, although we do not need or compute the density of 
states directly. No average Debye temperatures are used, but 
rather the sums are obtained in terms of certain combinations of 
the elastic constants, which in principle are measurable. Also, 
improvements on the shielding part and on the ion part of the 
electronic matrix element are calculated and discussed. The results 
show that umklapp processes are important down to the lowest 
measurable temperatures in the ideal component of the electrical 


I 

HE purpose of this paper is to present some im- 
provements in the calculation of the electrical and 
thermal resistivities and thermoelectric power of the 
alkali metals. In Part I, we discuss the nature of the 
improvements and the results of numerical calculations. 
In Part II, we place a list of Appendices in which the 
details of the derivations and the methods of computa- 

tion are explained. 


‘1. Umklapp Processes and the Phonon Spectrum 


One of the standard expressions for the thermal part 
of the electrical resistivity p, is the Gruneisen inter- 
polation formula! ? 


p,= (const/0)C?(T/0)5J5(0/T), (1) 


4 2°*dz 
0 (e*—1)(1-—e~?) 


and where the C in (1) is the interaction integral of 
Wilson [Eq. (9.3.8) of reference 2], and is related to the 
Tix [Eq. (17b) below] of a previous article’ by the 
author (which we shall refer to as I) by 


iCq= Ix: E(je). (3) 


where 


On the left-hand side, we used g to denote the phonon 
wave vector, as does Wilson; whereas on the right-hand 


* Parts of this paper were presented as partial fulfillment for a 
Ph.D. degree at Harvard University. The caiculations were 
performed on automatic computers at the Massachusetts Institute 
of Technology and Northwestern University, and were partially 
supported by a Navy contract and a National Science Foundation 
Grant. The author would like to express his thanks for this support. 

1 See, for example, N. F. Mott and H. Jones, Theory of Vetals 
and Alloys (Dover Publications, Inc., New York, 1958), p. 274. 

2A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1953), pp. 278 and 307. 

*M. Bailyn, Phys. Rev. 112, 1587 (1958), Eq. (5). 


and thermal! resistivities, being completely dominant in the former. 
The low-temperature temperature dependence is therefore deter- 
mined mainly from the umklapp term, which can show a faster 
variation than 7* in the electrical resistivity, as is actually ob 
served in sodium. The transverse phonon vibrations dominate the 
contributions at all temperatures and even the non-umklapp term 
at low temperatures. The computations give absolute magnitudes 
for the resistivities which are much too large at low temperatures. 
This is tentatively attributed in part at least to a spectrum which 
perhaps exaggerates the anisotropy of the transverse phonons. 
General expressions for the transport coefficients are calculated 
via the Kohler variational principle which are not restricted to 
the model of spherical energy surfaces. A general expression for 
the phonon-drag term in the thermo-electric power is given 


side we use @ to denote the same thing, as in I and in the 
rest of this paper. E(je) is a unit vector in the direction 
of polarization of the phonon of wave vector @ and 
spectrum branch j. k is the electron wave vector before, 
and k’ after the interaction with the phonon. 

The first improvement relative to this expression is 
the inclusion of umklapp processes. An umklapp process 
is one where the electron wave vector satisfies the selec- 
tion rule 


s=xk’—k=oe+K, (4) 


where K is a vector of the reciprocal lattice. Since k, k’, 
and @ are reduced wave vectors, there is one and only 
one pair #, K which will satisfy (4) for a given k, k’ pair. 
Umklapp processes were first pointed out by Peierls.‘ 
Bardeen® later made a calculation which took them into 
account, assuming however that the wave vector for the 
phonons could be approximated by the maximum value 
Omax for such processes. Ziman* improved this by 
averaging the o’s over the values consistent with keeping 
the electron wave vector difference k—k’ constant in 
magnitude. The geometry of such processes then allows 
for quite small o’s to appear in this average. Bardeen 
and people previous to him concluded that umklapp 
processes would be negligible at low temperatures, be- 
cause there is a lower limit on the energy of the phonons 
that can enter into such processes (which is what 
suggested the Bardeen approximation ¢=@mex in the 
umklapp region). Ziman however showed that this 
energy can be quite small because of the range of o’s in 
the average, and he concluded that the influence of 
umklapp processes would go down quite far in tempera- 
ture, but at sufficiently low temperatures, the neglect of 
umklapp processes would become valid. 


*R. Peierls, Ann Physik 5, 121 (1932) 
* J. Bardeen, Phys. Rev. 52, 668 (1937) 
* J. Ziman, Proc. Roy. Soc. (London) A226, 436 (1954). 
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Our work on this aspect of the calculation cannot be 
isolated from the second improvement, which is to take 
the phonon spectrum into account. In I, we investigated 
the effect of the nonequilibrium part of the phonon 
distribution, but our remarks in this paper refer only to 
the equilibrium part, and its spectrum. In 1956,’ Brooks 
and the author showed that in the alkali metals averag- 
ing over the phonon spectrum under the integral in (2), 
not outside it, increased the significance of the umklapp 
but especially at low 
temperatures, where there seems to be no temperature 
low enough for the umklapp processes to become in- 
effective, at least until one is so deep in the impurity 
region that the thermal scattering can be neglected 


processes at all temperatures, 


altogether. In fact our results were that if anything, 
the non-umklapp part could be neglected in the very low 
temperature region, at least as far as about 5°K, and 
that the umklapp contributions would be appreciable 
down to 2°K or lower. 
Pfennig*® recently has come to the same conclusion, for 
mort ss the 
We shall here indicate how the form of (1) changes 


or |e same reason 
when we make these improvements. The integral in (2) 
hw/kT where hw is 
the phonon energy, to an integral over scattering angle® 
6= Zk, k’. We shall have in mind a spherical Fermi sur- 
face, and scattering can take place from the vicinity of 
any point k on the surface to any other point k’. If we 
were limited to non-umklapp processes, we would have 
| k : k’ ax 0 max = Qik, 
where kp is the radius of the Fermi sphere. This upper 
limit corresponds to a maximum phonon energy hwmax 
rae) [see (1) |. With the inclusion of umklapp processes, 
k—k’| has an upper limit 249. The variable of integra- 
tion is w=sin(@/2), and u goes from 0 to 1. For each 
value of uw, there is a value of the electron wave vector 
difference s= | k—k’|, and for each such value there is a 
variety of possible @’s. (For non-umklapp processes, all 
these o’s have the same o. For umklapp processes, even 


is changed from an integral over z 


attices 


for body-centered cubic 


the o magnitudes vary. There is also an “intermediate 
for which both umklapp and non-umklapp 
the latter is an 
extremely small region and is neglected, the cutoff 
between umklapp and non-umklapp taken at u=2-! 


0.63.) The Ziman average in the umklapp region 


region” 
processes can occur with the same # 


concerned only the variation in o magnitudes, whereas 
we attempt to take into account the spectrum of the 
phonons, and hence we must be concerned with the 
directions of ¢ also. The average we take then is in some 
sense analogous to the type of spectrum calculation 
made in specific heat theory, where the frequencies 
w(@)’s are solved for particular @ value 
of states calculated. Here we do 1 


7M. Bailyn and H. Brooks, Bull. Am. Phys. Soc. 1, 300 (1956); 
M. Bailyn, Proceedings of the Fifth International Conference on 
Low-Temperature Physics and Chemistry (University of Wisconsin 


s, and the de nsity 
ot calculate the density 


Press, Madison, Wisconsin, 1958), p. 373; M. Bailyn thesis 
Harvard University, 1956 (unpublished 
*H. Pfennig, Z. Physik 155, 332 (1959 





ol states directly, but we calculate the value of the 


resistivity “‘average-and”’ [see (B39), for example ] at 
several o’s, add the results, and then divide by the 


number of a’s chosen. 


We can see from (1) and (2) that the phonon phase 


velocity Ww, defined as w/oa wil ancel out when the © 

factor in (1) multiplies the 2°dz factor in Js. Hence in 
the electricai resistivity the average over the spectrum 
will concern only the exponentials in (2). If we convert 
from Wilson’s C to our J,» as in (3), our Jyx in- 
corporates an extra factor u, and (1) turns out to be of 


the form 


/ E( Jo 
p,=const rf du u ({ )) 5 
' é I(1l—e 


where we have not assumed that / 
stant, but rather have incorporated it as a function of 
u in the integral.® The angle brackets imply an average 


over all @ consistent with a given u. This then 


or [y,-/) is con- 


is how we 
anticipate the transport coefficients will look under these 


improvements. 


2. The Kohler Variational Principle and 
Distorted Fermi Surfaces 


In Appendices A, B; and C we make the 
calculation which leads to « xpressio! ike (5) for the 
electrical and thermal! and the thermo- 
electric power. We use the variational principle of 
Kohler,’ adapted to take umk 
I). The variational principle 


ratios of deter 


detailed 


app processes into a¢ 
count (see provides the 
transport coefficients in the form of 
minants of an arbitrary 
The accuracy increases with the 
columns used. If we keep the usua 

electrical resistivity p, 2 for the thermal resistivity W, 
and 3 for the thermoelectric power S 


number of rows and column 
ith the number of rows and 
1 for the 


} 


I umbe r 


+ 4 } 
and retain only 


terms in the lowest power of the smallness parameter 
lr=kT/t, we get the expressiol in A41)—(A3) in 
Appendix A, where they are then adapted to take into 
account possible distortion of the Fermi surface. Thi 


effect of this distortion on the transport properties takes 
hat appear in 


} 


perhaps its simplest form in the integrals t 
has already exploited 


the variational principle. (Tsuji 
this.) In particular, for the 
have a high-temperature expression in (C5 
explicitly the effect of the Fermi surface shape inde- 


thermoelectric power, we 


whi h shows 


pendent of the details of the scattering mechanism, in 
the approximation of 3 rows and columns. (Keep in 
mind however footnote 9 

*M. Kohler, Ann. Physik 124, 772 (1948); 125, 679 (1949). See 
also reference 2. In everything that follows, it must be kept i nd 
that the variational principle, as we (a thers) use it, starts 
a distribution function of the fort \4) in Appendix A in which 
the “time of relaxation” represented by the Ir brackets is 
assumed to depend only on the energ he ele t 
where on the energy surface the electr 4 nclusions a 
discussions are subject to this limitation, whict fact may 


severe. 


M. Tsuji, J. Phys. Soc. (Japan) 13, 818, 979 
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It is shown in Appendix B that a rigorous evaluation 
of the integrals yields averages exactly as in (5) so that 
the patch-work procedure used above has in fact a justi- 
fication. Making no assumptions about the shape of the 
Fermi surface, we arrive at the general expressions 
(B28), (B29), and (C22), for p, W, and S, respectively. 
These expressions might be used to gain some idea of 
what happens under unusual circumstances, such as 
high pressure, for example. It is well known that the 
eventual effect of increasing pressure in the alkali metals 
is to increase the resistivity.'' Ham”™ has indicated that 
the increase in pressure will make the distortion of the 
Fermi surface larger, and that the latter will probably 
make greater and greater contact as the pressure in- 
creases. Dugdale and Cohen have attributed the ulti- 
mate rise in p to this increasing contact. From our 
expression (B28) we may anticipate that the averages 
(i.e., what follows the integral sign) will change slightly, 
but also there may be a tendency for the electron 
velocities to become smaller on the Fermi surface since 
the distortion must have the effect of making narrower 
shapes out of the occupied region: because at the same 
time (1) the fraction of the zone filled must remain the 
same, and (2) the effect of pressure according to Ham is 
to have some of the filled region touch more and more 
the zone boundary. These narrower shapes will have 
smaller cross sections (than the undistorted sphere) and 
this implies smaller velocities on the surface.'* Since in 
(B38) pi~[v(¢) }*, where v(f) is the average velocity 
on the Fermi surface, we may expect that the effect of 
pressure is ultimately to raise the resistivity, through 
the decrease in »(¢). Perhaps we have here the mecha- 
nism for the ultimate rise in p under pressure.” (There 
are other effects of course, such as the change in the type 
of connections on the Fermi surface, changes in 
Ty, etc.) 

If we use spherical energy surfaces, not necessarily in 
the effective mass approximation however, we get the 
results in (B39), (B40), and (C25), of which we cite the 
first two: 


p TA vt f alu) Fo (udu, 6 


3u-*—2 
W,=TL, Aust f a(w)( Pot —— F,) du, (7 
a 0 4? 


" P. Bridgman, Physics of High Pressures (G. Bell and Sons, 
Ltd, London, 1949). 

% F. Ham, Bull. Am. Phys. Soc. 5, 161 (1960). 

8 Note added in proof.—As pointed out by Dugdale (private 
communication), one could have distortions that would not pro- 
duce decreases in v(¢). Hence, the statement in the text above 
must be regarded as a guess in which, however, we can now begin 
to have some faith as a result of Ham’s calculations.” 

8 The author is indebted to a talk given by M. Cohen, Bull. Am 
Phys. Soc. 5, 183 (1960), and to many conversations with and 
communications from J. S. Dugdale on this subject and from A. 
Gold on related subjects. F. Ham (private communication) has 
found substantial negative & terms in the expansion of the energy 
function for K, Rb, and Cs which increase with decreasing lattice 
constant. This result tends to support the suggestion that 7(f) 
decreases with increasing pressure 
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where Ao and Lo are constants, y, is discussed below 
[see (11) ], a(u) involves the matrix element Jy. [see 
(B43) }, and the F, are averages: 


F, z«( ‘ (E( jo oy) fzzs/s, (8) 
(e*—1)(1—e 


which replace the /,’s of references 1 and 2. (Note that 
Fy corresponds to Js, Ff, to Jz, etc.) The average in (8) 
is over all directions of s (s determines @) for a given 
Ss magnitude, which then amounts to the exact same 
average as in (5). 

Our results for the effect of including exchange and 
correlation corrections to the one electron energies can 
be seen from (B39), (B40), and (C25) to differ from 
Barrie’s."* What is sought is the ratio of the transport 
coefficient calculated with exchange effects to the result 
calculated on the effective mass approximation (EMA), 
Our expressions yield directly the ratio with respect to 
the free electron approximation. We can obtain the 
former ratio from the latter by defining three m’s as 
follows: 


m= (mo/m*)y:, (9) 


where from (B42), (C23), and (C6) 


CE/dk* m*| 
Vo = af | ’ (10) 
(dE dk )2 E=t mo | EMA 
hky/m, m* 
12e— . (11) 
v(t) mo | EMA 
fo d m* 
y2=—| — Inv(E)A(E) =— " (12) 
3 LdE Rat %o\EMA 


Here A(£) is the area of the surface of energy E, and 
v(£) is the average velocity on that surface [see (A12) ], 
and {> and ko [defined in (A10) and (A11)] are the 
Fermi energy (approximately) and the radius of the 
Fermi sphere, respectively. Translating Barrie’s nota- 
tion into ours, we get 


p/pema=W/Wema=m (13a) 
Barrie. 
S/Sema= 4 (no +71) (13b) 
We find from (B39), (B40), and (C25), however 
p/ pema= W/Wena=ni’ | (14a) 
Here, 
S/Sema = 4(no+2m1) } (14b) 


where the exchange and correlation effect on the matrix 
element is ignored (for this, see Sec. 5 below), and 
where the change in the yo term in (C25) is not con- 
sidered in (14). 





103, 1581 (1956 


‘R. Barrie, Phys. Rev 
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3. The Phonon Spectrum 


The method for computing the averages in (8) is 
explained in Appendix F. The solutions of the phonon 
equations of motion must be obtained, and up to next 
nearest interactions for bec lattices they are of the form 
in (F1): 


for the velocity w, where the c,,’s are elastic constants, a 
the lattice parameter, D the density, 94 given in (F4), 
and ¢(@) an eigenvalue that requires numerical com- 
putation. We solved on computers the equation (F2) for 
«(@) [and consequently for the eigenvectors &( je) ] at 
several points, and with this information computed the 
averages in (8). More details are in Appendix F. 

From a small sample of points in the elastic limit (long 
waves), we found’ the following characteristics of the 
spectrum. Let the three polarizations 7 be denoted by 
L (longitudinal), 7;, and Ty, (transverse I and IT), 71 
being the one with the smallest velocity for a given @. 
We find that the T vibrations have velocities which are 
considerably smaller than those of the Z vibrations, and 
are highly anisotropic. In Ty;, some velocities (in the 110 
direction for example) become as low as } the T velocities 
in the 100 direction. Also the cosines (&(j@)-@/c)? for 
T; and Ty are very small but not zero. The early work 
on conductivity problems in metals approximated the 
transverse —(7@)-a/a as zero, which would be valid for 
an isotropic substance (phonon velocities constant). 
Despite the smallness of these cosines, the exponential 
factors in (6) will favor the 7 modes (actually Tn 
mainly) at low temperatures sufficiently to make them 
dominate even the non-umklapp processes!’ (Pfennig*® 
has recently reached the same conclusion.) At high 
temperatures, however, the (&-@/c)* factor cuts out the 
T modes in the non-umklapp term sufficiently so that 
that term is dominated by the Z modes. The umklapp 
contributions are dominated by the T modes at high 
temperatures. 

It should be emphasized that it would be very 
difficult to get the correlation between the disposition 
of « magnitudes in the umklapp region and the tremen- 
dous anisotropy of the w’s if we did not make a “point 
calculation” as described above. This correlation turns 
out to be very important, since the small ¢ magnitudes 
frequently occur with small w’s, and this makes for a 
very large weighting in the F,, averages. Our early work 
on low temperatures in reference 7 was an estimate on 
very rough spectrum calculations neglecting the correla- 
tion, (of the same sort of accuracy as Pfennig’s*) and 
our present more accurate calculations indicate that 
the preliminary results are qualitatively correct but 
quantitatively very bad. We discuss this below. We feel 
that more accurate computations and a more accurate 
spectrum are still very much needed. 


Taste I. The first row contains the temperature at which the 
resistivities of the following two rows were computed. The units 


of p are 10-* ohm-cm. A m*/mo?Ao, where Ao is given in 
is defined in (F5) and 


(B41). It’s units are 10° deg-ohm-cm 
$s; in (F12). The units of the elastic constants are 10" dynes/cm* 


Li Nz K Rb Cs 


297 5 70 211 158 
0.20 0.14 0.56 0.50 
0.94 0.13 1.15 1.48 
0.1 5 0.32 0.42 0.43 
0.005 0.014 0.019 0.019, 
15.75 0.81 0.303 0.181 
0.044 0.196 0.232 0.273 
0.937 1.067 1.122 1.173 1.235 
13.58 6.02 2.65 2.03 1.68 

426 172 96.7 59.5 444 
2.83 1.089 0.516 0.400 0.344 


4. On the Previous Neglect of Umklapp 
Processes at Low Temperatures 

It should also be emphasized that the main reason the 
importance of umklapp processes at low temperatures 
was previously underestimated was that the spectrum 
averages were performed in effect outside the u integral. 
When an average Debye temperature is used, it corre- 
sponds to taking the bracket average in (5) outside the 
u integral, and this procedure underestimates the im- 
portance of the very small o’s and the very small w’s 
which conspire together to provide tremendous umklapp 
contributions at the very low temperatures. It is never- 
theless useful to have a parameter with a significance 
similar to a Debye temperature, but not involving mis- 
leading averages. We define therefore [see (F14 


6 (hk K)\C44/ Pp)’, 16) 


which depends only on the lattice constant (through ko) 
and on cq. Values are given in Table I. We shall refer 
to this substance-characterizing 
what follows. 


juantity frequently in 


5. The Matrix Element 


B40 
a dimensionless quantity a(u 


Our results (B39), , and (C25) are in terms of 


a(u r,/an)*(r,/e)*e] 17a) 


17b) 


T exe v fe k’ r)*W (k,r) Vo(r)d*r, 


where r, is the radius of the Wigner-Seitz sphere, a, 
the Bohr radius, and where v(r) is the potential associ- 
ated with the ion of the cell at r=0 plus the electron 
cloud around it which shields the ion plus the electron 
hole around the electron which “antishields” the 
electron. Bardeen® in 1937 calculated this quantity using 
the Hartree equations for the electrons. This takes into 
account shielding of the ion, but neglects the exchange 
and correlation hole effects. His result was that J,,’ 
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Fic. 1. The ratio of the shielding 
factor as calculated in this paper to 
the Bardeen result (reference 5). 





IN 


METALS. II 








could be written in the form, 
1 
(18) 


Taw = S(5)Tion(s) =———_ 
1 +S Bardeen’ 


Lon )=N f VK 2°08) Vin) 


Tion(s), 
(19) 


where Pion is the potential from the ion alone. In 1955, 
Bardeen and Pines’® treated the problem by means of 
the collective model for the \-particle electron system 
to take exchange and correlation effects into account. 
These authors concluded that for small wave-vectors 
s=k’—k, the 1937 Bardeen result still obtained, but 
that for large s there would be a correction that they did 
not attempt to work out. We have approached"* the 
exchange and correlation problem for the matrix element 
by employing the Hartree-Fock equation for the 
electrons and introducing the correlation correction 
simply by cutting off the long wave Fourier components 
of the Coulomb potential 1/r that appears in the 
exchange term. Our results can be written analogously 
to (18) as follows: 


1—Saem’ (é) 


Tie =S(k)T ion S)= ion (5S), (20) 


1 — Suen’ (s) 
where Sgen Contains two terms, one arising from the 
Coulomb term in the Hartree-Fock equation and which 
reduces to the Bardeen term in (18) when the one- 
electron energy is treated in the effective mass approxi- 
mation, the other arising from the exchange term in the 
Hartree-Fock equation, and which in the limit s— 0 
becomes negligible in comparison with the other terms, 
but otherwise is not negligible. The S,um depends on k 
as well as k—k’, and hence wants to be averaged some- 
how. First one squares /,,, and then one averages over 
the circle of length talked about between (B24) and 
(B25). Unfortunately, reference 16 was written before 


‘6 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955 
* M. Bailyn, Phys. Rev. 117, 974 (1960). 


we had seen how the matrix element fits into the 
scheme of averages in (B25), and we averaged in 
reference 16 over the entire Fermi sphere. We repeated 
the calculation correctly for this paper however, the 
details being given in Appendix G, and the results in 
Fig. 1. It should be noted that if we pick any one of the 
the points on the circle of length /(s) we get the same 
value for S as for any other point on the circle. Therefore 
we do not in fact need to do anything extra to average, 
nor do we have to worry about averaging 5S instead of S. 

Our results indicate (except for a small wiggling) that 
for extremely smal! |k—k’|, the (1937) Bardeen result 
was too small and as |k—k’| increases, S/S Bardeen ZOCS 
through a minimum and increases steadily up to the end 
of the umklapp region. The effect of the exchange and 
correlation hole is to increase the scattering over the 
Bardeen value, S* becoming as much as 1.6 times the 
Bardeen value in the umklapp region. Other con- 
sequences of our results are discussed in Appendix G, In 
particular, we note that our results do not reduce to the 
1937 Bardeen result even right at k—k’=0. 

The disparity between our results and Bardeen and 
Pines’ result has been reconciled by Pines’? (see also 
note added in proof to reference 16) who has been able 
to show that if one makes a canonical transformation 
which will remove the short-range electron-electron 
interaction (a term which in the Bardeen-Pines paper 
was neglected when they concluded that their results 
reduced to the 1937 Bardeen result for small s), and 
makes the adiabatic approximation, then their new 
results are identical with ours. Hence our one-electron 
model approach and the subsequent computations have 
been justified by a more rigorous argument. 

An approximation that went into this computation 
was the use of plane waves for the electron wave func- 
tions. Brooks'* has shown how an improvement can 


‘TD. Pines (private communication) 
‘tH. Brooks (private communication). See also reference 16. 
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bic, 2. The matrix element squared, using the Bardeen shield 
ing factor. An error has crept into this figure. What is plotted is 
r(u)=v(JS¥, not (JSP 


be made and suggests that the error in neglecting it may 
be large. 
Also, we 


correlation correction to the one-electron energies. The 


have used the first order exchange and 


econd order correction” is certainly not negligible, and 
may play also a significant role numerically.'® 
The remainder of the 


element concerns the 


computation of the matrix 
ionic factor which we consider in 


the dimensionless form 


Pt to 
T ion (s) = N fv k’or)*W (Kr) V vjon (r)d’r. 21 
ay é 


was introduced 
that we 


Che approach we use to calculating (21 
make were 
rhe first improvement is to use 


by Bardeen.’ The modifications 
uggested by Brooks 
wave functions of the 


tlorm 


Vik r ifiu(r)k-r/rt+--- (22 


for which the necessary parameters to use in the 
Bardeen type approach were obtained by Brooks by 
the quantum defect method® (see Appendix E). A 
second correction was the use of the Ewald sum tech- 
nique”! to calculate the part of the integral in (21) that 
lies outside the cell ir n iS Situated. 

We can sum up our results qualitatively as follows 

\) The quantity J becomes rather small in the umklapp 


region (for lithium it goes through a zero) and hence 


which the t 


becomes sensitive to small corrections. Because of the 
factor F,, in the tra , et y 
the umklapp region is extremely important, and these 
small corrections ictually rather large 


r . 
sport integrals [see (6), (7) 


have 


od | G. Fletcher and D. Larsor Phys. Rev. 111, 455 
*” i. Ham, Solid-State Physics, edited by F. Seitz and 
ull (Academic Press, New \ 1955), Vol. 1 
' See texts such as M. Born and K. Huang, Dynamical Th 
Crystal Lattices (Oxford University Press, New York, 1954 
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tion, and the 
use of the Ewald technique in performing the lattice sum 
increases J in the umklapp region considerably, but not 
much in the non-umklapp region. We 
error in this part of our calculations to b 
of 10%. 

Despite the improvements on the matrix element, we 
feel that we 
values for a(u 


(B) The improvement of the wave fun 


estimate the 
of tne order 


are stl ia having reliable 
. Consequ ot think that it 


was worth while making calculations tl 


truly 


took more 
than a crude average eff In the 
umklapp region, we approximated a as a constant ¢; to 
be adjusted to fit the average theoretical calculation for 


torthne w 


nprovement 


each element. And in the non-umk used 


2) with 


ipp region, we 


a single curve for all the alkali’ g 
idjustable multiplying 


a(u)=cou®h(u 


h(n) 250? +- 6.25 


1937 
Che idjustec and c, are 
he umklapp 
we go from 
2 


The form in 
Bardeen shielding factor 
given in Table I. We note 
region gets relatively more important 
Na to Cs. In Table I, co and 
These values were used in computing the results given 
in Fig. 3. We now give correction factors for certain ap 
proximations as follows: first the a S/ SBerdeen)* 
in the umklapp region (i.e., the exchange adjustment 


23 ’ 1Kial a j S tne 
from ther 


correspond to Fig 


verage of 

of c,); second this factor times the velocity 
of Eq. (14) adapted from B and third, 
(3 /Sttesteen correction 
adapted from Fletcher and Lar find: Na (1.92 
1.56; 4.66); K (1.56; 1 ‘Rb (1.43; 1.27; 4.22 

Cs (1.34; 1.17; 3.90). I f tl nbers 
resistivity in Table I giv a wil tivity in the 


? ber In @ac h 


correction 
rrie’s numbers 


times the second order velox 


times the 


corresponding approxin 

case gives evidence that tl cond order effects are 
terribly large and provide very poor 

experiment. (It should be noted that the 
factor used for the third number is the same 


igreement with 
shielding 
is for the 
second, and does not include the second order correction 
Thus the 


Ne ver 


to the one-electron energies in its calculation 
; 


third numbers are to tl 


S ¢€ tent 
theless, the results are of interest 
a non-negligible effect of the secon 
rection on the 

us that we cannot 

matrix element. 


21a Note added in proof F t t r me ioned 
use of free-electron wave 
factor, we mention the fact that tl vacuu luctuations” of 
the phonons give rise to a t Waller 
factor in the matrix eler xponer 


shielding 


tially on # ar 
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applies to the simplest case, the Bardeen shielding 
factor and no correction on the velocity. The same 
discussion would apply with the consistent first-order 
exchange correction made in the velocity and in the 
matrix element. However, the discussion below con- 
cerning magnitudes would not be applicable if the 
second-order exchange correction were contemplated 

At low 
becomes relatively more important than at high tem 
peratures. Therefore the same c; cannot be a correct 
average at all temperatures for a given substance. How- 
ever in the temperature range, c,; would vary by at most 


temperatures, the extreme region, u=1.0 


about 50%, whereas the transport coefficients for other 
reasons change by a factor of 10° or more. Hence we do 
not need to worry about this obscuring any temperature 
effects. 


6. The Results of the Calculations 


We here repeat the conclusions of a general nature 
that were first announced several years ago by Brooks 
and the author’ on the basis of preliminary calculations. 


1. To the extent that the Born von Karman spectrum 
is valid, and the anisotropy of the relaxation time 
neglected (see footnote 9) the electrical resistivity is 
dominated by umklapp processes at all temperatures 
down to which we have calculated (8°K for sodium, 
2°K for Cs, 20° for lithium). The thermal resistivity, 
subject to details of the matrix element, has about equal 
contributions from umklapp processes and non-umklapp 
processes, the latter beginning to become relatively less 
important at the lowest temperatures. 

2. The transverse phonon modes dominate the 
electrical resistivity at all temperatures, and are of equa! 
importance with the longitudinal in the thermal 
resistivity. 


In our preliminary calculations, which employed an 
average Debye temperature in the umklapp region (for 
the low temperatures) we found quite good agreement 
with experiment in going from high to low tempera- 
tures.’ We were suspicious of this approximation, how- 
ever, since there is a significant correlation between 
the anisotropy of the transverse phonons and the dis- 
position of o magnitudes in the umklapp region. Un- 
fortunately, our worst fears were confirmed.” In Fig. 3, 
(see also Table I), we indicate the experimental and 
theoretical curves that were obtained. (These were 
equated arbitrarily at some high temperature.) We 
notice that the resistivities (electrical and thermal) are 
in all cases too high as we go lower in temperature, the 
disagreement getting worse as the temperature gets 
lower, but setting in already at temperatures about 4 
the Debye-type temperature 6 [see (16) ]. The best 


= The recent results of Pfennig’ are essentially equivalent to 
our preliminary calculations, the Blackman spectrum that he uses 
to get an average Debye temperature being of the same sort as 
ours. Our comments refer therefore equally well to his results as to 
our previous computations 
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metal is cesium, the worst is sodium, while lithium 
(which is a metal which seems well to contemplate in 
a special category) is quite good. In the electrical re- 
sistivity, the disagreement in sodium at @/T=20 is 
such that the theoretical number is 10 times too large, 
for cesium about 2 times too large, the other metals 
ranging between these, potassium about 3 times, (and 
lithium, best of all, about 1.25). The magnitudes at 
some high temperature are listed in Table I, and we 
get good results for Na and K, rather poor results 
for the other metals, as is usually the case. It is in- 
teresting to note that if we multiply the factor that 
our high-temperature calculation is too low, by the 
factor that our low-temperature calculation is too high, 
we always get between about 5 and 10. For example, in 
sodium we get (1)(10)= 10, for potassium, (1)(5)= 5, 
for rubidium, (2)(3)=6, and for cesium, (3)(2)=6. In 
the case of lithium, the high-temperature value is too 
small by 4.0, but that is giving the matrix element a 
value which is probably too large. The total factor for 
lithium would be then larger than (4)(1)=4. We notice 
in addition that the sodium value is conspicuously larger 
than that of the other metals. We regard this as another 
aspect of the strange situation found in the specific 
heat™ that all theoretical calculations for sodium based 
on an analysis of the spectrum yield Debye temperatures 
that go through a minimum as T gets down to about 
10°K, where experimentally this is not observed; 
whereas a minimum is observed in potassium.” 

In a qualitative way, we have interpreted our results 
as implying that the spectrum we have used (that 
actually resembles the spectra that went into the 
specific heat calculations) has a shape that is worst 
suited for sodium from among all the alkali metals, and 
perhaps best suited for cesium. The characteristic of this 
theoretical spectrum is the high anisotropy in the 
transverse modes. We therefore draw the conclusion that 
this high anisotropy is actually fairly appropriate for 
cesium, but not for sodium, and the difference far more 
spectacular than merely some large change in the 
elastic constant parameters s» and s,. (See Fig. 4 and 
(F5) and (F12) for so and s;.) This proposed systematic 
change from relatively small anisotropy to relatively 
large anisotropy as we go down the alkali metals would 
have significant consequences in the phonon drag effects 

% See the review article by D. H. Parkinson, Reports on Progress 
in Physics (The Physical Society, London, 1958), Vol. 21, p. 226. 

* Dr. D. L. Martin has pointed out to the author that the lack 
of a minimum in the Debye temperature of sodium at low tempera- 
tures probably has to do with the martensitic transformation in 
that metal at low temperatures. (See J. S. Dugdale and D. Gugan, 
Proc. Roy. Soc. (London) A254, 184 (1960) for a recent analysis of 
the transformation in lithium and sodium. The other alkali metals 
have not revealed any such transformation despite great efforts to 
detect it.) About 50% of the specimen may be expected to convert 
to a faulted hep lattice, and - has been some work which indi- 
cates that an hep structure does not provide a pronounced mini- 
mum in the Debye temperature (see C. W. Garland and L. J 
Slutsky, J. Chem. Phys. 28, 331, 1958). This would further our 
contention that sodium is somewhat of a special case. (We have 


come to a similar conclusion apropos of the phonon drag compo 
nent of the thermo-electric power .?* 





in the thermoelectric power,”® and very likely in other 
contexts. 


%*M. Bailyn, Phil. Mag. (to be published 
the progressive increase in the positive character of the low- 
temperature thermoelectric power as we go from Na to Cs to 
many sources, the most significant to our minds heretofore being 
the progressive change in the matrix element. However, the 
progressive increase in anisotropy that we hypothesize from the 
results of this paper would be of equal significance. J. Ziman 


We have attributed 


Fic. 3. The numeri 
quantities plotted are 
watts/cm deg, and 


nputations. The 
measured in 
p=In 10* where p is measured in ohm-cm 


There are other possible sources of our disagreement 
as we go from high to low temperatures. For example, 


[Phil. Mag. 39, 371 (1959) ] prefers to attribute the increase in 
positive character entirely to the progressive distortion of the 
Fermi surface as we go from Na to Cs. The pr of disen- 
tangling these effects is exceedingly complex, and it appears to the 
author unlikely that the relative importance will be determined in 
the near future, if only for the fact that one would need a much 


better spectrum than ours, and a much better description of the 


»blem 
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Fic. 4. Elastic constant parameters as 
functions of temperature 














as we go down in temperature, the importance of the 
matrix element at u=1.0 becemes more and more 
important since Fy becomes more and more greatly 
peaked at that point. Therefore, glancing at Fig. 2, we 
would expect for sodium and potassium that the effec- 
tive c; should get smaller and smaller as we go down in 
temperature. (If we had relied on the 1937 Bardeen 
calculation, this effect would be increased.) It is how- 
ever hard to see that this effect would be able to provide 
more than an increase of at most a factor of 2 for these 
metals (as mentioned above), even if we relied on the 
Bardeen matrix element. Thus we do not feel that this 
distortion than is available, in order for the calculations to become 
significantly more accurate. However, our view is that the im 
portance of the spectrum should not in any case be underestimated 
and surely not neglected. 


Li 
0 5 tik is be 
0 20 4O 60 106 ie loo 


T Ck) — 











can be the major orgin of the discrepancy. Another 
possibility is the possibly poor extrapolation of the 
elastic constant parameters s; and So. This however is 
totally inadequate to get alterations of the size needed. 
Distortion of the Fermi surface would also be inade- 
quate, especially as that gets worse as we go from Na to 
Cs, whereas our discrepancies get worse in the other 
direction. One can however combine this effect with 
others to get changes in the right direction. Nole 
added in proof. Dr. J. S. Dugdale has suggested that 
the correct spectrum might yield a general resistivity 
reduction that is similar for all the metals, but which 
would be compensated more and more as we go from 
Na to Cs by the increased distortion of the Fermi sur- 
face. This is an attrative alternative to attributing (as 
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we tentatively do) the discrepancy mainly to the spec- 
trum. It should be noted that a distorted Fermi surface 
gives rise to smaller possible wave vectors in the 
umklapp region, and hence smaller possible phonon 
an effect therefore similar to 
some extent to an increase in anisotropy of the phonons, 


energies. This will have 
in the present problem. We are not convinced by these 
however, at this stage. Phonon drag 
the direction, but they can be 


eliminated simply from the fact 


combin itions, 


effects are in right 
that there are no ap- 
preciable drag effects theoretically in the thermal re- 
sistivity (see 1), whereas we get great disc repane ies 


in the thermal resistivity calculations of this paper. 


There is a possibility that the spectrum points chosen 
in (F10) were not representative, but we avoided un- 
representative highly symmetric directions such as 110, 
and we had 25 points in 1/48 of the sphere, so that 
this way out, although possible, seems to us unlikely. 
We therefor uggest that the origin of the 
discrepancy is a poor spectrum: the Born von Karman 


tentative y 


model including next-nearest neighbors may not be 
adequate for good quantitative comparison with experi 
ment. In all this, we mus 
bracket in (A4) was umed not to depend on the 
direction of k. This may in fact hide serious errors." 

It should be noted that 


dominate the electrical resistivity, the T* law previously 


t not forget that the curly 


since the umklapp processes 


accepted as the limiting low-temperature T dependence 
does not set in until such extremely low temperatures, 
that the thermal component of the resistivity would not 


be large enough to distinguish from the impurity 


component. On the other hand, the umklapp term itself 


varies exponentially at low enough temperatures, and 


we may expect this to be measurable in some of the 
a T® law is found in sodium 


and this i ite consistent with our results, 


metals. Experimenta 
below Q K, 
and could never be ved at with just non-umklapp 
processes However one would also ¢ xpect some thing like 
this for lithium, and that is not observed. Possibly this 


has to do with the martensitic transformation which is 


more extensive in lithium than in sodium. Ultimately it 
must reflect something about the spectrum or the matrix 
element. In lithium, the possibility that the umklapp 
matrix 
element in the umklapp regicn is not unlikely, especially 
if the urs at w= 1.0. Under 


such a situation, we would not expect the umklapp 


contribution is greatly weakened by a small 


ero in the matrix element occ 


processes to dominat« it the 


usually do so through 


lowest temperatures (they 
a great peak at w 
would not « xpect a T dk pel! 
non-umklapp limit 7 


1.0), and hence 


dence more swift than the 


In the thermal resistivity, we find discrepancies of the 
same type as in the electrical resistivity as a function of 


temperature. They seem however to be generally 


** For experiments see: D. K. C. MacDonald, G 
S. B. Woods, Proc. Roy. Soc Lor 
D. K. C. MacDonald and K. Me 
London) A202, 103 (1950 


K. White, and 
A235, 358 (1956); and 


elssohn, Proc. Roy. Sox 
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reason for this is un- 
the 


smaller, except for lithium. The 
doubtedly the fact that 
non-umklapp contribution is significant and this is less 
sensitive than the umklapp part to the spectrum 
details. One important result of our calculation is that 
leal thermal conductivity (or 


resistivity, 


the thermal 


there is no minimum in the 


maximum in the thermal resistivity) as the temperature 
descends below 6/4, except lightly for rubidium, 
than likely 


of so and s; or some other 


which more arises from poor extrapolation 
| error. Previous 
which was 
the 


arost 


theories”? have predicted such a minimum, 


never observed. It therefor eems certain that 
spurious minimum in the 


thermal conductivity 
and of the 


\ ; 
ole 


nisotropy which 


from an underestimate of umklapp processes 


effec t of the sper trum on the umk app processes 
added in proof. Alesse } 
we proposed three pat tend 


would not 
to produce again a max thermal resistivity 


provided the umklapp 1 important. In 


stead, it would make ev nced the steady 
decrease in the thermal tivity a 1 
In the | 


thermoelectr ver, W ao 
quantity that is linear in tl ittering 


increases 


mechanisn 
€ gle ct here 
Appendix D** to 


(except in the phonon drag part wi nh we 


One can however rearrang¢ 
provide an expression 


¢ 


where S”’ (D7 
and W/W, the ratio of the impurity component W, of 
the thermal resistivity to tl 
from experiment. The res 
lated. We compare in Fig. 5 t 
temperatures with the st 
MacDonald, Pearson, 

Of far greater importance 
phonon drag effect. We 
calculation of this effect n al kpre 
derived in I, This has been writte! ip u 
paper referred to in footnote 


can be Imated t Lil} [see 


obtained 


— 


numerical! 
sion first 
a separate 
5. A derivation 
and discussion of the basic exp! generalized to the 
case of distorted Fermi surfa than one band 
is however included in Appendix 
Finally, we take the opportunity 
might tend to smooth out tl 
trum as we go from Cs 
possibility that the interactions of atoms more 
than next-nearest neighbors may not be 
the Born von Karman formu mn of the problem. This 


is something that gets swiftly very complex, especially 


t paper. 


ite on what 


dist 


“es 
negligible in 


27 See reference 2, p. 309 ilso 2 in, reference 6. Zimar 
went a good way toward getting rid of the imum | 
his umklapp corrections 

%§ This type of manipulation has | 
Physik 126, 481 (1949 

®D. K. C. MacDonald, W. B. Pearsor 
Proc. Roy. Sox London) A248, 107 


means of 


Kohler, Z 
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The quantity S’ of Eq. (D5 


th 3 force 


have to deal with 
which cannot therefore all be reduced to the 
three elastic constants. One would have to appeal to 


since we then more an 


constants, 
x-ray data. Secondly, there is the possibility that the 
electron-electron interaction as treated by Bardeen and 
Pines'® would yield an the ‘“‘dressed”’ 
freque ncies as oppost d to the “bare”’ frequen ies. Set 
3.12) and (4.8a) 
provided a decrease in the frequencies, but there may 
still be some loopholes by which alterations of the 
required sign could occur. 


increase of 


Eqs of reference 15. | Their results 


7. Conclusions 


In the three basic nonmagnetic transport properties, 
we find that the umklapp processes are not only not 
negligible even at very low temperatures, but actually 
provide the distinguishing temperature dependence. In 
the electrical resistivity, the higher than 7® law in 
sodium could only come from umklapp processes ; in the 
thermal resistivity, the spurious minimum disappears 
when umklapp processes are taken into account; and in 
the thermoelectric power, it is the umklapp contribution 
to the phonon drag term that provides the anomalous 
positive sign. The first two of these results are discussed 
in the present paper; the latter was suggested by the 
author in I, and has since been computed numerically by 
Ziman™ and the author.** The general expression is dis- 
cussed below in Appendix H. 

We find also that as a first approximation, it is far 
better to neglect the longitudinal phonons than the 
transverse phonons at any temperature, but especially 
at low temperatures 
results according to Fig. 3 are 
so far off that one begins to wonder what reliance can 
be put in the standard semiclassical transport theory. 

the conclusion is not that the 
transport theory itself is inadequate for the phenomena 
discussed in this paper, but that the temperature de- 
pendence and numerical results in general in the alkali 
metals are unexpectedly sensitive to the details of a 
very anisotropic phonon spectrum which becomes more 


Finally, the numerical 


We feel, however, that 


J. Ziman, Phil. Mag. 39, 371 (1959). See also reference 23 


By 
\ 
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and more important as the temperature decreases, be- 
cause of the strange geometry (in wave-vector space) 
of the umklapp interactions. The success hitherto ob- 
ained with simple spectrum models in matching theory 
and experiment in sodium was not, in our view, a result 
of an ideal, but rather of a very unusual situation.™ We 
suggest in fact that the ordinary transport properties 
are so sensitive to the lattice spectrum at low tempera- 
tures that these may in fact be as good a test of some 


aspects of the spectrum as is the specific heat. 
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Il. APPENDICES 
A. The Form for the Transport Coefficients 
From Eqs. (84), (85), and (86) of I, neglecting phonon 


drag effects, we get 


d (Al) 


(A2) 


p a 


W Td, 71; 


Pavyo8 11 


a 1d + ayyid 


(WS) (A3 


a Y 


We change the expressions for the a,’s, y,’s, and d,,’s of 
reference 9 slightly in order to take into account distor- 
tions of the Fermi surface. The electron distribution 
function f(R) is taken to be 


my of 


- 


t)"}, (A4) 
where fo is the Fermi function, ¢ the Fermi energy, and 
* is defined in I (equals &,4-e~'d¢/dx, where & is the 
electric field), and my is the free electron mass. We would 
get the f used in reference 9 or in I by replacing 
mht (VE), by kz. When (A4) is used in the Boltzmann 
| principle, we have 


equation, and in the variational 
five (VE). 
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where for thermal scatlering 
A 
Lih=E— fee Dwi/N) 
i‘ &x* 


< [2(—)8(—)+2(+-)5(+) [— p(k) +p(k’)}.  (A7) 
The L operator is obtained from Eq. (15) of I and is the 
collision operator in the Boltzmann equation. The a,’s 
are obtained rather directly, and are 


© -r ~Y1 
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The last expressions in (A8) and (A9) are what one gets 
in the effective mass approximation (EMA). Here Ao is 
the volume per atom, and 


E={ 


(A9) 


(A10) 


jr? 1 Ak? ~=6m* 
$ | , 
2 m Mo EMA 


(All) 


The quantities {> and ko are defined (for any Fermi 
surface shape) by (A10) and (A11). A (EZ) is the area of 
the surface of constant energy EF, and v(£) is the average 
velocity on that surface . 


l 
K)AG [as I f as Vi 
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In deriving (A8) and (A9) we 


symmetry. 


have assumed cubic 


B. Reduction of the d,,,,’s, and Calculation 
of the Resistivities 


To calculate the d,,,’s we start from the formulas (16) 


and (44) of I neglecting phonon drag effects, 


dys = Bf fenow D,, JN 


x [2(+)8(4 5(—)]®.». (B1) 


Di» is given by (9b) of I; 


0(+)6(+)=0( EF’ — E+hw)b(k'—ktotK 
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and 


=) 8x? 4r 


In B, the factor 1/(82*) comes from converting the &’ 
sum to an integral (we do not count 2 for spin sinc 
interactions with phonons are asst 
the spin), the factor 1 br comes definition 
[ (32) of 1] of d,», and the factor 4 compensates adding 
the second term to the bracket of (B2). We 
have made the velocity correction [replaced k, by 
(VE) mh |, and simplified for cubic symmetry [re- 
placed (VE).(VE),. by 4VE-VE’ |. 

We introduce a 
differential segment perpendicular 
constant energy at the point k’ 


Pkd*k’ is then 


imed not to change 


from the 


second 


the 
surfaces of 
volume element 


which denotes 
to the 


The 


quantity dk,’ 


dkd*k’ dSdk,dS'dk,', { B4 


where dS’ is the element of surface on the energy surface 
E’ at k’. Now let us choose a & lying on an energy surface 
E, and integrate k,’ through some other point &’ on the 
energy surface E. This integral will 
function nature of 2 and gives 


exercise the delta 


fania + )F (k’) = 2xhF (k’ (+))[dE/dk,’}", (BS) 


where k’ (+) is obtained from k’ (on E) by going along a 
line perpendicular to the energy surfaces from E an 
energy distance fiw up k’(+) or k’(—). We 
assume that there will always be a solution to the 
selection rule k’(+)—k+e+ K=0 along this line that 
satisfies the energy condition E’—E-+hw=0. dS’ may 
now be taken as element 
we must sum over the + and case 
Next the E (i.e., &,) integral is performed. We regard 
the factors VE, VE’ and Cy, [see Eqs. (9b 


down 


surface FE, and 


j 


L and (7 
of I] as slowly varying with respect t 
in the vicinity of the Fermi 
of the Fermi surface, the 
Hence we take the out at 
average values near the Fermi Consider ther 
two points k and k’ (centered in dS and 
tively) on the Fermi surface, and consider taking the 
two integrals dk, and dk,’ through k and k’. For every 
energy surface E that dk,(E) hits in the tail of the 
distribution, there will be contributions from two point 
k'(E+) hit by dk,’, where k’(F is on the 
surfaces E+/w, etc. Thus when we t 
\VE!|/|VE’! at 
be averaged 
Appendix C.) 


Also, as we integrate 


) the exponentials, 
surface. Outside the vicinity 
ntributions 


above me ntioned 


are very small. 
juantities 


as". respec- 
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tors like 


they should 


ike out tac 


average values in tl iil, 


with this correlation in ind. (See 
| of the distribu 
tion, the small changes of the phonon parameters @, w 


through the 
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are neglected. The @ used is the one appropriate to the 
dS, dS’ pair on the Fermi surface. 
The /fdk, is converted to 


an energy integral 


(dk,=dE|VE|-) to regain the usual form for the 
integrals, and we find 
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and 

e=(E-§)/kT t=hw/xT. (B10) 
The factors containing VE in (B6) [and the factors Vinn 
in (B15)—(B18) below | must be understood as averages 
over the tail of the Fermi distribution along lines 
perpendicular to the constant energy surface at k and k’, 
as discussed above. The energy integrals can be 
evaluated using Eq. (A.5.11) of Wilson.? We find for the 
relevant quantities [the curly brackets on the left 
referring to the corresponding brackets in (B6) }: 


1 oo= VooxT 2 (1—e~*) (e*—1) }', 


t }or= Vor} (xT 2)" (1—e-* 


(B11) 
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(B12) 
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The sum over + and — in doo and d,; amounts to 
multiplying by 2, since accounting for the difference 
between VE(—)’ and VE(+-)’ would give a very small 
correction. In do, however, (B16) would give zero if we 
made the same approximation. When we expand as 
shown below it turns out that the first nonzero terms of 
do, are of the same order as the terms in d,, that are 
calculated. We therefore must be rather careful in 
evaluating (B16). 

Our results for the d,,.,’s are given below in double 
angle brackets. These are defined to mean an average 
over all two-point connections on the Fermi surface: 


f feses” =A(f)*{( ))es.. 
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Thus using (7) of I, we get 
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where The double angle brackets on the right indicate an 
B,=2nhB,/2NM, B23) 


average over all s(s) for a given s. This is equal to the 


VW being the ionic mass, and integral over all directions of s(s) with weighting factor 
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Uoo(k.k’) =5 [I -E(je equal to the ratio of the length /(s he integral over 


all lengths for the give 
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The next step in reducing the d,,»’s in a general way 
is to isolate all the connections that have the same differ- (Here /dQ is the integral over solid angle of s on a 
ence vector s=k’—k, and to average over all such con- constant s-magnitude surfa: single angle brackets 
nections. If the Fermi surface is a sphere all these con- in (B25) mean an average ov magnitudes. Thi 
nections can be imagined to be enumerated by allowing js equal to the integral over a vith weighting factor 
a rigid rod of length s oriented in the direction of s to Sad2(8)/ fds f dQ l(s), 
roll on the inside spherical shell. The tips of the rigid rod 


compos 1 


2 “ y lengths /(s) associated wit magnitude Thu 
will each describe a circle of circumference /(s)= rs. 


In general, for say ellipsoidal or other shapes, we will 
still have a length /(s) covered by the tip of such a rigid 
rod rolling without change of orientation, but the length 
will not be precisely rs. The advantage of performing a 
preliminary average over all connections with a given s 
is that the phonon parameters do not change during it. 
We shall use l’,,,{s} and {{ }} brackets to indicate 
averages over all k, k’ with the same s. Then The electrical and thermal re 


if 


tt it . (B25 scatte ring (denoted by S i} cTint 


pi= Bi xTo(t)? ‘fasf dQ. 1(8)U oo{ 8} [ (1—e~*) (e*— 1) J if fasf dQ I(s 


W 5= Bal LoxT?0(¢ fof dQ 1(s)[U ool 8} +39727U 148} @ JLT A—e =] / fas f dQ 1(s), 
/ Ji, 


where and 


B B [12 h m ’ (B 30) fof 12 | 8 Sr-R 
Lo= rx? /3e" B31) 


The expressions in (B28) and (B29) apply to any Thus the resistivities du 

shaped Fermi surface. If we wish to go any further, we 
must make some model of the shape. The advantage of 
(B28) and (B29) is that it is possible to extend calcula- 
tions to shapes more complicated than the spherical. 
But in this paper we shall content ourselves with the 
usual spherical Fermi surface. If we call the radius ko, 
then from (B15) and (B17), we get /(s)=7s, and: 


v 2(k—k kk’\—~4(1— cos Que. 
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The F,,(u) are averages over all directions of s for a given 
s magnitude. The average is indicated by the angle 
brackets. The factor a(u) is introduced for convenience 
in computations: it is dimensionless and of order of 
magnitude 1. It should be noted that what enters as a 
coefficient is y; (squared) which is inversely proportional 
to the velocity ; the effective mass, i.e., the 
derivative of the energy does not enter directly into p, 
and W,.'4 


second 


C. The Thermoelectric Power 
The variational principle in the approximation of 
three rows and columns gives the expression (A2) and 
(A3) which can be reduced to 
Yo a pT 71 dio 
is se (C1) 
a Yi Ww ag a 


TS 


(where p and W are the total resistivities in this 
approximation), or using the values of a, and y, in (A8) 


and (A9) 
Inv(k)A | 
Eu=wf 


r =| d 
3 eldE 
p 
x (14+ —— 26 
LoTW 


) (C2) 


de 
3y: 


in any 
The 
major problem is to estimate U’9;, that is, to average Vor 
through the tail of the distribution. We shall refer to this 


nominator is negligible at high temperatures; 
case it is positive and would help make 6 small. 


as the “‘tail-average”’ or ‘““7T-average”’ in what follows. 
In (B16b), 


curly bracket can be expanded 


we notice that the numerator of the second 


VE(+)’| —|VE(—)’ d VE’| dk,’ 2hw 


VE dk,’ dE! VE 


PE’, 
= 2hur— 
VE||VE’ 


d(k,') 


the T-average now being replaceable by the value (at 
the two points & and k’) on the Fermi surface. We make 
no special notation for this average. 

To get an analogous result for the first curly 
bracket of (B16b), we assume that VE is sufficiently 
smoothly varying so that the 7-average of the ratio 


VE|/|VE(—)’| does not change significantly if we 
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dio d 
26 =— | ino(E)A(E) | : 
di dE E={ 


At high temperatures and very low, where the Wied- 


(C3) 


mann Franz law holds, we have the general result that 
the first two terms in the circular bracket yield an 
expression S» independent of the details of scattering 
mechanism : 


S=So(1—5), 


m* 


Inv(E) UP) = , 
J Jz=t %o|\ EMA 


which displays in a simple way how the shape of the 


(C6) 


Fermi surface enters. At high temperatures an argument 
The neglect of 6 
cannot be made generally valid even at high tempera- 
tures, but we shall indicate how the argument, when 
valid, goes, If we substitute (B21) and (B22) into (C3), 
then with (B27) 


can: be made that 4 is often negligible. 


ux 1(s)Uos{8} fh (1 —e~*) (e*— 1) ] 
$0 
” Fa, aany [U oof 8} + (hw ‘xT? 


The second term in the curly brackets in the de- 


Uif{s} , a-e *)(e*—1) | i 


step up the energy E by 2hw: 


VE(E VE(E+ 2h) 
(C9) 
VE(E—tw)' VE(E+hwy’ 


both sides averaged through the E values in the tail of 
the distribution. [If VZ is not sufficiently smooth, (C9) 
will still be valid at high temperatures, when the energy 
span of the tail is much larger than hw. ] Defining 

b=@E/dk?, (C10) 
we get 


VE 2 | |VE(E+2hw)| 


VE 
hud 
VE\\VE’ 
and from (B16b), (C8), and (Ci1), 
2hw (b+ b’) 
V. 1 = 
VE|| VE’ 
Defining 
Ve=tt 


(Lie E(jo))*} ja" (e*—1)(i—e") J, (C13) 
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(see the discus 


C0 


6 
ry. 
fos fear Vo 


Now for the effective mass approximation (EMA 


VE-VE 
~40? = order (2), C15 
VE\\ VE’ 
b+b 
~~ ( 16) 
VE|| VE’ 
Hence in this case the order of magnitude of 4 is 
1 /hw \? 
6 onde ( ) | C17 
be? AT 
since ye=m*/mo—=1 in this case. If we take the effect of 


(xT'/hw)? in Vo to be of the order of a factor of 5 at high 


doy 
dy; 


where we have let d), 


(WS), 


BATII 


IVE 


1 
BuxT ff asas’ > (ew - E(je))? 
pL yao + VE 


pLya¢ at high temperatures. If we do the following drastic things, we can get a measure of 
this result in terms of the result for some standard substance like sodium: let us neglect the 


fas fa 1(0| Wort Un® [e—1)(1~« 
. r 


This is the S analogous to (B30) and (B31); it makes no assumption about the Fermi surface shape. To go further, 


YN 


ion apropos of (B25) for the double curly brackets), we get 


b+0’ 
fos faauey, —— 
|VE|| VE’ 


Zz site (C14) 
VE-VE’'\? 3 


+—V.V i, 
VE’ r* 


temperatures, then 4 is of the order 1/200, a sufficiently 
small number. If we now distort the Fermi surface so as 
to cause the velocities AVE to average out to half their 
former selves, this would still not upset the smallness of 
6. Thus that at high temperatures for 
situations that are not widely different from an isotropic 
Fermi surface, (and perhaps even then), we may 
neglect the 6. Thus (C5) should probably apply to the 
noble metals for example and to the alkali metals under 
pressure. (See however, footnote 9 


we suggest 


If we are determined to get in general some more 
concrete estimate of 6, we may return to (B21) and 
(B22), writing these in terms of a double integral via 
(B19), and using (C12) and the high-temperature 
approximation for the exponentials. Then 


b+)’ 


, (C18) 
VE’ 


influence of (I-&)? in 


(C18), and let b+’ be represented by the inverse of some effective mass m*. Then the integral in (C18) is propor 
tional to the square of the density of states at the Fermi surface, and we get 


fasive) ! ( fas VE ) 

6 [Dm*y2p/t |ns N 
Ona [Dm* yop | 

( fasive ') 

N 


where D is the density M/Apo which enters through the constant By. 
The final thing in this appendix will be to obtain from (C1) an expression for the thermoelectric 
restricted to high temperatures. From (C1), (A8), and (A9), we get 


e B; Vo 32? 
fof ane] 2U fs} + Uyf{s}O-— 
KT v(t)? 2% s) r 


A 


; (C19) 


fos VE 


power not 


———Us:{s} 
eT ys 


x [(e#—1)(1—e-*)] i / f asf dQ I(s). (C20) 


hax o | 


If we now divide by (B31) we get 
S.=(SW),/W, 
32? hut o 
fs feares]| 2004 -Uy,° ————V NG -DU—e 
el T3y2 r re T*y2 
_ . —__— C21) 
2fo 
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we shall use spherical energy surfaces as in Appendix B. If we define 
(P@E/dk)? m* 
o=2e aaa Ps (C22) 
(dE/dk)* Jee; mo | wma 
then from (B24) and (C12) we get 
Unis} = > (Tex ' E(je) *2huryo ‘To. 
i 
We get finally by reducing (C20) 
3le| Ao ' 3— yo/y2)u*—2 
(SW),=-— “yo f a(w|F +F, | (C23) 
fo T 0 rr? 
: (3— yo/ v2)u-*—2 
f a(w)| Pot F: |iw 
(SW); rT J» Rr 
S,= = ——__y,— (C24) 


W; lel fo 


This reduces to So [see (C5) ] at high temperatures. 
Note that the S term in (C4) corresponds to the term in 
vo in (C24). 


D. The Ideal and Impurity Components of 
the Thermoelectric Power 


The total thermoelectric power S is not the sum of the 
residual and thermal parts since S is not linear in the 
scattering cross section. However SW is. Let the residual 
and thermal parts of SW be denoted by the subscripts 
(9) and (,), respectively. Similarly with W. Then we have 

S= (SW) o/W+(SW),/W. (D1) 
For the residual part we shall assume the usual expres- 
sion (see Mott and Jones', pp. 306 and 311) 


(SW eLoT Wy 


D2 
W to W 
where Lo=2'x*/(3e?). We can also write 
1/W = (1—W./W)/W; 
and then 
(SW), Woy (SW), 
-(1-—) ie (D3 
W W W, 
and using (B25) for (SW),;/W; 
eloT 
S = ‘a D4 
C» 
Wo Wo 
5S" +3(1- )s”, D5 
W W 
C9 (SW), 
Ss” 
eleT W; 
fw al Fo t+F 2((3 — yo/ y2)a-*— 2) /8* | 
‘ - > (D6 


fe al Fo+F2(3u-*—2)/4x* |} 


: 3u-*#—2 
f a(w)| Pot | 
493° 


The expression S” can be computed theoretically, Wo/W 
can be attempted theoretically or experimentally, and 
hence S’ finally estimated 


E. Calculation of the Ionic Part of the 
Matrix Element 


The quantity @ that enters into our expressions for 
the transport coefficients is conveniently expressed as 


a(u)= (| JS| Pu’, 


(E1) 


where we hope there will be no confusion between the 
shielding factor S here (discussed in the text) and the 
thermoelectric power S of Appendix C. J is 


7, 4%" 
J=i ( ) vf Vik’ r)*W (kr) Vo(r)d*r. (E2 
a, é i 


erysta 


One improvement discussed in this appendix arises 
from use of the wave function 


V(k,r)=N 


tae** "uy, (r 


N-la,e"™"[uo(r) +ifu(r)k-r/r+---), (E3) 


which is an extension from the plane wave approxima- 
tion. The functions #» (the “‘s’”’ function) and fy, (the 
“»” function) satisfy certain radial wave equations 
which we do not discuss here.” The only numbers we 
actually need are the values on the surface of the 
Vigner-Seitz cell, and those can be obtained from the 
quantum defect method (reference 20, p. 185). 

The normalization parameter a,, is obtained in terms 
of an auxiliary parameter + 


a, =| Aotte*(r, 


Y attr.) | f ty’ (r)d*r 


The general lines of computation follow Bardeen.* 


(E4) 


(ES) 


" J. Bardeen, J. Chem. Phys. 6, 367, 372 (1938) 
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Fic. 6. The function F («) of Eq. (E13) 
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We make a separation of the integral into two parts, a 
part in the cell centered at r=0 


9 


)f (¥(k’,r)*¥ (Kr) ]Vviond*r, (E6) 


(F } 
" af 


xd eitt 


Rio r—R, 


“s ¥ (kor (k’r)*V 
* cell 


where R; means the equilibrium position of the ith ion. 


4rie* 


k—k’+K, 
~ — exp] —— 
Ki |k—k’+K,|? 


ref? 
Seas - 
aa é 





Ao 4y? 


xf d*7 W (ky r)y (k’ r) *e7 ey’ f d*r 


xX} 1—4r if 


cell 


where ¥ is chosen to make the series converge rapidly. 


(We used VY =1.20ko.) The primed R sum means that 


the term R=0 contains only the second term in the 
square bracket. Although this looks formidable, the 


| 


BAILYN 


J, is itself reduced by the method shown in reference 
5 to a surface integral involving the total potential 
minus the integral of the gradient of the screening 
charge arising from the electrons which screen the ion. 
The exchange hole gives a constant potential (since the 
electron is always at its center) and Goes not enter in 
this part of the calculation, since it is the gradient of the 
potential that is required. In the surface integral, we 
used the recent values of the appropriate quantities on 
the surface of the Wigner-Seitz cell as computed by 
Brooks.” In the subtracted off potential, we made a 
detailed calculation using for lithium 
computed by Silverman® and found that there was no 
significant difference from the free electron result. Since 
we expect the greatest from free electron 
results for lithium, we assumed that this subtracted off 


the wu value 


deviation 


term will be close to the free electron value for all the 
alkali metals. The result can then be written 


3 40r\! 
+ g(3u—U x E8) 
2\ 4 
x,= |k—k’\r,=2(9r/4)'u, 9) 
g= (d fis dr); ,/ Uol(f E10 


} 


where »(r,)— Ey refers to the total (including the elec- 
tron-electron term) potential and energy, where the 
jn(x) are the spherical Bessel functions of order n, and 
where v(r,) and FE itomic units. Eo= E(k=0). 
The last term in (E8) results from the cross terms in the 
square brackets in (E6) when yy’* is written out. 

The evaluation of J, was obtained by the Ewald sum 
technique” first applied to this problem by Brooks. 
This has the consequence that the 
extend only over a cell. The sum over R, is replaced by 
two sums, one over R; and one over K , where the K,’s 
are the vectors of the reciprocal These sums have 
the advantage of being much more rapidly converging 
than the original sum as it appears in (E7). The result is 


are in 


r integrals need 


lattice, 


r—R 
Ri r—R 
RiY 
? exp(—?)dt \ kr)y (k’ r)*e-*( ek [> Ell 
convergence is so rapid that the only significant terms 
were the R;=0, and K,=0 ones. The resulting expres- 


# R. Silverman, Phys. Rev. 85, 227 (1952); als 
University (unpublished 


Harvard 


thesis 
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sion may be written 


3/4\'r, 
Jun=$-(—) —[u- exp(—wu?/1.44)—P(u)], (E12) 
2\9r 


ap 


where the P function is 


Or\? f' r uo(r) \? 
ro) 4A) 
4 0 , uo(r,) 


4 pr? 
x jn(|k— n= f x? exp(—x")dx}. (E13) 
T 0 





This has been estimated and the result is shown in Fig. 
6. The factor y in (E13) makes P(u) roughly indepen- 
dent of the metal. 

This in brief outline was how the ion part of the 
matrix element was calculated. An investigation of the 
error involved in neglecting the interference term in J out, 
and in other neglections, was made and it was estimated 
that the error should not be more than about 10%, 
except for lithium. We have occasionally stated “except 
for lithium” in this discussion, and the reason is that in 
the surface integral in J, the corrections arising from 
the extra term in (E3) were about 100%, and there 
seemed to be no sign of any convergence in sight, when 
we added a third “d’’ term in (E3). This lack of any 
semblance of convergence forces us to the conclusion 
that the free-electron approximation is a poor place to 
start a calculation for this substance, and that the 
methods used here simply are not good enough, even 
roughly. The lithium case is further complicated by the 
fact that the total J goes through a zero in the middle 
of the umklapp region, and the resulting contribution to 
the resistivity is very sensitive to where the zero occurs, 
since the umklapp contributions get more and more 
important as “ approaches 1. We have used our results 
up to “d” terms in lithium just to get some numbers 


F. The Spectrum Calculation, the Method of 
Averaging in the Non-Umklapp and 
Umklapp Regions, and The 
Computation of Elastic 
Constants 


The secular equation for the phonons on the Born von 
Karman model is obtained from de Launay* equation 
(11.7). The solutions are taken to be of the form 


} (ao)*Dw?/cu= 2(1 — $4) +[(cr2+44)/Caa ACC), (F1) 


where w is the velocity of the phonon, @ the wave vector, 
a the lattice constant, and D the density of the material. 
The elastic constants c,; replace the force constants the 
relationship obtained by going to the limit ¢ — 0. The 
force constant A is neglected, as was originally suggested 
by Born and von Karman. The function J satisfies the 





™ J. de Launay, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2 


METALS. II 399 
equation 


M—tA\?—tA—1;=0, (F2) 


which is what de Launay’s (11.7) reduces to when our 
hypothesis (F1) is made. The rest of the symbols mean 
the following: 


t)= S091, 
to= (1— 59°) 82-343, (F3) 
ts = Sal se? + 50(81—3) +254], 
§,= Tet Ty+ le 
$,=7T,7,+7,7,+T,.T7:;, 
v v (F4) 
$,=T.TyT,, 
9,=[1—9,+42.—4;3}}, 
where 
T,=[sin(¢,a/2) P, 
[sin(o,a/2) F (FS) 


So= (C11 —Caa)/ (Cra Caa). 


When the eigenvalues w(j)(j=1,2,3) are obtained, the 
eigenvectors &(j@) which appear in (B44) can also be 
obtained by going back to the secular equation. In this 
way, if we are given @, we can calculate the “average- 
and” in (B44). 

The remaining task is to find what e’s to average over 
in (B44): Here we must distinguish umklapp from non- 
umklapp processes. The separation comes at «= 0.63 for 
a body-centered cubic material. For the two types of 
processes we have 


u<0.63, 
u>0.63. 


F6 
s=o+K.-- (F0) 


Thus in the non-umklapp region, if we are given an 
s magnitude, the average in (B44) is over all o’s of this 
same magnitude, but with differing directions: 

(F7) 


=(( ))gie), «*-non-umklapp, 


which we have indicated by the symbol e(¢). 

Although we could have performed the rest of the 
non-umklapp calculation in a way identical to the 
umklapp calculation as explained below, we found it 
more convenient to do it a different way, mainly because 
once the calculations issue from the machine, there is 
still a tedious amount of work to be done that can be 
simplified for the non-umklapp case. The simplification 
is to suppose that the variation of the eigenvectors and 
eigenvalues do not change much as o magnitude in- 
creases for small ¢ (this is in fact just the elastic limit 
solution). Hence in (B40) and (B41) we shall be able 
to write 


0.63 
f du 1(s)wP.=( { (&j0)-0/6) 


0.63 I(s)*2"u? 
xf due ———-— —)) , (F8) 
0 (e*—1)(1—e~*) Ole) 
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bic. 7. The 


vector of the reciprocal lattice 


vector K isa 


is the 


geometr ol umkiapp processes The 


The s sphere of radius 2/ 


k—k’ in an 


locus of scattered wave vectors s interacti 


where the velocity appearing in z is the same for each o 
for a given o/c. In other word 


integral 


, we have taken the aver- 
, and we use the elastic limit 
vhen eventually converting to an 
integral over z, it is essential to make the upper limit a 
function of the velocity even at extremely low tempera- 
tures 


age in front of th 


solutions. However 


This general procedure is quite unjustified in 
the umklapp region 

In the umklapp region, we consider the s-sphere of 
radius 2ko. The geometry is as in Fig. 7. There will be 
associated with each of the 12 nearest neighbor K’s a 
region in the s-sphere (which will be a surface segment 
for a given s magnitude of course), and we need average 
segments, in fact, because 
of From (6 
we have for the choice of the re ipro¢ al lattice vector 
K = (K/2!)(1,0,1) 


over only one of these 


of the 


symmetry, over only one. 


sng 


n’ COS@ 


4K 
§ sin8@ sind, 
5s cosé 2 1A. 


where the polar angle @ is measured from the z direction. 
In this way if we are given an s magnitude in the um 
klapp region, we compute the o’s from (F8) over the 
appropriate range of @ and ¢, calculate the correspond- 
ing eigenvectors and eigenvalues from (F1) and (F2), 
and compute the corre sponding “average-and”’ from 
B44). The only remaining problem is to choose the 


various 8, ¢g’s to compute the e@’s for. The appropriate 
region to average over can be obtained by an examina- 
tion of the geometry of the face-centered cubic reciprocal 
lattice. It is actually 1 


region is given by 


48 of the unit sphere, and the 


$< 


cose <coté. 


We have taken the 


following points (where 


raBie II. The numbers from Eq 


Table 


m'/m are given in 


A 
(F11) 


¥ 


which neglect region IT in (F10) but should give a good 
average, provided the Born-von Karman theory is suffi- 
ciently accurate in the nearest neighbor approximation. 

In order to get numerical results, we have to know the 
. These are obtained by the method 


of Fuchs (see reference 32, footnote 47 


elastic constants « 
using for the 
we : 


room temperature compressibility values which we 


interpreted from the measurements of Bridgeman" and 
for low-temperatures values obtained 
The 


quantity to estimate from compre $S101 


in experiments by 
hard 
ind we are not 


Swenson.™ compressibility seems to be a 


too sure what sort of accuracy is reflected by the results 
cited in Table I. We notice that at 4°K, the so parameter 


rises as we go from lighter to heavier elements, but this 


t rubidium when we get to 


trend starts to reverse itself 
77°K. At room 

77°K holds, except that cesium is now relatively quite 
low compared to rubidiun 


temperature the same situation as at 
very sensitive to the 

lust re gard these 
numbers with caution. It is sting to note that at 
77°K, 
the longitudinal phonon in the 
than the transverse phonon, 
It is known that lithium undergoes a martensitic tran- 
sition at about that temperature. Curiously however, at 
4°K, we regain a positive 


4°K, we 


value of the compressibility, 


we get a negative 5» for lithium, which means that 
100 direction is slower 


which implies instability. 


for lithium. 
units of 10 


However, at 


have in erg/cm*, for lithium, 


2 
XT 3\C11 12 C44 


12.82+-1.89 


13.59- 
Hence a 5° © error in ft ompress bility provides 
YX I 


about a 50% error ir Lithium is more sensitive 
than the other metals 
In Table I we give 


required in (F1), wher 
F12 


The values we 
0.05, 0.15. and 0.30 for 1.0. 


The se were selected before w wer iv 


to Tr ke ¢ ulat 


chose to ations for were 
and 1.1 for Si. 
ire of the work 
of Swenson, and were based on a range of values implied 
by some rather poor theoretical extrapolations for the 
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compressibility. Luckily our new so values stiil lie in 
the above-mentioned range, but the s, values lie be yond 
1.1 for the heavier We therefore had to 
extrapolate s, for these elements. 

Finally there is the elastic constant cq, that appears in 
the cs of (B44). We introduce a temperature @ by 


elements. 


Z = hw «7 (0 T ) (Diwe* cua) *Mo ky ly 


where the Dw?/ca, is what we calculate in (F1), and 
where 


O= (hko/x)(cu4/D)* (f14 


depends on c44. Numbers for 6 are given in Table I, and 
we see that they are close to the ordinary Debye 
temperatures obtained from specific heat data. How- 
ever, our 6’s are not averages over a spectrum: They are 
precisely defined by (F 14). @ may be used in the specific 
heat or resistivity without any error arising from ther 
being different averages involved. It is the rest of (F13 
that gets averaged. 

Since so and s, are functions of temperature, we must 
use the appropriate values at the appropriate tempera- 
tures. The same is true for cq, and hence @. However, in 
the range from O°K to 77°K the density remains ap- 
proximately the same (see reference 34) so that quanti 
ties which are functions of the density only do not 
change in this region. This includes ¢3;, ¢y2, C44, and 
hence @. 


G. Evaluation of the Shielding Factor 


In this appendix we shall have occasion to use the 
symbols p, x, 2, 8, y, Lo, L, a, D, A, and 8 with meanings 


3 h*s* 


a, (k) ex =— -f at CEQ)—EA+s)}T 
4arky® 2my J i<kg 


where k’ satisfies (G2) and is on the Fermi surface and 
where & is the Bohn-Pines cutoff wave vector. In 
reference 16, (A9) was evaluated by first averaging k 
over the Fermi surface. However, if s is given, we should 
actually average only over the k’s that lie on the circle 
of length /(s) in (B26). The difference is that instead of 
averaging over the k’s for a given s magnitude, we must 
average only over the &’s for a given s vector, and in 
fact, we should average * not S. What we shall do is 
evaluate (G9) directly as it stands without averaging 
over k (or k’) at all, so long as it satisfies (G2). We shall 
then find that for all the proper k’s, the result is the 
same and we need not average at all. This does not mean 


2ko 1 Qe 
L - ko af id { sineas f dy Ly ke 1, +k 7 
k $11 /ko 0 


¢ 


3ko hi*s* 2m, 2 244 


P —— 


~ Aarke? 2myo h*k,? a . p 


Lo contains a factor 2 from the sum of the two terms in the 


k’+1 
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different from what was used previously. The definitions 
are given below. .S of course here means the shielding 
factor, not the thermoelectric power. 
From reference 16 we get the shielding factor in the 
form [Eq. (32) ] 
a,(k)) ] 
(G1) 
tAo(a 


where the denominator and (a,) are evaluated in that 
. re , 

reference. The electron wave vectors k and k’ are on the 

Fermi surface and satisfy 


k’=k-+s. (G2) 


The energy function is 


E(k) = Eot+ (Whe? /2mo) (px? — pax), (G3) 


k/ ko (G4) 


The parameters p and g appropriate to a given r,/d, are 
cited in reference 16. Finally from Eqs. (28), (A8), 


A9) of that reference 

re [122 On/4)* f(r, /an)u, (G5) 
ly 8.) Coult (@s)ex; (G6) 
(de)coui= (a, (k (G7) 


(G8) 


Cout= 12¥?F (1), 


12u*G(u; hk). 


Gy ex 


In (G7), (a,(k) cou: does not depend on k, hence it equals 
(4,)cou: and drops out of the numerator. The functions 
F and G in (G7) and (G8) are given in reference 16, The 
problem here is to evaluate 


2+ |k—I| k’+1|>k k—I}>k., (G9) 
that the matrix element does not depend on k; it means 
that the dependence does not change so long as k is on 
the circle of length /(s). 

To start, we shall change the variable of integration 


from I to 1, in the term in k in the square brackets where 


L=I—k, (G10) 


the polar axis being now —k. It can be shown that the 
two terms in the square bracket each contribute the 
same. We therefore consider only 


a,(k))= LoL, (G11) 


'lt+k+s 2— (g ho?) ( 1,+k ‘— |1,+k+s/*)] i (G12) 


(G13) 


square bracket of (G9). The limit we placed on the 
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@ integration can be obtained from a glance at the geometry of the /;-sphere. With a certain amount of algebra, 
and with s*+2k-s=0, we can reduce (G11) to 


6u? 3 ' ad 1 1 
a,(k))=— { dx dz f [xb’D}"! - dt, 
wp « < - Le cosl D —cosl 
where we have made the notational change 


f dol cosi 
lL, / Ro, 0 


cos6= —h-h/ty, Paul (G19) 
k/Ro, . ; 


and where :; : 
and wher provided the quantity contained in the square brackets 


D= (a'+6'z)/b'u>0, is positive, the integrals are zero if the quantity in 
a’ =1—2q—29x" square brackets is negative. Here 

: (G16) 

b Lox, 


B=k./ko, 


a’/b'u)? 
with 
cosl = §-], l; uz+[(1 u*)(1—2?) }! cose. (G17) 


Here ¢ is the azimuthal angle of 1, around 2 and we The restriction requires that 2? be greater than 1—#? in 
choose ¢=0 at the azimuthal of s around %. From 


(G18), but is automatically satisfied for all z in (G19). 
standard integral tables*® we find 


We indicate the remaining integrals 


1243 2(1—u8)t : ' x 1 
a,(k))=—- If dx f dz+ J dxf as| 
p 8 7 —u")® 1~u?)? 2/2 a’+ 


u'+b’s (22-140 


12° f? Pe 
f ax f dz— 
p “4 9 a’ +-h’z (det hoz 


bs 


12u' 7? x 1 1 
— dx | dz | . 1—u*)'<B/2 
p “s 2 4a’ +b’z 


(2?—1+4?)? = (a24+b22+-¢227)! 


at 


The z integrals can be obtained from standard tables.** We shall not indicate the 


quite complicated results of that 
integration. The final 


integral over x was carried out on the IBM-650 computer at 


Northwestern University 
The limiting case u=0, is of interest. We find 


lim (a, (k)).. 


1—[4 (9/4)! }"(r,/a,) [p(1— 29) P'[6(4 — 8/244 
[9 (9e/4)*}(r,/ay)u 


S p Or\' y's, 1p #& 2 
lim = -|( ) | “| 6( —-+—)—In | 
. Sete 1+ 2q 4 aa 2 2 & B 


lim § 


The quantity in (G24) has the values 1.67, 1.30, and 


In the theory of the phonon drag component of the 
1.04 for r,/a,=3, 4, and 5, respectively. 


thermoelectric power at low temperatures, the quantity 
% W. Grobner and N. Hofreiter, /ntegraltafel (Springer-Verlag, 
Wien, 1958), Vol. 2, formula 331 (4le, f 
% B. O. Pierce, A Short Tadle of Integrals (Ginn and Company, 
Boston, Massachusetts, 1929), 3rd. ed., formula 195 
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is important.™ Our calculations give 


(S ) Si ) Bardes a* 


equal to 1.54, 0.91, and 0.65 for r,/a, equal to 3, 4, and 
5, respectively. Thus the Bardeen shielding factor con- 
siderably underestimates the growing importance of 
umklapp processes at u=1 to non-umklapp processes 
at u=0 as we go from lithium down the alkali’s to 
cesium. (We are assuming that the tendency set up in 
going from r,/a,=3 to 5 will continue to 5.5, which is 
the appropriate value for cesium. We did not make this 
additional calculation as it would involve a considerable 
extra amount of numerical work.) 


H. General Expression for the Phonon Drag Term 
of the Thermoelectric Power in Metals 
(Including Distortion and More 
Then One Band) 


If the Fermi surface cuts more than one band, we 
describe the situation by the reduced wave vector k and 
the band index /. A higher band is to be conceived as 
having been reduced into the first band by translations 
of the various portions by reciprocal lattice vectors. In 
terms of the reduced wave vector, we still get for any 
phonon transition the selection rule 


k’—k=e+K 
[See Eq. (4) of I.] 


(or —e—K). (H1) 


\ 
a( jo; ki,k’}’) = 
dNy 1 


IN 


METALS. II 


From Eq. (86) of I, the phonon drag term is 
S,= Ty)’ ao. 
For ao we may use from (A8) 


1 moe 
_ A (lt)v(It), 
12x? fh? 1 


(H3) 


where A (/f) is the area of that part of the Fermi surface 
in the /th band, and where v(/f) is the average velocity 
on A (It): 


v(lt)=h f dS|VE\/A (Ik). (H4) 


Alt) 
We may use (79) of I for yo’: 


| 


- > (d\ 4 dz)2Vew: Qo, (H5) 
$3VAo oi 
provided that in Qo [see (76) of I] we replace k by 
mov (Ik) /h 
Qo( jo) = —mfh- > [Cv (ck) —v(l’k’) } 
kk’ii’ 

Kal(jo; ki,k’l’). (H6) 
Here a( je; ki,k’l’) is the relative probability that the 
phonon je will interact with electrons in a kl k’l’ 
transition : 


De — )é(- 


ye) 


- > N De Ql - 1d( 


dz «Ir;(@) wet 


The sums in (H6) and in the denominator of (H7) are 
over all interactions k/++ k’l’ in which the particular 
phonons je are permitted by the selection rules to 
enter. This includes interband umklapp processes as an 
example. 1/7;(@) is the sum of the reciprocals of the 
phonon-phonon collision time, the phonon-impurity and 
phonon-boundary collision times and any other phonon 
relaxation processes not involving electrons. 

Considering a one-band metal, if we sum (H7) over 
all processes that involve one particular je and one 
particular umkiapp type of process, we get back the 
relative probabilities a( je; e+ K) previously introduced 
in a paper on the phonon drag effect in the alkali 
metals.”® 

From (H2) and (H5)—(H7), we get 


1 m 
re 
3\€ NS ott #3 


(@)) 
dX al jo; kik)’ \v (tk) —v(l’k’) |, 


keel’ 


naman 
dT 


where 


12%°h m* 
(H9) 


1 (lt v(lt) V | EMA 


m 
i dere: 


where EMA means the effective mass approximation. 


\V here refers to the number of involved 
(A= NAv). 

The “normal” sign for S, (for electrons) is negative. 
Since dN o;/dT>O, this means that normal contributions 


to S, occur when 


atoms 


Vo: Lv (Ik) — v(l'k’) <0. (H10) 


For the case of one band, and free electrons, we have 
v~k, and with Vw~e, we get from (H10) 

Vw: [v (Uk) —v(l'k’) }~e- (k—k’)= —@-(e+K). (H11) 
Thus for non-umklapp processes (K=0), (H11) is 
negative, and we get a normal contribution. For K=0, 
(H11) yields a positive sign in general. 
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To analyze the effect of a higher band, we reduce it 
into the first Brillouin zone [in which now the k and k’ 
of (H1) roam }. Consider the extreme case of a reduced 
zone whose unoccupied part is a sphere. 

The velocities on the (Fermi) sphere are then directed 
toward the center rather than away from the center (as 
would occur if the sphere were occupied rather than 
unoccupied). Thus the velocity factor is (H10) changes 
sign from what it was when we considered (H11) in the 
previous paragraph, whereas Vw does not, since that is 
still determined by the k—k’ in (H1). Hence for a 
sphere of holes, the non-umklapp interactions give an 
anomalous (positive) contribution to S,, whereas the 
umklapp processes would tend to give a normal con- 
tribution! If we have other shapes than a sphere, the 
situation becomes more complicated of course, but the 
general tendency seems to be that if the reduced zone 
is characterized by a large central hole, then we will get 
the results just described. One can contemplate inter- 
band transitions in a similar way, by reducing both 
bands into the first zone, and considering the directions 
of the velocities at & on the /th band’s surface to k’ on 
the /’th band’s surface. 

An important point is that once a band is reduced, 
and all k& space propagated periodically with this 
reduced zone, it cannot then make any difference where 
As an example, let us take the 
which the Fermi 
surface does not quite reach to the corners in the first 
zone, yet bulges slightly through the face centers into 
the second zone. [See Mott and Jones,' Figure 39(b). ] 
The first zone, when propagated throughout k space 


we choose the origin 


two dimensional square lattice in 


consists of a lattice of small hole spheroids centered at 


the corners. Let us for this discussion treat these as 
spheres. If we take a new origin at the center of one of 
these spheres, it is evident that all processes are non- 


umklapp, and they will contribute anomalously to S, 


BAILYN 


[i.e. (H10) will be positive |. If, however, we keep the 
origin at the center of the square as in the figure in 
Mott and Jone 
to corner umklapp processes as well as non-umklapp 
processes from one point to another of the same corner. 


s, then there is the possibility of corner 


Nevertheless, when one examines (H10), one finds that 
each transition yields the same result i 
tions, although sometimes it is regarded as an umklapp 


in both descrip- 


process in one and a non-umklapp process in the other. 

So much for the first zone. If we propagate the re- 
duced second zone to form a “‘second zone space,” we 
get a lattice of small electron spheroids (henceforth 
regarded as spheres). If we place the origin of a new 
unit cell in this space at the center of one of them, 
keeping the zone edges parallel to the original propagat 
ing zone, then it is evident that the new unit cell con- 
tains in addition to the central sphere also bits at the 
and from 
(H10) that all corner to corner transitions will give 
negative contributions to S,. [This must also follow 
from the fact that the corner bits combine 
small electron spheroid. All 


corners. It can be seen from the geometry 


to form a 
transitions from one point 
to another on this spheroid must be capable of being 
treated as non-umklapp processes giving a normal 
(negative) S,.] In addition there are transitions from 
the central sphere to the corner bits. Some of these will 
be umklapp processes, some non-umklapp. We will have 
the usual result that the umklapp processes will gener- 
ally give positive contributions ; the non-umklapp, nega 
tive contributions. These results for the two bands will 
hold even if the spheroids are flat ellipsoids 

Finally there are the band to band transitions. We 
take as origin the center of an electron spheroid. There 
are then two halves of hole-spheres that fit in the first 
The signs of the 


critically on the magnitude of the velocities 


zone. contributions will depend 


ind we find 


nothing of a systematic nature to predict 
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Infrared Absorption Wavelengths for Solid LiH and LiDt 


W. B. ZimeRMAN AND D. J. MontTGOMERY 
Michigan State University, East Lansing, Michigan 
(Received June 10, 1960) 


The infrared absorption spectrum of thin films of LiH and LiD was obtained at room temperature for 
the region 12.5-25 w. The primary feature of the spectrum is a broad but definite absorption peak which 
occurs at 17.04 for LiH and at 22.4 for LiD. The observed ratio of the wavelengths is 1.32+0.02, in 


excellent accord with the ratio of the square root of the reduced masses, 1.33 


This agreement is a con 


firmation of the elementary Born theory of lattice vibrations 


MONG the experimental techniques for investi- 

gating the features of lattice-vibration spectra, 
the study of the infrared absorption of thin films is 
especially valuable because it permits direct determina- 
tion of an important theoretical parameter, the infrared 
dispersion wavelength. To examine the range of validity 
of the Born formulation of lattice dynamics with 
respect to this quantity, we have studied the infrared 
absorption spectrum of thin films of lithium hydride 
made from different proportions of the isotopes Li® and 
Li’, H' and H®. In this note only the results with natura! 
lithium depleted in Li® (Li: ~97% Li’, ~3% Li) in 
combination with natural hydrogen (H: ~ 100% H!') 
or deuterium (D: ~98% H?) are described. 

A sample of powder of the appropriate composition 
was placed in a molybdenum boat, and vacuum- 
evaporated onto a cleaved KBr plate forming one wall 
of a specially-constructed vacuum cell. The thickness 
of the film was estimated by interferometric observation 
of the deposit on a glass slide placed next to the KBr 
plate during the evaporation. Infrared absorption 
spectra from 12.54 to 25m were obtained at room 
temperature with a Perkin-Elmer Model 137 Recording 
Spectrophotometer (‘‘Infracord”) with KBr optics. 
With suitable sample thicknesses (0.03 u—2 yu), each 
material showed a broad but distinct and reproducible 
absorption maximum, as shown in Fig. 1, whose position 
could be read to 0.1 yw. 

For LiH, the position of the absorption peak was 
found to be at 17.0+0.2 yw, and for LiD at 22.4+0.2 x. 
The ratio of the two wavelengths is 1.32+0.02. Accord- 
ing to the elementary portions of the Born theory,’ the 
ratio should be the same as that of the square root of 
the reduced masses, if the mixture of the lithium or 


+ This work was supported by the Air Force Office of Scientific 
Research and the U. S. Atomic Energy Commission. 

' See, e.g., M. Born and K. Huang, Dynamical Theory « 
Lattices (Clarendon Press, Oxford, 1954), Chap. 2 


f Crystal 


hydrogen isotopes can be considered as equivalent to 
a single species of the average isotopic mass. This latter 
ratio is 1.33, in excellent accord with the observed value. 
A similar result had been indicated in the findings of 
Montgomery and Misho* with Li®F and LiF, but the 
present result is more definitive in view of the large 
relative difference in mass of the hydrogen isotopes in 
comparison with the lithium isotopes. 

The observed value of 17.0 u for the dispersion wave- 
length of LiH confirms the estimate of Filler and 
Burstein® from their data on the infrared reflectivity of 
thick crystals of LiH. Upon taking their value for the 


ey 
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WAVELENGTH (MICRONS) 
Fic. 1, Infrared absorption spectrum for evaporated films of 
LiH and LiD at room temperature. Film thicknesses: less than 
Oly 


longitudinal optical frequency (corresponding to 8.93 y), 
and that for the transverse optical frequency found in 
the present work (corresponding to 17.0 w), in conjunc- 
tion with the value of 3.61 for the value of the high- 
frequency dielectric constant reported by Staritsky 
and Walker,‘ we obtain a value of 13.0 for the static 
dielectric constant. A measurement of this 
quantity would permit a more stringent test of the Born 
theory than that provided by the comparison above. 


direct 


? D. J. Montgomery and R. H. Misho, Nature 183, 103 (1959) 
+ A.S. Filler and E. Burstein, Bull. Am. Phys. Soc. 5, 198 (1960) 
‘E. Staritzky and D. I. Walker, J. Anal. Chem. 28, 1055 
1956) 
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Nuclear Resonance Absorption in Dy'® Situated in Dy,O; and 
Dysprosium Iron Garnet* 


S. Orer, P. Avivi, R. BAuMINGER, A. MARINOv, AND S. G. COHEN 
Department of Physics, The Hebrew University, Jerusalem, Israel 


(Received June 1, 1960) 


The recoil-free resonant absorption of the 26-kev y ray (Ty~3X10"* sec) emitted in the decay of Tb 
by absorbers containing Dy'® has been investigated. High Méssbauer efficiencies at room temperatures 
have been observed for sources and absorbers in the form of oxide and rare earth iron garnet. The line shapes 


obtained were very broad, of the order of 100 times the natural widths, and showed no resolv 
broad lines are interpreted as due to a wide complicated hyperfine spectrum whose 
smoothed out by transitions between magnetic subleveis induced by paramagnetic relaxation 
earth iron garnet, the exchange field acting on the rare earth ion should decouple the nuclear and 


ed lines. The 
details have beer 
In the rare 


electron 


spins. The effective magnetic field at the nucleus in the rare earth garnet is about 2X 10* o« 


E have investigated the recoil-free resonant 

absorption of the 26-kev y ray (5/2— — 5/2+, 
T,=2.8X10~-* sec),'* emitted in the decay of Tb'™ by 
absorbers containing Dy'™. The very large efficiencies 
observed for recoil-free emission and absorption with 
sources and absorbers in the form of oxide, or rare earth 
iron garnet, even at room temperatures, permit a study 
of the structure of the absorption lines. The dysprosium 
ions are strongly paramagnetic (for the free ion the 
ground state is /j5,. and the magnetic moment is 10.6 
un) and one would expect the hyperfine interaction to 
lead to a complex splitting of the emission and absorp- 
tion lines. On the other hand, the strongly temperature- 
dependent paramagnetic relaxation in solids should 
broaden the sharp hyperfine levels by inducing transi- 
tions between the magnetic sublevels, and if the spin 
correlation times are very short compared to the nuclear 
precession period, even reduce the over-all width of the 
hyperfine splitting.’ The present case is favorable for 
studying these phenomena in different crystalline en- 
vironments. In this work absorption lines of the order 
of 100 times the natural line width have been observed 
at room temperatures, but there is no evidence of de- 
tailed line structure. Measurements in rare earth garnets 
are of particular interest, in view of the ferrimagnetic 
nature of these materials and the existence of a mod- 
erately large exchange field acting on the rare earth 
ions.** 

Tb'* (half-life 6.9 days) was prepared by irradiating 
Gd,O; enriched in Gd!® with thermal neutrons in a 
reactor. Gd'* is formed by neutron capture and decays 
with a half-life of 3.6 min to Tb’. As sources in the 
resonance experiments, the irradiated Gd,O; containing 
the Tb'®™ was used, and also a mixed rare earth poly- 


* Supported in part by U. S. Air Force, Air Research and 
Development Command through its European Office 

1G. Hansen, O. Nathan, O. B. Nielsen, and B. K 
Nuclear Phys. 6, 630 (1958 

2D. R. Bés, Nuclear Phys. 6, 645 (1958) 

3G. K. Wertheim, Phys. Rev. Letters 4, 403 

‘R. Pauthenet, Ann. Phys. 3, 424 (1958) 

5’ P.-G. de Gennes, C. Kittel, and A. M. Portis, Phys. Rev 
323 (1959) 
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crystalline iron garnet (5Fe,O;-3M,0; 
irradiated gadolinium and 95% 
Dysprosium oxide (Dy,O 
sium iron garnet were used as absorbers. 

The 26-kev radiation was detected with a large argon- 
filled proportional counter. Relative uniform motion 


containing 5% 
natural dysprosium. 
or polycrystalline dyspro- 


between source and absorber with velocities between 
0.01 and 10 cm/sec were provided by a carriage driven 
by an accurately machined eccentric wheel rotating 
uniformly. Only the central part of the motion was used, 
over a distance of about 1 cm, and the transmission of 
the absorber was separately measured for both positive 
and negative velocities using fast mercury relays to 
operate the scalers 
time the counts. 
In Fig. 1 a plot of the counting rates obtained at 
300°K, with a 40-mg/cm? Dy,O; absorber and a Gd.O; 
source, for different source velocities is shown. From 


\ 1000-« y< le os il] itor was used to 


this figure it is seen that the maximum relative change 


f 


in counting rate is about 6°%. This number is to be 
corrected because of the dilution of the effect caused by 
the background in the 


corrected maximum effect in this cass 


gamma-ray spectrum. The 
s then (8.5+ 1)! fi 

The shape of the line approximates that of an isosceles 
triangle with a width at half maximum of 1.3 cm/sec. 
The simplest although crude interpretation for this 
shape is that both the emission and absorption lines 
have approximately rectangular shapes with widths of 
1.3 cm/sec. This width is 50 times larger than the half- 
width of the natural line calculated from the mean life 
of the level. No evidence of subsidiary resonances was 
found up to the highest velocity used—10 cm/sec. The 
absence of a detailed line structure is interpreted as 
being due largely to paramagnetic relaxation 

Figure 2 shows the maximum change in counting rate, 
corrected for dilution, as a function of the thickness of 
Dy-2O; absorber. The continuous curve drawn in Fig. 2 
is the graph of the function 0.23(1—e 
the absorber thickness in g/cm*. The approximately 
exponential character of the absorption of the resonant 
radiation is consistent with the assumption made above 


The 


‘*) where x is 


that the absorption line has a rectangular shape 
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Fic. 1. The absorption by Dy20; 
of the 26-kev y ray emitted in the 
decay of Tb'®™ as a function of 
relative velocity between source 
and absorber 
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magnitude of the effect thus extrapolated for an in- 
finitely thick absorber is then /,=0.23 and this is there- 
fore the probability for emission of recoil-free photons 
from the source at room temperature. The experiments 
showed that the mass absorption coefficient for the 
resonant radiation in the Dy,O, absorber is 12.5 cm*/g. 
The calculated mass absorption coefficient for radiation 
at the resonance energy, assuming the absorption line 
to have an unperturbed natural Breit-Wigner shape, is 
560 cm?/g and the conversion coefficient of the 26-kev 
transition is three, as is to be expected for a pure /1 
transition.’ Assuming the interpretation of the line shape 
given in the previous paragraph, the probability /, for 
recoil-free absorption in the absorber can be calculated 
from the ratio of the area of the experimental absorption 
line to the theoretical area of the natural absorption 
line. The value obtained in this way for f2 is about 0.9. 
This is a much more uncertain figure than the value for 
f; given above. From the experimental value /,;=0.23 
for the source of Dy in Gd,O,; we obtain a Debye tem- 
perature of about 230°K using the Debye-Waller 
relation.® 

In the measurements with source and absorber (40 
mg/cm*) in the form of iron garnets at 300°K, the maxi- 
mum relative change in counting rate was (4+ 1)% and 
the line had a much greater over-all width (width at 
half maximum 3.6 cm/sec), but showed, within the 
statistical errors, no sign of a line structure. 

Some experiments were also carried out at liquid air 
temperatures, with the oxide source and absorber. The 
maximum relative change in counting rate corrected for 
dilution, using a 40-mg/cm? absorber, was in this case 
(5+1)%, significantly less than the result at room 
temperatures. This result was somewhat surprising 
since the efficiencies for recoil-free emission and absorp- 
tion are expected to be larger at lower temperatures, in 
accordance with the Debye-Waller factor. The results 
can be explained, however, if we assume that the over-all 
broadening is greater at the lower temperatures, leading 
to a small average cross section for absorption. The 
present measurements of the line shape at liquid air 


* I. Waller, Ann. Physik 79, 261 (1926) 
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VELOCITY cm/sec 


temperatures, although stiil inexact, this 
conclusion 

Park’ has investigated the hyperfine splittings of the 
electron spin resonance absorption in dysprosium, for 
Dy" situated in dysprosium acetate at liquid helium 
temperatures, and obtained A,=0.038 cm™. Assuming 
splittings of this value for the nuclear ground state in 
dysprosium oxide and ignoring for simplicity the split- 
ting of the excited state (the nuclear magnetic moment 
is not known), one expects a maximum over-all width of 
about 4 cm/sec, for the absorption line, which is larger 
than that observed for the oxides. On the other hand, 
one expects several Stark levels to be excited at room 
temperatures, and the hyperfine splitting will be differ- 
ent for each level. Moreover, at room temperatures, the 
over-all hyperfine splittings may be reduced as a con- 
sequence of paramagnetic relaxation, and this might 


support 


explain the evidence for line narrowing at room tem- 
peratures mentioned above. The fact that the experi- 
mental line width is of the same order as the width 
expected from the results of Park, shows that the 
electron spin correlation time 7 is not very small com- 
pared to the nuclear precession frequency in the hyper- 
fine field. We conclude that r is not very small compared 
with 10-” sec. 
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Fic. 2, The points represent the resonance absorption as a 
function of the thickness of Dy,O, absorber. The solid curve is the 
graph of the function 0.23(1—¢"-*), where x is the absorber 
thickness in g/cm? 


7 J. G. Park, Proc. Roy. Soc. (London) A245, 118 (1958). 
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In the case of the garnets, an exchange field of the 
order of 10° oe acts on the rare earth ion, due to the 
interaction the and rare earth sub- 
lattices.*® This exchange field is sufficient to produce 
saturation magnetization of rare earth ions at room 


between iron 


temperatures, so that one would still expect that para- 
broaden the individual 
absorption lines. At lower temperatures, however, and 
possibly even at liquid air temperatures, one might 
expect to see some line structure, in view of the magni- 


magnetic relaxation might 


tude of the exchange field acting on the rare earth ion. 
The exchange field should decouple the nuclear and 
electron spins. The over-all maximum width of the 
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120, 


MARINO\ 


nuclear ground state can then be written as 2 wH,y, 
where H,, is the effective field at the Dy nuclei averaged 
over the different Stark levels operative at room tempera- 
tures. If we ignore, again, the hyperfine splittings of the 
excited state, and take 4=0.35 nm,’ then, from the 
experimental! width of the absorption line with garnets 
we obtain H 


at room-temperatures ~ 2 10° oe. 
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In the spectrum of Mn** in ZnSiF4:6H,0 a number of weaker lines are observed at intermediate angles of 
the magnetic field // with respect to the crystal] axis, in addition to the 30 allowed transitions AM =+1. 


Am=0. These lines have been measured and assigned to AM =+1, Am+1 transitions 
strong intensity is explained and the intensity of the lines is shown to be proportional to (D/A 


The relatively 
2 cos*@ sin’é 


These forbidden transitions can be utilized for dynamic polarization of manganese nuclei 


INTRODUCTION 


HE paramagnetic resonance spectrum of Mn?** in 

single crystals of zinc fluosilicate (ZnSiF.:6H,O) 
has been analyzed by Bleaney and Ingram.' The spec- 
trum consists of 5 groups of 6 lines each corresponding 
AM=+1 and Am=0. In addition Bleaney and 
Ingram observed a number of weaker lines when the 
external field was not directed along or 
perpendicular to the trigonal axis of the crystal. We 
have studied these absorption lines and are able to 
assign these to AM=+1, Am=+1 transitions. The 
relatively strong intensity of these so-called “forbidden” 
transitions is explained. can be 
utilized for dynamic polarization of manganese nuclei. 


to 


magnetic 


These transitions 


M=+3« 
M=+3< 
VU 


where H is the magneti field at which the transition is observed, Ho=hy gB, p 


THEORY 


The conventional spin Hamiltonian pertaining to an 


ion in an axial symmetry is given by 


= g6H-S+ D[S2—4S(S+1)]+F(a) 
F 1S,J,+B Sal a +S, ,) 


-y8vH-I+O'C72—47(7+1)]. (1) 


In the case of manganese S=/ Che symbols in (1) 


have their usual meaning. Taking the direction of the 


magnetic field as the axis of quantization, the allowed 


transitions pertaining to the electronic part of the 
| 


spectrum are given to second order by 


H,.+2D(3 cos*@—1)— (32D* H) cos*@ sin?é+ (D®/H>) sin*é>+ 2pa, 
Ho* D(3 cos?@—1)+ (4D°/Hp») cos?6 sin?@— (5/4) (D®/H 
H+ (16D*/ Ho) cos?@ sin*@— (2D*/H») sin*é, 


sin*é+ Spa, 


- 5d, B=P mm? + mn? +n, 


(l.m.n) being the direction cosines of the magnetic field relative to the cubic axes. 
In addition we need the matric elements resulting from the interaction between the nucleus and the electron 


* Supported in part by the U 
Office 

1B. Bleaney and D. J. E. Ingram, Proc. Roy 

2W. Low. Paramagnetic Resonance in Solids 


soc 


Academic 


S. Office of Scientific Research, Air Research and Development Command, through its European 


(London) A205, 336 ( 1951 
Press, New York, 1960 





SPECTRUM OF Mn? IN ZnSiF,.:6H;20, rRANSITION 


spins, and the direct interaction between the nucleus and the external magnetic field. These are given by* 


(Mm'|X| Mm)= K Mm-+ (0'/2)m*(3 cos*¥ — 1) —78vHm cos(¥— 8), 
(Mm|3|M+1, m)=+i[(B*— A*)/2K }m cosé sin6L.S(S+1)—M(M+1) }! 
(Mm|K|M+1, m+1)= (B/4)[1— ()(#)(4/K) JLS(S+1)— M(M+41) PT (1 +1)- 
VU m|\5C| M, m+1)=+i0’(m+}4) sin¥ cos¥L7(7+1) 


m(m+1) }}, 
m(m-+1) }* 

+ (1/2i)yBwH sin(@—W)[ 7 (1+1)—m(m+1) }!, 
(Mm|5%|M, m+2)= —Q'(sin*W/4)[7(1+1) —m(m+1) }§L7 (+1) — (m+1) (m+ 2) }, 


where 


K?= A? cos*6+ B* sin*é, cos¥=(A/K)cosé, sinv=(B/K) siné. 


In the case of manganese the contribution of the quadrupole interaction Q’ and the direct effect of the magnetic 
field are negligible and may be omitted in the calculation of the energy levels. The significant matrix elements are, 
therefore, the first and, in our case of particular importance, the third, which involves transitions of AM=+1, 


Am= +1. If we consider only transitions involving Am=0 we have to add to (2) to second order the term 


— Km— (B*/4H»)[(A*+ K*)/K? ](35/4 


For transitions involving a nuclear spin flip (Am= + 1) 


A= B=K in the second-order correction) : 


Mme M—1,m4+1 K(M—m—1)+(B?/2H))[ 


35/2 


Mm+«+ M—1, m—1 K (M+ m—1)+ (B*/2H»)[(m 


EXPERIMENTAL RESULTS 


When the spectrum is observed at 3-cm wavelength 
at intermediate angles, a number of weaker lines can be 
detected which are scattered between the 4th and 25th 
lines of the 30 “allowed” transitions. We have measured 
these additional lines at four angles: 12°, 18°, 34°, and 
78° from the crystal axis. Tables I and II give the 
observed transitions of M=4+«+ —}and M=—}< —}, 
Am=-+1. The levels as well as transitions have been 
calculated using the diagonal and off-diagonal matrix 
elements in Eq. (3) and Eq. (5), and using the values of 
the parameters D, a, 1, and B as measured by Bleaney 
and Ingram. Since the magnetic field at which these 
“forbidden” transitions occur are very sensitive to the 


TaBLe I. Observed and calculated transitions of M=4 ++ —}, 
Am = +1 for various angles @. The separation SH of the forbidden 
transitions is measured from a nearby allowed transition. The 
starred number refers to a stronger allowed transition, belonging 
to the next group of electronic transitions, whose position nearly 
coincides with a forbidden transition. 


Calculated AH 
in gauss 
relative to 
im’ — bm 


m' =% 42 


Measured separations A/H/ 
in gauss 
@=18° @=34° 


lransition 
km +> —}m+1 @=12 6=78 
40 39 41 36 
63* 63 —63 66 m=} -65 
6 38 —35 ~36 m=} —36 
-62* -63 -—W@ —-64 m=] —6l 
+62 +68 +64" +61 m= +62 
+36 +39 +35 m’=- +38 
35 37 33 om’ 6 
SY 5) 67* 67 om’ 61 
+ 56* + sO + 56 m’ +53 
4 34 37° 435) gy’ 4.35 


om me Re a ne Ba aR toe a 


we have to add to Eq 


m*) — (B*/2H»)(A/K)[ m(2M —1) |. (4) 


(2) the following terms (we assume 


2(m+1)(M—1 


+ (M—m)(M—m—1) |—y8wH cos(¥—@), (5) 


M)(M+m—1) ]+78w,H cos(¥— 8). 


lasie II. Observed and calculated transitions of M = — , 
Am = +1 for various angles @. The separation A// of the forbidden 
transitions is measured from a nearby allowed transitions. The 
starred number refers to a stronger allowed transition, belonging 
to the next group of electronic transitions, whose position nearly 
coincides with a forbidden transition 


}oo— 


Calculated A// 
in gauss 
relative to 
. 4m’ « = dm’ 


+-35 
~—36 
—37 
+36 


Measured separations A// 
in gauss 
6=18° 0=34° O=78 


lransitior 
4m * @=12 
i > ; 39° +36 +38 m' = 
le» , } 44 44 46 6° 

+ 32 —~32 -—40 —40° 

> +- 36 +35 +36 

34 40° 
+39" +40 
+62 1-63 


37* 
+ 34° 
+00 


6° 


accurate values of these parameters, and since these 
parameters have not been measured to a sufficient 
accuracy, a slightly different procedure was adopted. 
We measured the relative position of these “forbidden” 
transitions, Am= +1, from the nearest or next-nearest 
allowed Am=0 hyperfine transitions. In this case the 
electronic part of Eq. (2) does not affect the relative 
separations to first order. We assumed in these calcula- 
tions for simplification’s sake that A=B=K in the 
second-order corrections and that the second-order cor- 
rection to the hyperfine structure (— B*/2H»)[/(1+1) 
— m*+-m(2M—1) | is not a function of the angle. This 
last assumption involves an inaccuracy in the calculated 
spectrum of less than 2 gauss in the extreme cases. We 
also neglected the diagonal elements of y8wH. From 
the first and second order corrections in 7 the magnitude 
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Fic. 1. Observed and calculated spectrum of M=}4+«+ —4 and 
Am=0, Am=-+1 transitions using the parameters of the spin 
Hamiltonian given in the text. The intensity is arbitrary. The 
forbidden transitions are drawn with one half of the intensity of 
the allowed transitions. The dashed line in the observed spectrum 
refers to AM=+4++ +34 which falls within the M=}+«<> 
spectrum 


and relative sign of y can be obtained in favorable cases. 
As seen from Tables I and II the calculated and ob- 
served spectra agree well. We feel, therefore, certain of 
the assignment of these forbidden AM=+1, Am=+1 
transitions. Figure 1 shows the central part M=}-—+ —}3 
of the observed and calculated spectrum for the angle 
of @=12° 


TRANSITION PROBABILITIES 


The experiment was carried out with the rf field H, 
perpendicular to the plane defined by the magnetic field 
H and the crystal axis. Since the nuclear magnetic 
moment is very much smailer than the electronic spin 
moment, the transitions probabilities can be calculated 
from the matrix elements (Mm! S,|M—1,m+1). If we 
use conventional perturbation theory we would obtain 
transitions probabilities of the order of (AD cos@ sin@)* 
(g8H)* or (y8n/g8H)*. This would yield very weak 
forbidden lines. The significant experimental fact is how- 
ever that the intensity of these “forbidden” Am=+1 
lines is of the same order (up to 0.5) of the “allowed” 
Am=0 lines. Further the intensity is a strong function 
of 6 going to zero intensity at @=0° and @= 90°. Indeed 
it is very convenient to align the crystal by means of 
these forbidden transitions. These observations would 
lead us to suspect that the intensity should be pro- 
portional to (D/A)? sin?@ cos*@. Physically this means 
that there is a competition between the axial electric 
field and the magnetic field set up by the electrons at 
the nucleus in lining up the nuclei. In the particular case 
of the fluosilicate D and A are of the same order of 
magnitude and the usual selection rules of AM=+1, 
Am=0, break down 

This can of course be inferred from the inspection of 
the 36X36 matrix corresponding to the spin Hamil- 
tonian (1). The conventional perturbation theory breaks 
down since the off-diagonal elements in D and A are 
of the same order of magnitude. They are also of the 
same order of magnitude as the difference of the 
respective diagonal elements differing in m. Their con- 
tribution to the unperturbed wave function comes via 


AND W LOW 
an intermediary which heavily admixes states of the 
same M but differs in m. This hardly affects the 
position of the energy levels in second-order 
perturbation calculations 

A closed expression for the transition probability is 
difficult to give. An elementary example however will 
illustrate this 


the 


Assume a matrix of the form 


where LU’ and W are very large corresponding to g3H, 
a, 8, and ¢ are small corresponding to A, D, and K, 
respectively. It can be shown that the wave function 
corresponding to W is admixed with that of W—e with 
amplitude {28[a/(U —W) }}/{e+2ala/(U—W) }}. The 
admixture coming from U is small but that with W—e 
is very considerable. Assuming «e=0 the 
(8/a) or (D/A) sin®@ cosé. Obviously 
strong function of e«. The 
indicate that the Am=-+1 transitions corresponding to 
M =4 «+ —} are by far the strongest, followed by the 
M=%3<«>} transitions and about ten 
than the M=§ <> 3 
fact that ¢ is largest for the 5 <> 3 
smallest for the }<> —}t 
of the +3 «+ +} and 4 «> —} transitions the levels are 
being perturbed from both the higher and lower M levels 
giving an effective small « : 
only with the +3 <> +4 level and is therefore perturbed 
in one direction. The detailed behavior of the transition 
probability as a function of M 
calculated using a computer 
Jeffries’ has recently discussed in detail the 
nism of dynamic orientation of nuclei 
transitions in paramagnetic resonance 


admixture is 
the admixture is a 


experimental intensities 


times stronger 
transitions. This is explained by the 
transitions and 


ransitions. Further in the case 


The +3 «> +} interacts 


ind m can of course be 
mecha- 
by forbidden 
He calculates in 
a few cases the transition probability for a general 
His calculat 


probabilities which are 


anisotropic spin Hamiltonian ions indicate 
transition proportional to 
(B/g8H)* and are in general rat} Che forbidden 
transitions observed here can be utilized with much 
greater efficiency in simult y flipping the electron 
and the nucleus without the use of large rf power and 
over a range of angles. 

Zinc fluosilicate could, therefore, be 
cally polarized Mn™ and Mn 
in other paramagnetic systems with initial 
comparable with the hyperfine structure. Examples of 
such cases might be selected crystals of axial symmetry 
containing V** 


near cubic symmetry 


ised in dynami- 


Similar cases might occur 


splittings 


and possible rare earth ions in cubic or 
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A recovery model is presented which includes specific assignments of point defect migration to the various 
recovery stages in copper. New experimental results showing the effects of prior cold work on the production 
and subsequent recovery of damage produced in copper by 10°K and 90°K electron irradiations are also 
presented. The most significant observations in these experiments are: (1) irradiation recovery Stages Ip 
and I, are suppressed by previous cold work ; (2) this suppression is reflected in an increased damage rate 
at 90°K; (3) the additional damage which remains in Stages Ip and I, or which is produced at 90°K, 
recovers in Stage III; (4) the recovery in Stage III is altered from the bi-molecular process characteristic 
of annealed copper; (5) under certain conditions a super-recovery occurs in Stage III so that the measured 
resistivity drops below the pre-irradiation value. These observations are interpreted according to this 


recovery model 


I. INTRODUCTION 


N previous publications,'* a model was presented to 
account for recovery of physical property changes 

in the noble metals following charged particle irradia- 
tion. Recently, data have been presented in the litera- 
ture which cannot be explained by this model without 
some amplification and modification. In this paper a 
revised and expanded version of the previous model for 
copper is presented. Several aspects of the model are 
also applicable to gold. 

In the following discussion, the recovery stages in 
copper and gold are referred to as Stages I, I, III, IV, 
and V.* Stage I in copper has been subdivided into I,, 
Iz, Ic, Ip, and I¢.* The absolute temperature at which 
any recovery stage is “centered” depends upon the 
particular treatment given ; therefore, when a particular 
recovery stage is defined in terms of a specified tempera- 
ture range for electron irradiation recovery, this range 
may differ for the same recovery stage following other 
types of irradiation or other treatments. Nevertheless, 
the use of the recovery stage nomenclature has come 
into general use in the field, and is extremely useful in 
detailed discussions. As a general guide, we shall use the 
following temperature ranges for identifying the re- 
covery stages in copper and gold, recognizing that some 
exceptions exist : 


. O°K to 60°K, 

. 60° to 220°K, 
220°K to 340°K, 
340°K to 450°K, 

above 450°K. 


Stage I 
Stage II. . 
Stage ITI 
Stage IV . 
Stage V . 


The modifications which are made to the previous 

* This work was performed under contract with the U. S 
Atomic Energy Commission. 

1 J. A. Brinkman, C. E. Dixon, and C. J. Meechan, Acta Met 
2, 38 (1954). 

*C. J. Meechan and J. A. Brinkman. Phys. Rev. 103, 1193 
(1956) 

* See, for exampie, A. Seeger, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin 7, 557 (1955). 

‘J. W. Corbett and R. M. Walker, Phys. Rev. 110, 767 (1958 


model are based primarily on a consideration of four 
factors: (1) the demonstrations by Corbett, Smith, and 
Walker,® Cooper, Koehler, and Marx,* and Thompson, 
Blewitt, and Hoimes,’ that an interstitial-type defect 
becomes mobile in Stage I in irradiated copper; (2) the 
large amount of evidence for the assignment of single 
vacancy migration to Stage IV recovery; (3) the con- 
cepts that two distinct interstitial configurations may 
exist simultaneously in the copper lattice, and that 
conversion of one to the other is possible under appro- 
priate conditions; and (4) the new experimental results 
presented in Secs. III and IV of this paper. 

It has frequently been argued in the literature, 
primarily on the basis of factor (1), that interstitials 
migrate in Stage I and vacancies in Stage III in copper. 
It is our belief that consideration of both (1) and (2) 
requires the introduction of an additional defect to our 
model. The concepts mentioned in factor (3) arose in 
the discussions at a recent conference,* and we feel that 
they provide a satisfactory solution to the difficulties 
which ensue when an attempt is made to explain the 
existence of these three recovery stages with only two 
defects. Detailed arguments for our specific assignments 
are given in Sec. II. Sections III and IV describe a series 
of new experiments which were performed for the 
purpose of testing and gaining further evidence for these 
assignments. The results of these experiments are com- 
patible with our model and, in addition, they provide 
new experimental information regarding a defect pro- 
duced in copper by cold work which we believe to be 
the tri-vacancy. 


Il. FOUNDATION OF MODEL 


We shall outline our revised recovery model, incor- 
porating the more recent data in the appropriate places. 


* J. W. Corbett, R. R. Smith, and R. M. Walker, Phys. Rev 
114, 1452 (1959); 114, 1460 (1959) 

* H. G. Cooper, J. S. Koehler, and J. W. Marx, Phys. Rev. 97, 
599 (1955). 

7D. Thompson, T. Blewitt, and D. Holmes, J. Appl. Phys. 28, 
742 (1957). 

* A. Sosin, J. A. Brinkman, and C. J. Meechan, Phys. Today 12, 
3) (1959); Atomic Energy Commission Report NAA-SR-3250, 
1960 (unpublished) 
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In a recent article,* a list was given of the various 
lattice imperfections which are thought to exist. Since 
at least nine distinct types of defects have been pro- 
posed, it seems imperative to make a definite assignment 
of the migration of at least one type (preferably one of 
the simpler ones, such as the isolated vacancy or inter- 
stitial) and proceed to build the model from this point. 
It is our belief that a specific assignment for the recovery 
stage resulting from single vacancy migration in copper 
and gold can be made with greater confidence than that 
resulting from migration of any of the other defects. 
The reasons for this belief are based on a variety of 
experimental and theoretical studies as well as a con- 
fidence in the existence of a single, distinct configuration 
for the vacancy, as opposed to the possible existence of 
more interstitial configurations. From. this 
foundation, we shall proceed with the formulation of 
the model. Since it is generally agreed that vacancy 
migration occurs in either Stage III or Stage IV, we 
shall limit our arguments concerning this defect to these 


two or 


rec overy regions 


A. Evidence Against Vacancy Migration in Stage III 


Direct experimental evidence which supports the 
contention that Stage III is not the result of vacancy 
migration in copper is rather meager. A direct argument 
can be given, however, based on the results of theoretical 
calculations of the formation energy of vacancies, Fy, 
in copper. Separate calculations have been made in the 
past by Huntington,’ Fumi,"° Tewordt," and Seeger and 
Mann," all yielding values of FE, between 0.9 and 1.1 ev. 
The activation energy for recovery in Stage IIT following 
electron irradiation at 80°K is observed to be 0.60 ev.* 
This must be interpreted as 
migration of 


the activation energy for 
vacancies, /, if vacancy migration is 
assumed responsible for Stage III. Since self-diffusion 
in copper undoubtedly occurs by a vacancy mechanism, 
ka=Ewt+Ey,, where Eq is the self-diffusion activation 
The value of £4 is 2.1 ev, 
0.6 ev greater than that predicted by the sum of the 
for -, and the 0.6-ev value for E,, 
which follows from the assumption that vacancy migra- 
for Stage III. This discrepancy 
implies strongly that assignment of the 0.6-ev 
activation vacancy migration is incorrect. 


energy a value some 0.4 to 


theoretical value 


tion is responsible 
the 
energy to 
Conversely, if one rejects the theoretical values for the 
vacancy formation energy and insists upon the assign 
ment of 0.6 ev to vacancy migration as an experiment- 
ally determined value, then one is forced to conclude 
that £y must be about 1.5 ev. This in turn predicts a 
vacancy concentration just below the melting point 
approximately two orders of magnitude lower than the 


*H. B. Huntingtor 

”F. G. Fumi, Phil. Mag. 46, 1007 

'L. Tewordt, Phys. Rev. 109, 61 (195: 

A. Seeger and E. Mann, J. Phys. Chen 
\. Kuper, H. Letaw, L. Slifkir Sonder, a 


lomizuka, Phys. Rev. 96, 1224 (1954 


, Phys. Rev. 61, 32 


Solids 12, 326 (1960 
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vacancy concentration near the melting point in 
gold.4"5 A formation energy in agreement with the 
theoretical values, on the other hand, would give a 
vacancy concentration near the melting point in copper 
comparable with that in gold 

Direct experimental evidence is available, in the case 
of gold, indicating that Stage III does not result from 
Soth Stage III and Stage IV have 
Stage III 


does not appear to be a singly activated process in this 


vacancy migration. 
been observed in gold following cold work.'® 


case; however, Stage IV exhibits an activation energy 
of about 0.85 ev, in agreement with the value observed 
for migration of quenched-in vacancies." 


The above arguments imply quite strongly that Stage 


gold is not a result of 


III recove ry in both copper al d 
single vacancy migration 


B. Evidence for Vacancy Migration in Stage IV 


1) The first evidence presented for this assignment 
electrical resistivity 
in cold-worked copper.' The kinetics 
were of the form expected for the diffusion of an initially 
random distribution of point defects to infinite sinks. 
From this analysis it was deduced that vacancies mi- 
grate in this with an 
energy of 1.19 ev 


came from an analysis of the 
recovery kinetics 


temperature range activation 


(2) A radiation annealing experiment’ was performed 
in which cold-worked copper was irradiated with elec- 
trons at temperatures 313°K 423°K. 
While the rate of thermal recovery (beam off) at tem- 
peratures between 373°K and 423°K was nearly zero, 
a substantial resistivity decrease occurred during bom- 
bardment in this temperature range. The temperature 
dependence of this recovery was studied and it was 
observed that 


between and 


the rate 
small at and below approximately 363°K 
cluded that one of the defects produced by electron 
bombardment attains appreciable 
363°K. A theoretical analysis of the temperature de- 
pendence of this recovery yielded an activation energy 


recovery became negligibly 


It was con 


mobility above 


in reasonable agreement with the value determined in 
the previous work,' interpreted as the act 
for vacancy migration 

(3) Within the last year, elasti 


vation energy 


modulus measure 


ments were made on electron irradiated copper.'* A mod- 


ulus increase was observed upon annealing in Stage IV. 


The direction of the effect is not consistent with the re- 


lease of trapped defects from dislocations. The most di- 


rect interpretation is that vacancies migrate to and pin 


the conclu- 


dislocations in Stage IV, in agreement with 


sions reached in (1) and (2) above 


“4 J. E. Bauerle and J. S. Koehler, Phys. Rev 
‘6 J. S. Koehler, F. Seitz, and J. FE. Bauerle 
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THERMALI ACTIVATED 

(4) Some of the most conclusive evidence supporting 
the contention that vacancies migrate in Stage IV was 
recently obtained by Schule and Seeger.'* They found 
that the Stage IV recovery in cold-worked gold exhibited 
an activation energy of 0.85 ev, in excellent agreement 
with the results of the gold quenching experiments" 
where E,, was observed to be 0.82 ev. Stage III recovery 
was also observed as a separate recovery stage in this 
same experiment. It is, therefore, extremely unlikely 
that the 0.82-ev activation energy in gold is to be 
ascribed to the same process as the 0.6-ev activation 
energy in copper. 

(5) Additional evidence supporting the assignment 
of vacancy migration to Stage IV is found in the cop- 
per quenching experiments of Airoldi, Bacchela, and 
Germagnoli.” They observed a recovery near 650°K” 
and determined a value of £,, of (1.2+0.1) ev, in good 
agreement with the earlier determinations.' "7 

(6) Finally, one can appeal to a comparison of other 
materials with copper. Data have been compiled on 
Cu,Au which demonstrate that vacancies migrate near 
373°K™ and that there also exists an additional recovery 
stage’ corresponding in temperature to Stage III in 
which vacancy migration does not occur. Recent 
experimental results on defect recovery in nickel” show 
a remarkable similarity to copper, and here Stage IV 
has been investigated in considerable detail by measure- 
ments of hardness, density, stored energy release, 
resistivity, and lattice parameter.” It was concluded 
from these studies that Stage IV in nickel is a result of 
vacancy migration and annihilation. 


All of the above results indicate strongly that both 
Stage III and Stage IV recovery are quite general in 
that they are both found not only in copper and gold 
but also in certain other fcc metals and alloys. Further- 


more, we feel these results show conclusively that 
vacancy migration should be ascribed to Stage IV and 
not to Stage ITI. 


” G. Airoldi, G. L. Bacchela, and E. Germagnoli, Phys. Rev 
Letters 2, 145 (1959) 

*® Jt is worth considering in this connection the dissimilarity 
between copper and gold insofar as Stage IV recovery is concerned 
The activation energies are substantially different (0.82 ev for 
gold and 1.2 ev for copper) but the temperatures at which recovery 
is observed following quenching differ by even a larger factor 
(360°K for gold and 650-700°K for copper). The average number 
of jumps made by vacancies in pt copper in migrating to 
a sink is therefore appreciably larger than in gold; Airoldi, 
Bacchela, and Germagnoli® estimate it to be 10* to 10’. Since this 
is appreciably larger than the reciprocal of the quenched-in 
vacancy concentration, one can conclude that vacancy removal 
does not occur through divacancy formation, as it probably does 
in gold. Migration to dislocations is probably the annihilation 
mechanism for vacancies in copper, since this can account for the 
large difference in the temperature at which Stage IV is observed 
in quenched copper” (~675°K) and cold-worked copper [D. B 
Bowen, R. R. Eggleston, and R. H. Kropschot, J. App!. Phys. 23, 
630 (1952), and reference 1] (~400°K) as a result of the large 
difference in sink concentration 

™R. A. Dugdale, Phil. Mag. 1, 537 (1956). 

# A. Sosin and J. A. Brinkman, Acta Met. 7, 478 (1959) 

= L. M. Clarebrough, M. E. Hargreaves, and G. W. West, Phil 
Mag. 1, 528 (1956) 
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C. Assignment of Interstitial Migration 


Electrical resistivity recovery in Stages I and III in 
copper has been studied quite extensively following both 
electron irradiation®** and deuteron irradiation.’ 
Unique activation energies have been found in both 
recovery stages, and the kinetics of the recovery have 
been determined. In addition, the recovery of lattice 
parameter and been studied 
following deuteron From the latter 
results, the conclusion has been drawn”’ that most or all 
of the recovery in both Stages I and III following 
deuteron irradiation (and presumably following electron 
irradiation, too, since the activation energies agree) is 
the result of the direct annihilation of interstitials and 
vacancies. Since we have ascribed single vacancy migra- 
tion to Stage IV, this annihilation must result from the 
occurrence of thermally-activated processes other than 


length changes have 


irradiation.’ 


single vacancy migration, unless more than one kind of 
single vacancy exists in copper. 

Corbett, Smith, and Walker** have shown quite con- 
clusively that a point defect produced by electron 
irradiation is mobile in the copper lattice in Stages Ip 
and Ig (33°K to 48°K and 48°K to 65°K). In view of 
their arguments, as well as those given above, we are 
led to the conclusion that this defect is an interstitial- 
type defect. The question then arises as to what defect 
is migrating in Stage III. One can suggest at least six 
possibilities: (1) migration of di-interstitials (or higher 
multiples) formed when single interstitials encounter 
each other in their migration through the lattice: (2) 
migration of di-vacancies (or higher multiples) formed 
directly by the irradiation; (3) migration of a second 
kind of vacancy; (4) migration of a second kind of 
interstitial; (5) release of interstitials from traps; (6) 
break up of defect impurity-defect 
complexes. 

The last two possibilities are eliminated by two 
observations: (1) Stage III recovery following electron 
irradiation accurately obeys the chemical rate equation 


complexes or 


with an order of 2.0, and (2) this stage is also character- 
ized by a single unique activation energy. If the rate- 
limiting step were the release of Stage I-type inter 
stitials from traps (as would be required to explain the 
0.60-ev activation energy), then the kinetics should be 
first order rather than second. If several different types 
of traps are involved, then the total recovery would 
consist of several first order processes which might 
approximate a pure second-order reaction. In this case, 
however, the recovery would not be characterized by 
a single unique activation energy as is observed. Further 
doubt is cast on the contention that possibility (6) con- 


* A.W. Overhauser, Phys. Rev. 90, 393 

7% R. O. Simmons and R. W. Balluffi 
1958 

% R. Vook and C. Wert, Phys. Rev. 109, 1529 (1958). 

7 A. Seeger, Proceedings of the Second United Nations Inter- 
national Conference on Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1959), paper No. 998. 


1953) 


Phys. Rev. 109, 1142 
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tributes appreciably by considering the new data 
presented later in this paper. It is demonstrated that 
the magnitude of Stage III recovery is enhanced at the 
expense of Stages Ip and Iz in cold-worked electron- 
irradiated copper. These observations, together with 
the fact that the second order kinetics are depressed 
towards unity following this treatment, are difficult to 
understand from the viewpoint of possibility (6). 

Possibility (2) can be eliminated by considering the 
magnitude of the recovery in Stage III relative to that 
in Stage I. It is relatively easy to calculate an upper 
limit for the ratio of di-vacancies to single vacancies 
produced by electron irradiation of any given energy. 
This ratio should increase rapidly with increasing elec- 
tron energy in the range from 1.0 to 1.5 Mev. The ratio 
of the amount of Stage III recovery to Stage I recovery 
which we find following 1.25-Mev electron irradiation 
is greater, not less, than the ratio found by Corbett ef al. 
at 1.4 Mev. Furthermore, the magnitude of Stage III 
relative to Stage I obtained by Corbett ef al. as well as 
that obtained in the present work, is at least a factor of 
two larger than one calculates, assuming di-vacancies 
to have twice the resistivity of singles. The observation 
of second-order kinetics in Stage ITI is also difficult to 
explain on the basis of possibility (2). The data pre- 
sented later in this paper constitute a strong argument 
against possibility (1), since it is difficult to imagine how 
cold work can drastically increase the relative number 
of Stage I interstitials which become paired. 

Only possibilities (3) and (4) remain, implying quite 
strongly that electron irradiation produces single point 
defects other than the Stage I interstitial and the Stage 
IV vacancy. At least three reasons exist for choosing 
possibility (4) over possibility (3). First, two distinct 
kinds of interstitial configurations have been suggested. 
Second, the second-order kinetics of Stage III should be 
obeyed for possibility (4), but is highly unlikely for 
possibility (3). Third, recovery Stages Ip and Ix are not 
observed following cold work at liquid helium tem- 
perature.”* Since cold work is believed to produce at 
least one kind of interstitial,” and Stage III recovery is 
observed following cold work™ (as well as Stage IV),” 
possibility (4) offers an explanation for this otherwise 
unexplained paradox. 

The two kinds of interstitial configuration which we 
believe to be responsible for the recovery Stages Ip, Iz 
and III, are (1) the C configuration of Huntington" in 
which two atoms in a (100) orientation are situated on 
opposite sides of a normal lattice site (hereafter referred 
the 
aligned along a (110) direction. Recent calculations by 


to as normal interstitial) and (2) a crowdion® 


8. J. Meechan and A. Sosin, J. Appl. Phys. 29, 783 (1958 


*R. R. Eggleston, Acta Met. 1, 679 (1953) 

* D. B. Bowen, R. R. Eggleston, and R. H. Kropschot, J. Appl 
Phys. 23, 630 (1952) 

* H. B. Huntington, Phys. Rev 

® H. Paneth, Phys. Rev. 80, 708 
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Vineyard, Gibson, Goland, and Milgram® indicate that 
both of these configurations can be produced by electron 
irradiation although the crowdion is not a stable or 
metastable static configuration in their model. Never- 
theless, because of the need for a second kind of inter- 
stitial configuration developed in the above arguments, 
and because of the absence of any other postulated 
both the 
interstitial and the crowdion can exist and undergo 
thermally activated migration as distinct 
defects in the copper lattice. We assume the crowdion 
to be metastable, the energy barrier preventing its 
conversion to a normal interstitial being greater than 
its activation energy for migration.™ 

Having chosen two interstitial configurations, we 


configurations, we will presume that normal 


separate, 


must next assign the migration of one to Stages Ip and 
Iz and the other to Stage III recovery. We do this on 
the basis of the observation, mentioned earlier, that cold 
work produces a Stage III recovery but no Stage Ip and 
Ie recovery. It is expect d that cold work will produce 
substantial numbers.”’? The 


treatment, however, 


the normal interstitial in 
production of crowdions by such 
is not at all obvious from geometrical considerations. 
It seems most reasonable, therefore, to conclude that 
crowdion migration is responsible for recovery Stages Ip 
and Ig and migration of the interstitial is 
responsible for Stage III recovery. It should be pointed 


out that this assignment differs from that of Corbett 


normal 


et al., who ascribe migration of the normal interstitial to 
Stages Ip and Ig. They rejected the crowdion assign- 
ment on the contention that an excessive number of 
jumps, calculated in the manner prescribed by Lomer 
and Cottrell,® is required for a crowdion to reach a 
vacancy. However, they also point out that conclusions 
based on such jump arguments aré 
and should not be considered definitive 
experimental studies, 
evidence from which a 
which interstitial is 

recovery stages. 


rather unreliable 
The present 
yield further 


de S( ribe d be low, 


lusion can be drawn as to 


com 


respo! sible for each of these 


Ill. NEW EXPERIMENTS 

Most of the studies of defect produc 
which have appeared in the literature have been carried 
out on pure metals using one treatment 


tion and recovery 


such as partic le 


% G. H. Vineyard, J. B. Gibson, A. N. Goland, and M. Mil 
Bull. Am. Phys. Soc. 5, 26 (1960 

* Although relatively few data are available on the Stage I 
recovery of irradiated gold, it apy hat a major 
exists in this recovery stage between copper and gold 
Koehler, and Marx* have observed little if any recovery 
trical resistivity in Stage I for gold followir u n irradiation 
near 12°K, whereas approximately 50°, of the luced damage 
recovers in this stage for copper following the same treatment 
They further observed that Stage III is greater ir 
copper, and that the total recovery up to and including Stage III 
is nearly identical for the two metals. These facts may be an 
indication that the static crowdion configuration is completely 
unstable in gold and therefore only the norma! interstitial is 
observed to migrate. Obviously, more data are needed before a 
more definite statement can be made in this connection 

3% W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 
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Tas_e I. Schedule for cold-work and irradiation treatments 





Pre-irradiation treatment 
Area Pa.2 

reduction Annealing (10-* 

(293°K) schedule 


16% , 3 min 
16° 3°K 5 hr 
32° 373°K 3O min 
32° 373°K 30 min 
32° 3°K Shr 
92% 373°K 3 min 
92% 373°K for 3 min 
92° /, 293 K for 5 hr 
(annealed) = 3.4 X 10 ohm-cm 


Exposure Ap 
(10"* i0-* 


1.013 
1.046 
1.850 
1.758 
1.910 
2.927 
3.027 
3.242 


2.778 
2.695 
2.986 
3.194 
2.882 
2.956 
3.225 
2.832 
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irradiation, cold work or quenching from high tempera- 
tures. While these investigations have been extremely 
fruitful, we believe that a systematic investigation of 
the effects on damage production and subsequent 
recovery caused by such a combination treatment as 
irradiating specimens with varying dislocation densities 
should also prove helpful in arriving at a satisfactory 
model for radiation damage recovery. 

Cold-worked specimens were prepared by drawing 
annealed copper wires of 99.999% purity through dies 
at approximately 300°K. For the 90°K irradiations, 
area reductions of 16°%, 32%, and 92% were used and 
the final diameters were 0.014 inch in all cases. One set 
of specimens was then annealed at 293°K for five hours 
and another set at 373°K for 30 minutes. Resistivity 
measurements were made at 4.2°K using standard 
potentiometric methods with a measuring current of 
4.3 amperes. The relative error in the resistivity meas- 
urements is approximately +1X10-" ohm-cm. After 
the above treatment, irradiations were performed at 
90°K with 1.25-Mev electrons. Table I lists the various 
treatments and resulting effects on the resistivity for 
each specimen. For the irradiations below 10°K, 29% 
and 91% area reductions were used and the final speci- 
men diameters were all 0.0021 inch. Measurements were 
again made at 4.2°K with a measuring current of 0.4 
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Fic. 1. Curves showing the effect of prior cold work on the 90°K 
exposure curves of copper for 1.25-Mev electron irradiation 
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Fic. 2. Isochronal recovery of resistivity of cold-worked 
(CW-3a) and annealed (A-1) copper following 1.25-Mev electron 
irradiation at 90°K 


ampere. The manner of irradiation and target box design 
will be described elsewhere. These samples were irradi- 
ated with 1.0-Mev electrons. 

The exposure curves obtained at 90°K for all of the 
cold-worked specimens are shown in Fig. 1 along with 
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Fic. 3. (a) Isothermal recovery of resistivity of copper cold 
worked and annealed at 293°K before irradiation. (b) Isothermal 
recovery of resistivity of copper cold-worked at 293°K and 
annealed at 373°K before irradiatior 
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Fic. 4. Isochronal recovery of resistivity of cold-worked and 
annealed copper following 1-Mev electron irradiation below 10°K 
rhe solid line follows the points for the annealed specimer 


a corresponding curve for a fully annealed specimen 
hereafter referred to as A-1 
previous work.’ Isochronal 


The latter curve is from 
data, obtained 
following irradiation for specimens CW-3a and A-1, are 


recovery 


shown in Fig. 2. The pulse time at each annealing tem- 
perature was five minutes. Isothermal recovery data 
for CW-2, CW-4, and CW-6 are plotted in Fig. 3(a) and 
those for CW-1, CW-3 and CW-5 in Fig. 3(b). In 
obtaining all of these data, petroleum ether was used as 
the annealing bath. Finally, Fig. 4 shows the isochronal 
recovery in Stage I for cold-worked and annealed speci- 
mens following simultaneous irradiation below 10°K 
with 1.0-Mev electrons; the pulse times were again five 
minutes. A more comple te des ription of these latter 
experiments will be published later 


IV. DISCUSSION OF RESULTS 
Exposure and Isochronal Recovery Curves 


We shall first discuss three features of the data shown 
in Figs. 1 and 4. These features are the following: 

(1) The resistivity increase for a given exposure to 
1.25-Mev electrons at 90°K increases with the amount 
of cold work. The detailed shapes of the exposure curves 
are shown in Fig. 1 

(2) The total recovery in Stages Ip and Ig is reduced 
substantially by previous cold work. The magnitude of 
this reduction appears to increase rapidly with small 


amounts of cold work 
work. 

(3) The reduction in 
samples is confined almost exclusi 
Stages Ip and I; 
agreement with the 


tner tural wit! heavy cold 
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within 2%) to 


recovery in the 


Features (2) and (3) are in general 
of Walker and Corbett.** 
be « xp] sined 


findings 
These features car he postulate that 
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retained in some manner by dislocatior 


the defects re spon ible for Stage recovery are 
More specifi- 
cally, dislocations may convert the Stage (Ip+Iz 
defect (i.e., is mobile at tempera- 
tures below 90°K to the Stage III defect (the normal 
interstitial). This conversion may either in a 
dynamic manner before the cr lost its kinetic 


ounter with a dis- 


the crowdion) wl 


occur 
»wdion | is 
energy or as a result of a chance ¢ 
while the 
through the lattice. 
It should be 


mechanism is 


location crowdion thermally migrating 


noted that conversion 
somewhat I rin nm t to that Sug- 
gested by Leibfried*’ for the « pla ment of atoms by 
the interaction of 
faults, it 
total number of defects produ 
worked material Leibfried 
with ours. Second, in our ¢ 


focuso! wit dislocation stac king 
differs in two import First, 


| the 
enhanced in cold- 


aspects 
with but not 
and Va- 
cancy are generally wide parated in the lattice, while 
in Leibfried’s mec! are produced in 
close proximity to the d e wide separation of 
the interstitial and vacancy our case results from the 


transport of mass along the path of the moving crow 
dion, whereas in Leibfried’s « 

port occurs between thi 

and the dislocation. 

It might be suggested that the increased damage rat¢ 
in the cold-worked specimens irradiated at 90°K is the 
sole result of an increased prods n rate of defects due 
to the enhanced dislocation entration either by the 
operation of Leibfried’s mechanism or as 


lowering of the displacement 


a result of a 


necessary to dis 


lodge an atom from its lattice site in the vicinity of the 


out h an er 


dislocation core. nce! t would also be 
observed in the 10°K damage ite, and no ippression 
of Stages Ip and Ig would be i 


(ur measure 
ments have not been to evaluate 


CONCIUS 
juantitatively the influence of cold-work on the damage 
rate below 10°K. Walker an tt recently 
reported that the effect of cold work on the 20°K 
damage rate is small, which would indicate that these 
mechanisms play a minor role. Experiments are now in 
progress which should further clarify this point. In any 
event, these mechanisms certainly do not explain the 
suppression of Stages Ip and Ig by cold work as does 
the conversion mechanism described above. 

90°K damage 


e appres iably 


At higher integrated flux values, the 
curves for the cold-worked samples deviat 
%R. M. Walker and J. W 
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from their initial linear behavior in all cases except the 
92% area reduction specimens. The initial slope seems 
to approach a limiting value given by the slope of the 
92% area reduction specimens. The integrated flux 
value at which the curves deviate appreciably from a 
linear behavior increases with increasing amount of cold 
work. In all probability, curves for the 92% area reduc- 
tion specimens will also show a curvature at higher 
values of integrated flux. There is also an indication that 
the curvature will not continue indefinitely. It is seen 
in Fig. 1 that the exposure curve slope for any of the 
cold-worked specimens never becomes less than that 
characterizing the final portion of the exposure curve 
for A-1. 

The qualitative features of the effect of cold work on 
the shape of the exposure curves at 90°K can be sum- 
marized as follows: 


(1) All exposure curves at high integrated flux 
approach a slope approximately equal to that of A-1 
(4.3 10-8 ohm-cm per e/cm*) for 1.25-Mev electron 
irradiation at 90°K. (This feature is somewhat specula- 
tive since the total amount of irradiation was insufficient 
to precisely define the final slope.) 

(2) Cold work prior to irradiation at 90°K increases 
the slope of the early part of the exposure curve. A 
limiting initial slope of about 13.3X10-** ohm centi- 
meter per e/cm* for 1.25-Mev electron irradiation is 
approached with increasing amounts of cold work. 

(3) The region of integrated flux over which the 
transition from the initial slope to the final slope of the 
exposure curve occurs is shifted to higher integrated 
flux values with increasing amounts of cold work. 


These features can be explained as follows. The final 
limiting slope at high flux values results from the direct 
production of immobile normal interstitials by thos« 
primary collisions in which the knock-on atom is driven 
in such a direction that it is not focussed into a close- 
packed row of atoms and therefore does not become a 
crowdion. The vacancy concentration in the lattice, 
when this slope is reached, has increased to the point 
where vacancies are completely dominant over disloca- 
tions as crowdion sinks and all crowdions which are 
produced, therefore, are annihilated at the irradiation 
temperature of 90°K. The limiting value of the initial 
slope corresponds to the reverse situation, in which all 
crowdions are being converted to normal interstitials 
because the dislocations dominate as sinks prior to the 
enhancement of the vacancy concentration by prolonged 
irradiation. The ratio of these two slopes therefore can 
be interpreted as a measure of the fraction of the dis- 
placed atoms which are produced directly as normal! 
interstitials by 1.25-Mev electron irradiation at 90°K. 
This interpretation implicitly assumes that (a) the 
resistivity of a normal interstitial is independent of 
whether or not it was produced directly or by crowdion 
conversion, and (b) that any contribution from Leib- 
fried’s mechanism is reasonably small. In the transition 
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region from the initial to the final slope, the shape of the 
exposure curve is dependent on the relative magnitudes 
of the capture cross sections for crowdions by vacancies 
and dislocations. The complex geometry of dislocations, 
as well as the unknown relative concentrations and 
spatial distribution of dislocations and vacancies, make 
a detailed understanding of the complete exposure 
curves impossible at present. 

It should be noted at this point that the above ex- 
planation for the shapes of the 90°K exposure curves 
does not satisfactorily explain the 80°K exposure data 
obtained by Corbett and Walker. The final slope of 
their 80°K exposure curve in annealed copper is at least 
a factor of two and one half less than the corresponding 
present value. Furthermore, the shape of their exposure 
curve is apparently quadratic rather than linear; how- 
ever, their exposure was terminated at an integrated 
flux value at which the linear portion of our exposure 
curve had just begun. The incident electron energy is 
somewhat different for their experiments and the pre- 
sent ones (1.4 Mev and 1.25 Mev, respectively), and 
more important, the impurity concentration in their 
specimens was lower than in ours (pp= 1.5 10~* ohm- 
cm and 3.4X10~* ohm-cm, respectively). These differ- 
ences are undoubtedly important and the need for 
further work is indicated. The model presented by 
Corbett, Smith, and Walker predicts that the slope of 
the 80°K exposure curve will continue to decrease at 
higher integrated flux values whereas our model predicts 
a constant final slope. 

The isochronal recovery data obtained following both 
the 10°K and 90°K irradiations are consistent with the 
explanation given above for the effects of cold work on 
the exposure curves. All of the additional resistivity 
change produced in the cold-worked specimens at 90°K 
recovers in Stage III as shown in Fig. 2; this is also the 
case for cold-worked specimens irradiated below 10°K 
but is not shown in Fig. 4. The conversion of crowdions 
to normal interstitials enhances the number of the latter 
produced in cold-worked specimens irradiated at 90°K. 
Therefore, the enhancement of Stage III recovery, 
which we ascribed to the migration and annihilation of 
normal interstitials, is predicted by our model. Further- 
more, it is apparent that if Stage IIT is enhanced by such 
a mechanism, it must occur at the expense of Stage 
(Ip+Ig). The observed reduction in the magnitude of 
Stage (Ip+Ig) in cold-worked specimens, relative to 
the annealed specimen, is therefore regarded as direct 
experimental evidence present inter- 
pretation. 


favoring the 


Figure 2 also shows that Stage III, as measured by 
the isochronal method, is shifted downward in tempera- 
ture for the cold-worked specimens relative to A-1. 
Previously’, an expression was derived which predicts 
the magnitude of the temperature shift AT, of the 
central temperature 7, for a recovery process obeying 
: second-order chemical rate equation. This derivation 
is based on the assumption that the temperature shift 
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results solely from the differences in the initial concen- 
tration of the defects responsible for the recovery stage 
and differences in the average heating rate. Use of the 
bimolecular rate equation cannot be justified for the 
cold-worked specimens for reasons described below. 
However, if such a calculation is made, one estimates 
the shift to be about 80° as large as is observed. There- 
fore, the fact that a shift is observed should not be 
construed as evidence that the additional Stage III 
damage in the cold-worked specimens results from a 
different type of defect 


Kinetics of Stage III Recovery 


As discussed in a previous paper,’ the isochronal and 
isothermal recovery data can be combined to determine 
the activation energy, E, of the recovery process. From 
the isothermal recovery curve, values of 7;, annealing 
time, are obtained which correspond to each measured 
resistivity value on the isothermal curve. Values of Ar 
for successive measurements, along with the appropriate 
temperature, 7;, are then determined. The activation 
energy is obtained from the slope of the curve obtained 
by plotting InAr, vs 7;~'. The value of E derived in this 
manner must be treated with caution since, if a chemical 
rate equation of constant order is not obeyed, then this 
method of analysis demands identical treatments for 
isochronal and isothermal specimens. Nevertheless, a 
value of E=0.67 ev was obtained for CW-3 and CW-3a 
using this method; this energy appears to characterize 
uniquely the recovery over a 40°K temperature range 
in Stage IIT. No unique activation energy was found for 
CW-5 and CW-5a. For comparison, 0.60 ev is the activa- 
tion energy previously determined for A-1. We are 
inclined to believe that the 0.07 ev difference in the 
activation energy for Stage III in CW-3 and CW-3a 
from A-1 is due to an actual shift in the energy brought 
about by cold work and not simply experimental error. 
It is believed that this shift is an indication that the 


unique recovery stage is becoming more complex 
through interaction of the migrating interstitials with 
the various defects produced by the cold work. This 
contention seems justified to some extent by the fact 


that specimens CW-5 and CW-5a, which received 
heavier amounts of cold work, do not exhibit a unique 
activation energy over any appreciable temperature 
range in Stage III. 
Previously’ it was shown that the recovery kinetics of 
Stage III for A-1 could be accurately described by 
dp dt —C(T)p’, (1) 
with y= 2.0. In the present work, it was found that the 
Stage III recovery kinetics for all of the cold-worked 
specimens could not be described by Eq. (1) with y=2. 
If such an analysis is made of the data, “‘best values” 
of y are obtained which lie in the range 1.4 to 1.9 for the 
amounts of cold work used, the lower values corre- 
sponding to the greater amounts of cold work. Presum- 
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ably, lattice defects produced by the cold work are 
responsible for this change in kinetics. The direction in 
which the apparent value of y is shifted suggests that 
the concentration of sinks for the migrating interstitials 
exceeds the interstitial concentration in the cold-worked 
specimens. 

According to our model, cold work produces lattice 
vacancies which are immobile in Stage III as well as the 
temperature at which the cold work was performed. 
Therefore, the data were analyzed using the following 


rate equation for the time rate of change of defect 


concentration 


dny dt 
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where the subscripts / and V refer to interstitials and 


vacancies, and mp represents the excess vacancy con- 
centration which was introduced by the cold work. Here 
it is that 
vacancies. Integration of Eq. (2 


assumed interstitials annihilate only at 


gives 
ny (3) 


Assuming that the measured resistivity changes are 
proportional to changes in the defect concentration, we 
may write 

(4 
The isothermal recovery ita for the cold- 
worked specimens were plotted in the form In[(p+p0)/p | 
vs f and po was adjusted so that such a plot resulted in 
a straight line. In each case, f above and 
below that value which yielded a straight line were used 
to show that the curvature actually progressed from a 
negative value through zero, corresponding to the 
selected value of po, to a positive value. If this behavior 
could not be satisfied, the analysis was assumed to fail 
for that particular specimen. Taking the 
relating ) and po to be 1.5 micro-ohm-cm per atom 
percent vacancies, it was found that mp=5X10~-* for 
CW-3 and mop=1.5X10~-* for CW-1. These values of n 


represent the excess vacancy concentration 


various 


values of p 


constant 


(produced 
by the cold work) which 30-minute 
anneal at 373°K. (The failure of this analysis for all 
other specimens will be discussed later 
conclude that 
isothermal recovery data and yields very reasonable 
values for mo, 
feel this kinetic behavior is new and convincing evidence 
that vacancy migration must be ascribed to Stage IV 

from the migration of an 


remains after a 


Therefore, we 
Eq. (2) accurately accounts for the 


the residual vacancy concentration. We 


and that Stage III must result 
interstitial-type defect 


Undershoot Phenomenon 


The specimens which were cold-worked and annealed 
at 293°K before irradiation (CW-2, 4, 6) exhibited a 
surprising recovery phenomenon after long time anneal- 
ing at 273°K following irradiation. Under these condi- 
tions, the absolute resistivity of the cold-worked speci 
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mens was actuaily less than the pre-irradiation value. 
Figure 3(a) shows that the magnitude of this undershoot 
increases with increasing amounts of cold work. If the 
cold-worked specimens were annealed for 30 minutes at 
373°K before irradiation, no appreciable undershoot 
occurred [Fig. 3(b) }. 

A separaie experiment was conducted to show that 
the occurrence of this phenomenon is a direct conse- 
quence of encounters of migrating radiation-induced 
defects with certain residual defects produced by the 
cold work. A copper wire was reduced in area by 32% 
at 293°K, then isothermally annealed at 273°K for five 
hours, and its recovery rate compared with CW-4. The 
rate of recovery for this specimen was at least 30 times 
slower than that observed for CW-4 at the same residual 
resistivity value. (Further, it should be noted that this 
phenomenon is not to be associated with dislocation 
climb induced by point defect migration since this latter 
effect has been shown" to be negligibly small below 
about 373°K.) 

The undershoot phenomenon can be qualitatively 
explained as follows. Seeger? has pointed out that 
various kinds of multiple vacancies, e.g., tri-vacancies, 
quadri-vacancies, etc., should be produced by plastic 
flow in metals. Let us postulate the existence of a com- 
plex vacancy of multiplicity m which is essentially 
immobile at 293°K and becomes quite mobile or 
dissociates near 373°K. (This latter feature is needed to 
account for the lack of undershoot in CW-1, CW-3, and 
CW-5.) When a migrating interstitial encounters such 
a defect, the interstitial will be annihilated and the 
remaining complex vacancy or vacancies will have a 
total multiplicity of (m—1). If any of these remaining 
products have appreciable mobility at 273°K, they can 
then migrate and annihilate at sinks other than inter- 
stitials. Such a process will result in a residual resistivity 
recovery of greater magnitude than that corresponding 
to the annihilation of a Frenkel pair, assuming that the 
resistivity of any vacancy complex exceeds that of a 
single vacancy. Regardless of the specific identification 
of the vacancy complex, we feel that the explanation of 
this undershoot phenomenon requires the migration of 
an interstitial-type defect in Stage III. 

The most obvious choice for the original complex is 
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a tri-vacancy. When a migrating interstitial combines 
with this defect, the product is a highly mobile di- 
vacancy which can escape from the lattice. Our present 
knowledge of the mobility or dissociation temperature 
of tri-vacancies is inadequate to warrant the conclusion 
that the tri-vacancy plays the dominant role in the 
undershoot phenomenon but it seems to be a reasonable 
choice. 

Since the magnitude of the undershoot increases with 
increasing cold work, we conclude that the number of 
interstitials captured by vacancy complexes relative to 
the number captured by singles increases with increasing 
cold work. Furthermore, if the vacancy complexes are 
present in any appreciable concentration, the Stage III 
recovery kinetics appear to be extremely complex. This 
is apparently the primary reason that Eq. (2) does not 
satisfactorily fit the isothermal recovery data for speci- 
mens CW-2, 4, 6, since it is assumed in Eq. (2) that 
interstitials are captured solely by single vacancies. The 
unsatisfactory fit for specimen CW-5 is most probably 
a result of the fact that the dislocation density in this 
heavily cold-worked specimen is sufficiently high so 
that the dislocations seriously compete with vacancies 
as primary sinks for the migrating interstitials. 


Vv. CONCLUSIONS 


The specific modifications and expansions of our 
earlier point defect recovery model for copper are sum- 
marized below. 

(1) Two kinds of interstitial configurations, the 
crowdion and the normal interstitial, may be produced 
in copper by electron irradiation. 

(2) Crowdions migrate in Stage (Ip+I¢); normal 
interstitials migrate in Stage ITI. 

(3) Crowdions can be converted to normal interstitials 
in the vicinity of dislocations. 

(4) A vacancy complex, possibly a tri-vacancy, is 
relatively stable at 293°K and migrates or dissociates 
near 373°K. 
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Exciton and Magneto-Optical Effect in Strained and Unstrained Germanium* 
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Measurements have been made of the direct transition magneto-optical effect in strained and 
germanium at 77°K. The results indicate that the absorption peaks correspond to transitions to excitor 
levels associated with each Landau level in qualitative agreement with the calculations of Loudor 
Howard and Hasegawa. A definitive experiment is suggested to test this theory 


unstrained 


I. INTRODUCTION tension on the sample when cooled. The results were : 


shift of EF, towards lower energy as 


he ENT experiments'? on the direct transition I ' «phasic see ay isin 
- ‘ ‘ 4 , ] 7 ~+ ‘ ' 
exciton and magneto-optical effect in germanium @" wazzera’ have also repot — mee 


have been made for samples glued to a backing, usually 

£ £ ) 
glass. It has been pointed out by Macfarlane, MacLean, 
(Juarrington, and Roberts’ that samples mounted in 


urements for free-mounted germanium at 77°K with 
approximately the same results as found by MMOR 
The effect of the strain on the energy band structure 
° ° e has e . i 5 leiner and ott to ¢ tain 
this way become strained when cooled because of the ‘“ been examined by Kleiner and Roth »btain 
information about the deformation potential for the 


} 


difference in contraction of the sample and backing. 
band edges. They concluded that the backing produces 


rhis group made transmission measurements at 77°K 
on the same germanium sample, first mounted free of “ shear strain that splits the val nd into two edges 
any backing, and then glued to a glass substrate. They 
observed for the backed sample that the exciton 
absorption, F,, shifted to higher energies and a second 
absorption appeared at an energy greater than F,. The 
conclusion was that backing the samples on glass pro- 
duced a compressional strain that distorts the energy 
band structure. As a further check of this theory, fused 
silica was used as the backing material to produce a 


and also increases the energy ga yr the backed 
samples they associate an exciton level with each valence 
band edge and thus explain the second absorption. Th« 
shift in E, is associated with the increased energy gap 

From these investigations, it is therefore obvious tl 
in order for an experiment to accurately represent t) 
intrinsic characteristics of the sper imen and not som 
property of the environment the sample must b 
mounted strain-free. This problem of a strain-fre: 
QQ sample arises only for the case of the direct transitio1 
magneto-optical effect. Here the sample s must be thin 
(about 5 microns) to observe the effect. For the indirect 
transition, the samples are several millimeters thick 
and self supporting. Thus, the question of strain do 
not arise. 

The purpose of this paper is to re port the results of 


direct transition magneto-optical effect measuremen 


{ 
on strained and unstrained get ium samples at 77°K 


An interpretation of these da vade in terms of 


transitions to exciton leve sociated with each Landau 

experime ntal tec hnique 
are briefly described in Sec. IT. In Secs. Hil and IV ars 
given the experimental results and analysis for th 


’ 
‘ 


unstrained and strained specimen, respectively 
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- II. EXPERIMENTAL TECHNIQUE 


ae. Che germanium samples were made from either | 100 
r ] " ~~ —e ad aia } 

Fic. 1. Sample holder for free mounted samples or (110 J “ alers cut tro Crysta Phe 

am thin specimens were made by careful grinding and 
* This work was conducted by Project Michigan under a De- 

partment of the Army contract administered by the U. S. Army gettin, vi 

Signal Corps. to minimize the adverse surface effect the grinding 
1S. Zwerdling, B. Lax, L. Roth, and K. Button, Phys. Rev + fer was cut to - sdanesd ne © —_— 

114, 80 (1959); hereafter referred to as ZLRB : Each wafer wa eteades oe ‘ ; 1a side and 
?D. F. Edwards, R. W. Terhune, M. Bruemmer, and C. W 

Peters, Bull. Am. Phys. Soc. 4, 154 (1959 4D. Edwards and V. Lazazzer su r hys. Soc. 5, 177 
*G. G. Macfarlane, T. P. McLean, J. E. Quarrington, and (1960). 

V. Roberts, Phys. Rev. Letters 2, 252 (1959): hereafter referred ‘W. H. Kleiner and Roth, Pl ev tters 334 

to as MMOR. (1959 
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polishing techniques, and a 5] | attempt was made 
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a thickness of about 1 mm. The trimmings are then used 
as material to help maintain parallel surfaces and are 
called blocking material. The 2-cm square is glued at 
the center of a 3-inch diameter optical flat with an 
acetone soluble thermosetting glue.* The trimmings are 
glued adjacent to this piece in approximately the same 
position as before they were cut off. In addition, three 
or four blocks of the same thickness are glued equally 
spaced at the edge of the flat. To help insure parallel 
surfaces these eight or nine pieces are glued at the same 
time using a thin layer of glue and are held under 
pressure until the glue hardens. The first surface is then 
ground lightly using 3200 grit carborundum on an 
optical flat to remove any saw marks. A scratch-free, 
highly reflecting surface is now obtained by polishing 
with Linde A’? on a moist Metcloth® stretched over an 
optical flat. About 25 microns of material is removed by 
the polishing to reduce any layer damaged by the 
grinding. The resulting surface is optically flat to less 
than a fringe over approximately the center 90% of the 
sample. For this first surface, no attempt is made to 
reduce the thickness of the germanium wafer. The wafer 
and blocks are now removed, either by gently heating 
or dissolving the glue in a solvent, and each piece is 
turned over and glued with the polished surface towards 
the optical flat. Sometimes a section of mi roscope 
slide is used between the germanium pieces and the flat. 
The thickness of the wafer is now reduced to about 100 
microns using 400 or 600 grit corborundum. Periodi 
checks are made to insure that the wafer surfaces remain 
parallel. The wafer thickness is next reduced to about 
25-30 microns using 3200 grit. The last 20-25 microns 
are removed using the Linde A polishing compound on 
Metcloth as before. Once the second surface has been 


COPPER 
RADIATION SHIELD 


PERMENOUR 
MAGNET 
POLE TIPS 


PYREx 
RITE window NOSE PIECE 


iG. 2. Saraple end of metal liquid helium dewar showing 
glass nose piece and magnet pole tips. 


* NU-C-70, Hugh Courtright & Company, 7600 Greenwood 
Avenue, Chicago 19, Illinois. 

? Linde A, Linde Company, Division of Union Carbide Cor 
poration, New York, New York. 

* Metcloth, Buehler, Ltd., Evanston, Illinois 
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lic. 3. Zero field exciton transmission for strain-free 


germanium at 77°K 


polished, the sample thickness can be checked from the 
interference fringes produced by multiple internal re- 
flections in the transparent spectral region of the 
germanium. By carefully polishing and frequent check- 
ing for parallel surfaces, fringes usually can be obtained 
for samples about 15 to 20 microns thick. The polishing 
is continued until the samples are about 5 microns 
thick. The wafer is now masked and cut, using a dental 
dust blast, into samples about 4 mmX12 mm along 
definite crystallographic directions. The samples are 
floated from the microscope slides by dissolving the glue 


in warm dichlorethylene. 


The crucial part of the direct transition measurements 
is obtaining a sample that is strain-free at all tempera- 
tures. To help insure this, the samples were mounted 
free from any backing in the holders of the type shown 
in Fig. 1. The samples were placed between two micro- 
scope cover glass slides and this sandwich is then slipped 
under the spring clips of the sample holder as shown at 
the bottom of Fig. 1. This arrangement permits easy 
handling of the delicate samples and also the free move- 
ment of the sample with respect to the cover glass when 
the holder is cooled. To insure that the sample is at the 
temperature of the coolant, the entire holder, with 
sample in place, is immersed in the coolant. The sample 
end of the metal Dewar’ used for these measurements 
is shown in Fig. 2. The nose piece is a Kovar metal-to- 
glass seal with the infrared beam passing through the 
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Edwards, R. W. Terhune, and V. J. Lazazzera, Rev. Sci 
29, 1049 (1958 
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glass. The tips of the pole pieces are part of the Dewar 
wall and magnetic fields up to 25 kilogauss are possible. 

A high resolution Fastie-Ebert grating spectrometer”® 
with 3-meter focal length optics, single pass, and a 
127X203 mm (300 Bausch and Lomb 
grating operated in second order was used for these 
measurements. The detector Eastman lead 
sulfide detector cooled to 77°K. The entire optical path 
was evacuated to less than 50 microns pressure with the 
exception of a short distance between the source and 
entrance to the evacuated spectrometer tank. This path 
was filled with dry nitrogen. The purpose of the evacua- 
tion and dry nitrogen is to remove all water vapor and 
CO, from the optical path. A combination of an ADP 
crystal and a coated silicon crystal were used in the fore 


lines/mm) 


was an 


optics to remove the unwanted orders of radiation from 
the incoming beam. A polaroid-type HR polarizer was 
used in the fore optics for the polarized light experi- 
ments. The sample was placed in the aft optics to avoid 
possible heating by the source. The resolving power of 
the instrument was not used to its fullest because of the 
broad nature of the absorption lines. For a resolving 
power of about 13 000 the spectral slit width was about 
1/15 the width of the narrowest line and gave a signal 
to-noise ratio of about 100 with the sample in the beam 


III. UNSTRAINED SAMPLE 


In our laboratory we have repeated the zero-field 
exciton transmission measurements of MMQR at 77°K 
and the results for an unstrained.sample are shown as 
curve 7/J-91, Fig. 3. The exciton absorption line, 
i, =0.88171+0,00002 ev, represents the excitation of 
an electron from the valence band to the ground state 
of the direct transition exciton. The spectral slit width 
for this measurement was 7X 10~° ev. For comparison, 
curve RRE-2 is the data of MMOQOR for a free mounted 
sample at 77°K. They give the position of the exciton 
as £,=0.8820+0.0001 ev. It should be noted for both 
curves that there is just the single absorption, E,, 
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fic. 4. Portion of magneto-absorption spectrum for strain-free 
germanium at 77°K and magnetic field of 20 kilogauss. Levels X; 
correspond to exciton transitions and 1; correspond to Landau 
transitions determined from Eq. (2). 
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followed by the monotonically decreasing transmission ; 
no other absorptions are present." Elliott" has investi- 
gated theoretically the direct transition between 
spherical energy bands including the Coulombic effect 
between the hole and electron. He showed that one 
should expect a sharp absorption peak for the exciton 
followed by a region of continuous absorption beginning 
at the energy gap, Fo, of the form 


e*/sinhx, where x=a/ (F E,) (hv— Ep) |! (1 


By fitting the experimental data of Fig. 3 with the 
theoretical curve, Eq. (1) the direct transition energy 
gap, Eo, can be evaluated. MMQR have done this and 
find Eo=0.8832+0.0001 ev. For sample T/-91 the direct 
transition energy gap was estimated to be 0.88344 
0.0001 ev. 

With the application of a magneti 
uous absorption for hy> /y be 
oscillations, and is called the magneto-absorption effect 


field the contin- 


omes a series of lines or 


A portion of the magneto-absorption spectrum is shown 
TI-91, and a 
magnetic field of 20 kilogauss. On this transmission plot 


in Fig. 4 for the unstrained sample, 


each minimum represents an absorption peak and are 
represented in the lower figure by the energies XY; (i=1, 
2,3, . . . ). The energy of each of the absorption peaks 
for various values of applied magnetic field is shown in 
Fig. 5. From this figure several points should be noted 
First, for zero field only the sing 


le absorption, £,, is 


y 
? 
5 


observed as was shown in Fig Second, the lowest 


absorption behaves quadratically with magnetic field 
and can be traced to zero field ond level is also 
quadratic in B and appears to originate from the region 
of E,, but the absorption peaks are well defined for 
fields less than 8 kilogauss. The third point to note is 
that the higher levels appear to be linear with B. How- 
ever, if the same change of curvature in going from the 


The se 


lowest to the second level is extended to the higher 
levels, it is reasonable to believe that any curvature 
above the second level would not be discernible. If we 
assume that these higher levels depend linearly on 
magnetic field, i.e., assume the absorption lines corre- 
spond to transitions between Landau levels, then the 
energy separation between two levels, m and n’, will be 
of the form” 


Ean = Eot 


with the condition 
An 


ntum numbers, 
ncy for band 1, 
field, 


where n and n’ refer to the Landau qu: 
and w.-; = eB/m,*c is the cyclotron frequ 
and similarly for band 2. For zero magneti 

" For sample RRE-2 the deviation in the region of 0:8855 ev 
might be due to a slightly strained sample (see Fig. 7), and would 
thus account for the difference in the FE, value 

2R. Elliott, Phys. Rev. 108, 1384 (1957 

13 See for example, E. Burstein, G. S. Picus, R. F. Wallis, and 
F. Blatt, Phys. Rev. 113, 15 (1959); L. Roth, B. Lax 
Zwerdling, Phys. Rev. 114, 90 (1959 
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Fic. 5. Magneto-absorption 
spectrum for strain-free germanium 
at 77°K. Levels X; correspond to 
exciton transition and J; corre 
spond to Landau transitions deter 
mined from Eq. (2 
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Een» = Eo, and thus the extension of the higher levels in to Landau transitions, the exciton would have a negative 
Fig. 5 to zero field would give the direct transition binding energy which is contradictory to the usual 
energy gap Eo’ =0.88047+0.00047 ev, a value less than definition of an exciton 

the exciton energy, E,. But it is not possible for the Loudon" has extended the calculations of Elliott" to 
energy of the bound electron-hole of the exciton tohave the case of optical absorption in the presence of a 
a higher energy than the free carriers in the conduction se 


e ' “ R. Loudon, Doctoral dissertation, University of Oxford, 1959 
bands. In other words, if the higher levels corresponded _(to be published) 
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ENERGY BANOS FOR UNSTRAINED GERMANIUM 


lic. 6. Energy band structure for strain-free germaniun 
with and without a magnetic field 


magnet taking into account the 


field effect of the 
exciton. His conclusions are that associated with each 
Landau level in the conduction band there is an exciton 
level and the most important absorption peaks in the 
magneto-absorption spectrum correspond to the transi 
tions to these exciton levels with the Landau absorption 
an insignificant shoulder. This same conclusion was 
arrived at independently by Howard and Hasegawa,'® 
who examined the magneto-absorption spectrum of 
impurity states. Thus, the conclusion of Fig. 5 is that 
the higher levels, as well as the two lowest levels, 
correspond to exciton transitions with a nonlinear field 
dependence and originate from the region of /,. The 
model of this energy band structure is illustrated in 
Fig. 6. For zero field the exciton absorption E,(0) is the 
strong absorption peak followed by the smooth direct 
transition absorptions for hy> Fo. For B¥0 the strong 
absorptions of the magneto-absorption spectrum are for 
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transitions to the exciton levels, kx, B), (i 5. id 

associated with each Landau level Ex,;(B). The position 
of the Landau levels can be estimated using Eq. (2 
and the cyclotron resonance effective masses, m,* 
0.22mo (heavy hole) and m.*=0.034m 


. They are shown 
in Fig. 4 by the energies L,(i 


oa») ee on 


applied magnetic field of 20 kilogauss. From this figur 
the most important absorption is the exciton absorption, 


x;, with the Landau absorption an insignificant shoulder 
For Landau levels 1, and L- there is some indication of 
an absorption peak but are insignificant compared to 
the exciton absorptions. The Landau levels are shown 
in Fig. 5 by the dashed lines and are labeled L; (i=1, 
2, ... ). We have arbitrarily considered only transi 
tions between the heavy holes and the conduction band 
with An=—2. The difference between the Landau level 
and the corresponding exciton represents the 
exciton binding energy. At zero field the exciton binding 
energy, Hez;= E1;—Ex;, is 0.0017 ev 
quadratically with magnetic field it 
ment with the 
Adams.'® For a given magneti 
increase with the 


level 
and increases 
qualitative agree- 

VYafet, Keyes, and 
field, the Fez; values 
This may just be fortuitous 
because of the manner use in 


calculations of 


inde XY 2 


selecting the Landau 
levels 


IV. STRAINED SAMPLES 


The zero-field exciton transmission is shown in Fig. 
at 77°K 
for the unstrained sample of Fig 

comparison. Curve BTL-61 is the 


The curve 7J-91 is 
3 and is included for 


for a few strained samples 


transmission of the 
shift of E, and presum 
ably greatest strain that we m ured. The 


sample displaying the greatest 


strain in 


» held exciton trans 


trained germanium 


en ae 
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sample B7TL-61 was accidental and was probably pro 
duced by localized binding between the sample and the 
cover glass slides. Unfortunately, the strain in the 
sample could not be measured. The curve at the extreme 
right is that of ZLRB, and is for a sample glued to a 
glass substrate. The strain in each of these samples is 
compressional and is produced by the difference in the 
contraction of the substrate and the sample when 
cooled. The general properties of the strained samples 
as compared to the unstrained sampies are the follow 
ing: (1) the position of the absorption £, is shifted 
towards higher energies, and (2) additional absorptions 
are evident at energies greater than E,. These effects 
have been attributed® to the shear strain which splits 
the valence band edge into two edges and also increases 
the energy gap. 

The magneto-absorption effect has been measured 
for a few strained samples and the results are shown in 
Figs. 8 and 9. Both samples have the same genera! 
characteristics as for the unstrained sample, Fig. 5, with 
the exception of the shift in energies produced by th« 
strains. The two lowest levels of Figs. 8 and 9 behave 
quadratically with magnetic field, with the lowest level 
being traced to zero field. The higher levels appear to be 


930 ‘ie ae 2. SE CA Fe Ce oa 


SAMPLE BTL - 61 


+ 77°« 
| 


0} 


, * 80253 ev 
* 88032ey 








6 20 
MAGNETIC FIELD (kg) 


8. Magneto-absorption spectrum for a sample under 
a “slight” compressional strain. 
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9. Magneto-absorption spectrum for a sample under 
a ‘‘slight”’ tensional strain. 


linear and extrapolate to a point, the energy of which 
is less than E,. It should be noted that sample T/-91A 
is under a slight tension as demonstrated by the fact 
that E, has shifted towards energy lower than for the 
unstrained sample, Fig. 3. Thus it is evident from Figs. 
8 and 9 that for samples accidentally strained, at least 
up to a certain amount, the intense transitions are to 
exciton levels associated with each Landau level the 
same as for the unstrained sample. For sample BTL-61 
the magneto-absorption measurements were made using 
polarized radiation. Within the limits of the experiment 
no difference could be detected in the positions of the 
absorptions for £1 B and EB, where E is the electric 
vector for the polarized beam. The strain was compres- 
sional and presumably along a [100] crystallographic 
direction. 


Vv. CONCLUSIONS 


Results of the measurements of the direct transition 
magneto-optical effect in unstrained and “slightly” 
strained samples, indicate that the absorption peaks 
correspond to transitions to the exciton level associated 
with each Landau level and the Landau absorption is 
an insignificant shoulder. These experimental results 
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are in qualitative agreement with the calculations of 
Loudon, and Howard and Hasegawa. For a sample glued 
to a glass substrate the strain is relatively large and the 
magneto-absorption spectrum becomes rather compli- 
cated. An example of this can be seen from the measure- 
ments of ZLRB where at 77°K at least three zero field 
absorptions are observed. 

A definitive experiment that would verify that the 
intense absorptions were due to excitons would be to 
measure the photos onduc tivity at Ap Exz;(B#0). For 
a true exciton no photoconductive effect should appear. 


While this should in principle verify that the absorption 
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is due to an exciton, it may be a difficult measurement 


to make because of effects such as impact ionization 
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The electronic specific heat coefficient was measured in the temperature range 1.4° to 4.2°K for 
solution alloys in the following binary systems: Ti-V, V-Cr, V-Fe, Cr-Mn, Cr-Fe, and Fe-Co. The 


specific heat vs electron concentration curves show three quite well separated 


regions « 


states. The first of these occurs in alloys with atomic magnetic moments near zero. The secor 

in alloys which have increasing magnetic moments with increasing electron concentration, up to 
along the Pauling-Slater curve. The third region of high density of states extends from Fe+ 
limit of the bec solid solutions at Fe+75% Co, a range where the magnetic moment decreases with 


electron concentration 


INTRODUCTION 


HE details of the structure of the d band for 3d 
transition elements in the solid state are not 
definitely known as yet. Various points of view were 
recently discussed by Mott and Stevens,'! Lomer and 
Marshall,? and Marshall and Weiss.’ Experimentally, 
measurement of the electronic specific heat at low 
temperatures gives information on the density of states 
at the Fermi energy level. In the 3d transition elements 
and their alloys the major contribution to the density 
of states comes from the d band. By measuring the 
electronic specific heat for a series of isostructural solid 
solution alloys, the density of states in the d band can 
be determined as a function of the electron concentra- 
tion (the average number of electrons per atom outside 
the closed argon shell). Low-temperature specific heat 
results for body-centered cubic Cr-Fe and Cr-Mn alloys 
have been already published in a brief note.‘ The co- 


* This work was supported by the U. S. Air Force, Wright Air 
Development Center 

'N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957). 

2 W. M. Lomer and W. Marshall, Phil. Mag. 3, 185 (1958) 

*W. Marshall and R. J. Weiss, Suppl. J. Appl. Phys. 30, 220S 
(1959) 

‘C. T. Wei, C 
2, 95 (1959). 
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efficient of the term of the low-temperature specific 
heat linear in temperature was 
high values in alloys near Cr+19 at. % 

corresponding Cr-Mn alloys. At the time 


to reach 
Fe, and in the 


this note was 


found very 


published, it was uncertain whether or not these very 


high values might be interpreted 


s electroni specific 
heat coefficients. The present paper reviews recent in- 
formation bearing on this question, and it provides 
additional data extending the electron concentration 
range of the bcc alloys studied. Measurements 
made with 48 alloys in the binary systems Ti-V, V-Cr, 


Cr-Fe, Fe-Co, V-Fe, and Cr-Mn 


were 


EXPERIMENTAL PROCEDURES 


Most of the alloys were prepared by induction melt- 
ing in recrystallized alumina crucibles in He of one atmos- 
phere. Alloys containing vanadium were arc melted in 
a water-cooled under He 
phere. All alloy homogenized for 
three days at 1170°C in a purified mixture of 92% 
He+8% He gas, wrapped in Mo or Nb sheets. At the 
end of the homogenizing anneal the specimens were 
quenched in cold water. After this treatment, some 
alloy specimens were cold worked and reannealed at 
the following temperatures: The Cro.osFeo.94 specimen 


copper crucible atmos- 


specimens were 





LOW-TEMPERATURE SPECIFIC HEAT OF bes 


Tasie I. Chemical, spectrographic, and gas analysis of specimens.* 


Analysis wt % Calculated at. % ratio 


Fe Al Si t Or Hs No Vv Ti Mn Fe 


0.0730 0.103 0.0359 $1.13 48.87 
Cr 


0.0026 0.279 77.16 22.84 


50.11 49.89 
49.02 50.98 
26.00 74.00 
26.07 73.93 
0.0006 0.0402 20.14 79.86 
0.0006 0.0024 10.30 89.70 
0.0006 0.0122 5.15 94.85 
89.79 ¢ 

90.62 6b 

79.63 ¢ 
b 

t 


0.00X 0.00X 0.000X 


0.0611 0.0192 


0.0X 1 


0.00X 81 36 


’ , 69.66 . 
0.00X I 68.77 631.23 


61.69 ¢ 38.31 
0.0005 0.012 60.15 639.85 


0.0X 0.0X 0.0016 0.0247 49.35 50.65 


Calculated 
Analysis wt % at. % ratio 
Si ; : Hs Ne Vv Fe 


0.0099 0.554 91.92 8.08 

0.0029 0.0905 85.00 15.00 

N.D 0.0507 79.58 20.42 

‘ 0.0041 0.243 75.81 24.19 

Vo.mFeo 2. , N 74.37 25.63 

Vo.mFeo 2s AS N N 0.0017 0.359 7241 27.59 

Vo Feo: } 0.0005 0.0803 9.11 30.89 
Vo wFeo.a 0.0014 0.0539 

Vo.uFeo.ss 0.00X 63.41 3439 

Vo ssFeo ss N N 0.280 0.0006 0.0504 54.86 45.14 

Vo.uFeo« J i 0.0594 0.0013 0.0516 33.38 66.62 


Cr 


0.X 0.00X 0.0000 0.3460 6.0004 0.0021 98.0 

0.00X 0.0X 0.389 0.0005 0.00141 95.3 4.7 
0.00X 0.0X 0.2860 0.0004 0.0108 90.0 10.0 
0.00X 0.0X 0.3970 0.0004 0.0079 43.9 16.1 
0.00X 0.0X 0.3390 0.0010 0.0130 81.8 18.2 
0.00X 0.00X N ; 0.1370 0.0009 0.2630 19.4 


0.0003 0.000 0.332 0.001 0.0016 t 20.3 
0.0005 0.009 0.408 0.001 6 20.3 


N.D N.D. 0.00X N 0.2640 0.0011 0.0027 29.7 


0.0005 0.009 = 4 37.5 
0.0004 0.009 0.2470 9.0006 0.0018 637.3 


CrouFe xX . O00X 0.00X 0.0000X 0.0914 0.0001 0.0072 46.6 


0.0006 0.18 0.0598 0.0001 0.0072 4776 
0.0004 «=—(0.16 0.088 0.00014 - 6776 


Cro.isFeoss N.D 0.00X 0.0625 0.0003 0.0001 85.1 
Cro .osFes ‘ N.D 0.00X N 0.0384 <10"* 0.0007 94.3 


aFe 


Cro Fe 


Fe 0.0X N 0.0012 <5 «10 0.0002 100 
Calculated 
Analysis wt % at. % ratio 


tion r J : Al Si Cu i On 


Nominal 


composi 


Fes seCos 9.90 0.0X 0.0X 0.0064 ’ 0.0002 i 90.5 
Feo «Cos N.D . 15.10 0.00X 0.0X 0.0034 0.0002 ’ 85.6 
Fes Coos N.D ’ 24.96 0.00X 0.x 0.0100 0.0002 ’ 76.0 
Fes.reCos 31.32 0.00X 0.00X 0.000X 0.0044 0.0001 b “7 
Feo ssCoo N.D . 35.24 0.00X 0.X 0.0053 7 0.0009 . 65.8 
Fes erCoo N.D 38.70 0.0X 0.X 0.0118 0.0008 62.5 
Feo wCoo.s: N.D $2.20 0.00X 0.x 0.0149 0.0009 ‘ 49.0 
Feo «Cos. N.D 38.95 60.85 0.00X Ox 0.0035 0.0002 40.3 
Feo Cos es 0.0000 X N.D 29.53 69.04 0.00X 0.00X 0.000 X 0.0049 ’ 0.0002 . 2 | 
Feo =Coe 1 26.61 73.05 0.00X 0.X 0.0025 0.0001 : 27.8 
Fes. ssCoo 7 24.23 75.62 0.X 0.0100 0.0002 . 25.3 
Fes.srCoo.ss N 6.91 92.75 0.00X 0.x 0.0026 ’ 0.0001 7.3 


Pt Ot Ot OS Oe Oe OO Oe ee 


Co N 0.X 99.56 0.0X 0.X 0.0026 ’ 0.0001 


* N.D.—Not detected; t—top; b—bottom; X—an undetermined nonzero digit 
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was reannealed for two days at 800°C, Feo 75Co 


reannealed for two days at 650°C, Feo..Co 


», Was 
and 
and all other Fe-Co 
800°C after cold 
into 


Feo o7Coo.93 were not reannealed, 
alloys were reannealed for two days a 
working. The induction-melted ingots were cut 
two disks. Of each arc-melted alloy two buttons were 
prepared, 
possible. Table I give 


with as nearly identical] composition as 
he nominal composition, chemi 
cal, spec troscopic, and gas analysis for each spec imen. 
In many cases separate chemical analyses were made 
of the bottom and the top portions of induction melted 
ingots. As seen in Table I, these analyses agreed in all 
cases within less than 1%. The total weight of the two 
disks or the two buttons of each alloy, which were used 
together for the measurements, corresponded approxi- 
mately to 1 mole. After the measurements made in the 
usual way were completed, the Cro.s:Feo.19 alloy speci- 


mens were machined to a smaller size amounting to 


approximately 03 mole for use heat 
field 


size of this specimen was necessitated by the limited 


in the specifi 


determination in magneti The decrease in the 
space between the poles of the magnet. 

rhe calorimeter can with the specimen was cooled to 
about 1.2°K by lowering the pressure over the liquid 
He bath to about 1 mm Hg. After pumping out the 
exchange gas from the calorimeter can the measure 
ments were carried out by introducing into the specimen 
known amounts of electrical energy in successive steps, 
y the temperature rise at each 
been described previously 


measurements was the 


and measuring accurate 
step. The calorimeter ha 
A new fe 
use of a 


“ature in the present 


disk-shaped heater-thermometer assembly 
This form has the advantage that it can be used for 
alloys which are too hard to be drilled and machined 
accurately. A 7y-watt 
lrilled parallel to the flat surfaces 


nd }-in. thick copper disk. The 


carbon thermometer was fitted 


into the ;s-in. bore ¢ 


> 


of the 2-in. diameter 


Fic. 1 


eter 


Heater-thermor 
assembly \—copper 
disk; B—carbon thermom 
eter; C—manganin heater; 
D—specimer 


Rev. 112, 696 


t 6.090°K 


carbon thermometer w CLI y insulated from, 


and thermally connected the copper block by means 


No 
nylon-covered manganin wire was w 


10 B 
yund 


of glyptal. Approximately & S. gage 
noninduc- 
tively into the groove mai ound the periphery 
of the copper disk. The 
approximately 300 ohn t K, and 
coefficient of 0.0004 


was applied to that 


ter had a resistance of 
1 temperature 
silicone grease 
which was 
thermal 


" 
good 


flat ground and poli 
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contact with the polished faces of the heater-ther 
mometer assembly sandwiched between two specimens, 
Fig. 1. The sandwich was held together tightly with 


No. 18 gage copper wire. The assembly was hung inside 


the calorimeter can by means of thin nylon thread. 
The heating currents used successively in each ex 
periment were 0.2, 0.3, 0.5, and 1.0 ma, with the heating 
time kept in the range of 10-60 seconds, and measured 
by means of a precision 1000-cps signal generator and 


an electronic counter. The current passing through the 


thermometer was held at 1 wa during both 
calibration and measurement. In the case of the super- 
conductive Tio.sVo.s alloy specimen, measurements 
were made up to 6.5°K, in order to reach the transition 
temperature. In this higher temperature range, where 
the resistance of the carbon thermometer, was quite 


carbon 
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3. Specific heat of bec V-Cr solid solutions 
low, the current had to be increased to 10 wa. The 
voltage drop across the carbon thermometer 
slightly overbalanced by an opposing emf from a K-3 
potentiometer, and the difference was amplified by 
means of a de microvolt amplifier, the output of which 
was fed into a high-speed millivolt recorder. 
Measurements were normally made between 1.4° and 
4.2°K, where the carbon thermometer could be directly 
calibrated against the He pressure, using the 1955 
helium temperature scale,* 7552. During calibration 
correction was made for the pressure of the column of 


was 


uid helium over the center line of the specimen. It 
was found that in the temperature range from 1.2° to 
4.2°K the resistance of the carbon thermometers used 
could be fitted very accurately to the two-parameter 
equation [ (logR)/7 }'= A+B logR. The parameters A 


®J. R. Clement, J. K. Logan, 


and J. Gaffney, Phys. Rev. 100 
743 (1955 
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4. Specific heat of bec Cr-Mn solid solutions 
and B were very constant for each carbon thermometer 
over long periods of use. For different carbon ther- 
mometers the values of the parameters varied some 
A specific heat determination was made in a 
field of 1000 oe. The carbon thermometer 
calibrations made with and without the magnetic field 
did not differ from each other within the accuracy of 
the measurements. In the case of the superconductive 
alloy specimen Ti, ;Vo.5, measurements were made from 


what 


magnetic 
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6 specitx heat of bec V-Fe solid solutions 
1.7° to 6.5°K, although above 4.2°K no calibration was 


available. The calibration, carried out below 4.2°K, 
was extrapolated by using the above equation 

All specimens were examined metallographically. The 
hich \ 
ivr 


numerous fine crack 
in the Cr-Mn alloy 


V-Fe alloys with content were found to have 
Similar cracks were also found 
In the Cr-Mn 


alloys fine plate-like second-phase particles were found 


it high Mn contents 


dispersed in the bec matrix. These platelets were not 


present in the alloys in the as-melted condition, but 


were formed during the homogenizing anneal. It seems 
likely that these platelets are particles of a complex 
nitride phase, formed by the N2 
gas 
annealed. Small round oxide inclusions representing a 


impurity in the re 


ducing mixture in which the specimens were 
very small volume fraction of the specimens were found 
in the Cr-Fe alloys. X-ray diffraction patterns were 
used for the 


measurements, in order to ascertain the 


made of the homogenized specimens 


specific heat 
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crystal structure. Four Cr-Fe alloys were tested, in- 
cluding Cro.:Feo.19. All these alloys, and also Cro. sMno.s 
and Vo.2sCro.7s, were found to be body-centered cubic. 
Of the four Fe-Co alloys tested three were bcc, includ 
ing Feo.27Coo.73, which was re it 800°C. Alloy 
Feo o7€ ‘Oo 93, 1 170° a had 
face-centered cubic structure. The crystal structure of 
each alloy specimen is listed in Table III 


inne iled 


which was quenched from 


RESULTS 


Typical data for an alloy (\ ro.9) is given in 


Table II.’ Figs. 2 to 12 show the C/T vs T* plots for all 


alloys. The y and @ values derived from the experi 


Alloy Tio.sV 
maximum of 


mental data are listed in Table II] 
superconductive at low temperatures ; the 
the C/T, 


ducting transition temperature occurs at 6.09°K. This 


§ Is 


Fig. 2, which corresponds to the supercon- 


42} 


€ xidfcaL MOLE’ DEG* 


Fic. 8. Specit al t r i iti Filled 


Squares represt magnetic field 


of 1000 oe 


temperature of either 
nge in slope al 4.77 K 


that previously found 


is higher than the 
component of the 
in the C/T vs T° 
for \ . and for 
the 

values are distinctly 
of the 7* rel: 


ine is 
Ta’ i 


temperatures the mea 


tive state. At 


nduc 


lowest sured specific heat 


ower! 


exper ted on the basis 


tionship for superconductor 


The y value 


All data tained are a 
from P. A. Beck, 205 Trans 
Illinois, Urbana, Illir 

*W. S. Corak, B 
A. Wexler, Phys. Rev. 96, 1442 

*W. H. Keesom and M. Desirant 

®R.D. Worley, M. W. Zemar 
91, 1567 (1953 
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Fic. 9. Specific heat of bec Cr-Fe solid solutions. Note added in 
The composition indicated for the bottom curve is incor 
rectly specified. It should read ““CRo ogFeo. 94.” 


broot 


for the normal state of the alloy, given in Table III, 
was calculated by equating the entropy at the transi 
tion temperature for the normal and the superconduct 
ing states, as suggested by Corak ef al.® For the pur- 
poses of this calculation @ for the alloy was assumed to 
be 385°K, obtained by averaging the Debye tempera- 
tures of Ti and V. 

As seen in Fig. 3, the C/T vs T? plots for the V-Cr 
alloys are straight lines, conforming to the equation 


C=y7T+87*. 
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Fic. 10. Specific heat of bec Fe-Co solid solutions. [Solid 
lines represent electronic plus lattice contribution, as calculated 
from Eq. (2).] 
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Fic. 11. Specific heat of bec Fe-Co solid solutions. [Solid lines 


represent electronic plus lattice contribution, as calculated from 
—_" 


Eq. (2 
rhe coefficients y and 8, and the standard deviation e 
of the data points from the least squares fit according 
to Eq. (1), are listed for each alloy in Table III. It is 
seen in Fig. 3 that for alloy Vo.27Cro.e3 the lowest- 
temperature data points slightly deviate upward from 
the straight line extrapolated from the other data 
points. This deviation, which was found to occuf in 
several other cases as well, is presumably caused by the 
re-evaporation of adsorbed He exchange gas from the 
surface of the specimen in the earliest stages of the 


‘pes? 
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Fic. 12 heat of Fe-Co solid solutions. [Solid lines 


represent electronic plus lattice contribution, as calculated from 


Eq. (2).] 
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Pas_e III. Specific heat results. Estimated o 


Cr stal 


structure 


x 10% 
Alloy 


29 
47 


56 (60.6 


16.1 
12.4 
94 
~10.0 


AHA ei xxi xxi xara SSA 


* Mea 


heating cycle experiments this difficulty 


o} 


Was 


avoided by hirst 


e temperature of the liquid 


m 

helium bath from 1.2° to 1.5°K, and then lowering it 

again before starting the measurements, 
Garfunkel and Wexler he 

show conditions obtainable wl 


As seen 


as described 
. 


by other data in Fig. 3 


precaution is 


this 


observed in Fig. 4, the random errors for illoy 


M. P 
1954 


Garfunkel and er, Re nstr. 25 


I 


ver-all accuracy 


0.0410 
0.1507 
0.0663 
0.0627 
0.0373 
0.0469 


0.0454 


0.249 


0.0666 
0.0397 
0.0352 


0.0516 
0.0867 
0 0468 
0.0917 


0.3 
0.3 
0.0405 
0.086) 
0.123)" 
00151 
0.0433 
0.171 
0.137 
0.0768 
0.0632 
0.0433 


53 
55 


0.0527 
0.0553 
0.105 

0.0593 
0.0460 
0.0648 
0.0547 
0.0764 
0.0430 
0.0946 
0.0686 
0.0636 
0.0559 


0.0451 


Cro.5Mn 
presumably largely 
Be 


these 


, are larg - 
in this alloy 
observed for i 
could not be fitte 
fully below, 

\-Fe alloys, 

Figs. 7 and 8 

Table III are estimat 
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obtained for each alloy. The Debye temperature could 
not be measured for any of these alloys. The specific 
heat determinations made in the presence of a magnetic 
field for alloy Cro.s:Feo.19 (filled circles in Fig. 8) show 
much higher random errors than usual, because of the 
small mass of this specimen. 

As seen in Figs. 10 to 12, in the Fe-Co system 
specific heat anomaly occurs toward the lower end of 
the temperature range of the measurements. The extent 
of the anomaly increases with increasing Co content, 
but its presence is clearly established for all Fe-Co 
alloys, including the fec one. The measured specifi 
heat values could be expressed in the form 


yl +8T*+aT-, 


with a standard deviation of 0.2 to 1%, Table IIT. The 
third term here represents the contribution from 
hyperfine interaction between the dipole moment of 
Co nuclei with the effective field Hug at the nucleus 
Calculation of He from the coefficient a gives values 
increasing with increasing Fe concentration, as shown 
before by Arp, Edmonds, and Petersen,"* but the nu 
merical values (Table III) are somewhat higher than 
those reported by them. The Hy values obtained by 
Arp et al. are undoubtedly more accurate than those 
given in Table III since, in the temperature range 0.35° 
to 0.7°K used by them, the anomaly is more prominent 
Conversely, the temperature range of 1.4° to 4.2°K, 
used in the present work, gives more accurate results 
in determining y than the lower temperature range used 
by Arp ef al. It is probable that the rather high 7 values 
reported by those and for 
Feo 40Coo.60 are less accurate than the values given in 
Table III. 

The specific heat anomaly, shown by several V-Fe, 
Cr-Fe, and Cr-Mn alloys (Figs. 4 to 9), occurs in rela 
tively narrow composition ranges, namely at composi 


investigators for Co 


tions corresponding in each system to the steep rise 
in y with increasing Fe or Mn content, respectively 
(Figs. 13, 14). The temperature dependence of this 
anomaly is distinctly different from that of the anomaly 
discussed in the previous paragraph. For the anomaly 
now under discussion a separation of the specific heat 
into the three terms of Eq. (2) gives negative values 
for the constant 8, and hence negative apparent Debye 
temperatures. Since this is impossible, it may be con 
cluded that this type of anomaly can not be described 
by a term of the form a7~*. The anomalous specific 
heat term here decreases more slowly with increasing 
temperature than would correspond to the 7~? rela 
tionship. It is quite possible that this anomaly is a result 
of relatively long-range interactions of the magneti: 
moments of Fe or Mn atoms dispersed in a nonmagnetic 
or weakly magnetic matrix. The anomaly observed by 


” W. Marshall, Phys. Rev. 110, 1280 (1958) 
%V. Arp, D. Edmonds and R. Petersen, Phys. Rev 
212 (1959 


Letters 3 


v . Mer Fe Co 

4 5 ? # 9 
Fic. 13. y vs electron ntration for Ti-V, V-Cr, Cr-Fe, and 
le-Co allovs. {y values taken from earlier publications for Ti 
N. M. Wolcott, Phil. Mag. 2, 1246 (1957) ], V [W. S. Corak, 
B. B. Goodman, C. B. Satterthwaite, and A. Wexler, Phys. Rev. 
102, 656 (1956)]}, Cr [I. Estermann, S. A. Friedberg, and J. E 
Goldman, Phys. Rev. 87, 582 (1952)], and Cro asFeo.55."* Filled 

squares represent data for close-packed structures. } 


conce 


Guthrie, Friedberg, and Goldman“ in Cu-Ni alloys 
occurs at a composition corresponding to the beginning 
of ferromagnetism in that alloy system, and it shows 
a temperature dependence similar to that characteristic 
Nobel and 


of the phenomenon just discussed. De 
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Fic. 14. ¥ 


tions (filled triangles) and for be« 


centration for bec V-Fe solid solu 
Cr-Mn solid solutions (solid 
hin line duplicates curve in Fig. 13 for comparison 


vs electron cor 
squares 


4#G.L 
113, 45 


Guthrie, 


S. A. Friedberg, and J. E. Goldman, Phys. Rev 
1959) 











in ev 


volt, 


alloys, calcu 


| states per atom per electror 


vs /, in electror Cr-Fe, and Fe-Co 


lated from data in 


recently found that the specific heat 
Ag-Mn and Cu-Mn alloys has a 
imilar temperature dependence, and that this anomaly 
reduced in magnitude when the specific heat measure 
magnetic field 

Phe specific heat anomaly exhibited by the Vo.s9Feo.a1 
alloy and the Cro.s9Feo.19 alloy may be different in 
nature from both anomalies previously discussed. In 
these for Cro.sMn the C/T vs 7 
graph has no pronounced curvature, but it has a nega 


Du Chatenier 
anomaly in dilute 


ments are carried out in a 


cases, and also 
tive slope in the whole temperature range (Figs. 4, 6, 8) 


At least sg le 


magnitude of the anomaly was found when the specific 


in the case of Cr i9 no decrease in the 
heat measurements were carried out in a magnetic field 
It is significance of this observation may 
be limited by the relatively low accuracy of the meas- 


true that the 


urements carried out in the magnetic field, and also by 


the low intensity (1000 oe) of the magnetic field used. 


Nevertheless, the characteristic temperature depend- 
ence, as described above, appears to occur specifically 
in alloys of a composition very nearly corresponding to 


the maximum value of y in both the V-Fe and Cr-Fe 


systems. Also, at least in the Cr-Fe system, the com- 
positions showing the “‘magnetic-type” anomaly (2% 
are clearly separated from the composition 


Fe) wh 


and 5% Fe) 
(19% 


alloys Cro.9Feo.1, Cro.s«Fe 


ere the “peak-type” anomaly occurs; 


16. and Cr; soFe 18, of inter- 
mediate composition, show no anomalies. It is quite 


possible that this ‘“‘peak-type’”’ anomaly is associated 


Du Chatenier, Physica 25, 969 (1959 


by De Nobel and F. J 


with the sharp curvature vs E curve at 
the maximum of vy (Fig. 15 
The estimated over-all accuract the + 
- 2% for those cases where th vs 1 
{ tl given above. The 


Table II 


which the 


values is 
data could be 
fitted to one of 

estimated accuracy of th 
is +15°K. In Figs. 10 to 12 the straight lines, 


data points approa¢ h near 4.2°K, have been plotted by 


ted in 


using the y and @ values obtained for each alloy by 


) 


least squares calculation from Eq. (2 


DISCUSSION 


A notable feature of the data obtained for the ¢ r-Fe, 
Cr-Mn, and V-Fe sy 


tain alloy compositions 


stems is the high peak Ol y at cer- 


Since previously measured 


electronic specific heat coefficients for bec metals and 
whether or 


work may 


alloys were much lower, the question arise 
not the high y values observed in the present 
heat co- 


some alter- 


be properly interpreted a ectronk 


the iloy phase 


Spec if 
efficients relating to 
native possibilities that msidered are the 
following: (1) Transformation 
crystal structure during cooling from room temperature 


1 more complex 


to the temperature range ol the specif heat measure- 


ments. Hoare and Matthews" Cro.4sFeo.55, 
after transforming into the sigma phase, has a much 
higher y value than it form. (2) A sizable 
contribution to the ‘rm of the cific he 
temperature, resulting the ferromagnet 
The ¢ 
loys near the composition Cro.sFe iy be 
contributions 


it linear in 
Lo para 
magnetic transformation temperature of al 
expected 
to be quite low.'’ (3) Other specific heat 


of magnetic origin, such as 0 spin waves, or 


the one recently considered by \ hall.'8 
trans 
be 
under 
dis- 
electroni 
very 
Fermi 
Fe, Cr)o 


Regarding the question of a possible phase 


formation, only the diffusionless type needs to 


considered, in view of the ture range 


consideration. It is not likely tensiti¢ 
tortion of the lattice would entail a ange in 
structure sufficiently dra for a 
large increase in the at the 
level, similar to 
phase.'* The formation of suc 


densit} 
plex 
ympiex structure from 
the bcc one does involve diffusion. Mea 
of Cr-Fe a YS as a 


that found 


lor the con 
} 


surement of the 
electrical resistivity function of 
temperature” in fact indicated 1 hase transformation 
between 300° and 4.2°K 
results for the alloy Cr 
maximum; the resistivity 
lower in Fe, which is ap 
magnetic transition, is in this alloy completely absent. 
In assessing the possibilit 


Particularly clear-cut are the 


sFe 1 y value near the 
observed in alloys 


to the antiferro- 
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LOW-TEMPERATURE SPEC 
tion to y at 1.4° to 4.2°K from the magnetic specific 
heat, knowledge of the magnetic transition temperature 
is essential. Nevitt® measured the magnetization at 
various temperatures for some of the same alloy speci- 
mens previously used for the low-temperature specific 
heat measurements here reported. He found a Curie 
temperature of 50°+5°K for the Cro.s2Feo.1s alloy and 
70°+5°K for the Cros:Feo.19 alloy, assuming that 
Arrott’s criterion® is applicable in these cases. These 
values are consistent with the Curie temperature for 
alloys with higher Fe contents.” In the case of the 
V-Fe alloys, extrapolation of the Curie temperatures 
and saturation moments obtained by earlier workers 
for the Fe-rich alloys, and those obtained by Nevitt™ 
for Vo.47Feo.s3 and for Vo.40Feo.¢0, suggests that ferro- 
magnetism could appear only in alloys with 35% Fe or 
more. Consequently, in this system, alloys at the maxi- 
mum of y are almost certainly not ferromagnetic even 
at liquid He temperatures. The bec Cr-Mn solid solu- 
tions are antiferromagnetic, with the Néel temperature 
increasing from 308°K at 0% Mn*™ to approximately 
463°K at 1% Mn,” to well above 573°K at 50% Mn.** 
The contribution of the magnetic specific heat to the 
y values measured below 4.2°K for the Cr-Mn alloys 
should be negligibly small. For the Cr-Fe alloys with 
18% and 19% Fe, the Curie temperature is 12 to 50 
times higher than the temperatures at which the specific 
heat measurements were carried out so that, even here, 
the magnetic specific heat contribution would be far too 
small to account for the observed high y values. Recent 
measurements by Schréder®’? of the specific heat at 
room temperature of bec Cr-Fe alloys showed that, in 
addition to the maximum of the specific heat vs com 
position curve at approximately 35% Fe resulting from 
the magnetic transformation at room temperature, 
there is also a second, well-separated maximum at 19% 
Fe. Since this second maximum is at the same com- 
position where the y peak is located at liquid He 
temperatures, and since its magnitude is accounted for 
quite well on the assumption that the value of y up to 
room temperature is the same as the value measured 
below 4.2°K, Schréder’s results show that the maxi- 
mum of y at Cro.siFeo.19 cannot be the result of any of 
the magnetic effects considered. 

Several of the C/T vs T? curves (Figs. 4, 5, 7, 8) show 
considerable anomalies, particularly at the low side of 
the temperature range of measurements. These anoma- 
lies have been discussed in some detail in a previous 
section. It should be pointed out here that the anomalies 


are evidently not responsible for the high y values 


*®M. V. Nevitt (private communication) 

' A. Arrott, Phys. Rev. 108, 1394 (1957) 

2 F. Adcock, J. Iron Steel Inst. (London) 124, 99 

3M. V. Nevitt (private communication) 

*L. M. Corliss, J. M. Hastings, and R. J. Weiss, Phys. Rev 
Letters 3, 211 (1959) 

*5 G. deVries, J. phys. radium 20, 438 (1959) 

#6 J. S. Kasper and R. M. Waterstrat, Phys. Rev 
1958 
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109, 1551 


Phys. Rev. 117, 1500 (1960 
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observed. This is particularly clearly shown by the 
Cro.soFeo.20 alloy, which has a y value near the maxi- 
mum, but shows no anomaly. Similarly, Cro.s4Feo.16 and 
Cry.s2Feo.13 have quite high y values, without anomalies. 

All experimental! results discussed are consistent with 
the interpretation of y as the electronic specific heat 
coefficient. This interpretation is further strengthened 
by the observation that the peak values of y in the three 
systems Cr-Fe, Cr-Mn, and V-Fe occur at compositions 
corresponding at least roughly to the same electron con- 
centrations (average number of electrons per atom out- 
side the argon shell), Figs. 13 and 14. It may be, there- 
fore, assumed that the y values listed in Table III, 
from which contributions due to anomalies have been 
separated as well as possible, are representative of the 
density of states at the Fermi surface in the various 
alloys. 


The question as to the consistency of the very high 
density-of-states values observed at certain alloy com 


positions with theoretical calculations may be con- 
sidered briefly. Figure 15 shows the density of d states 
vs Fermi energy, derived from the measured y vs elec- 
tron concentration curve given in Fig. 13, following the 
method described by Hoare, Matthews, and Walling.”* 
In the derivation all measured y values were decreased 
by 1.710~* cal mole~'deg? (the y value for Cu) on 
the assumption that, in first approximation, this value 
represents the contribution of the s band to the elec- 
tronic specific heat coefficient. The correlation 
= 49rk®N(E) was used for calculating V(E) for the 
nonmagnetic V-Cr alloys. For the other parts of the 
curve, corresponding to magnetic alloys, the relation- 
ship y= 492° (£) was used. In the Fermi energy scale 
set at the point corresponding to Cr, in 
accordance with the convention adopted in a recent 
paper by Belding.” The density of states vs Fermi 
energy curve derived from the present results, Fig. 15, 
bears close resemblance to the corresponding curve 
calculated by Belding (see figure in reference 29), on 
a tight-binding model, taking into account second- 
nearest neighbor interactions as well as nearest ones. 
Consequently, the density-of-states interpretation of 
the measured y values does not appear to be inconsistent 
with theory. 

Figure 13 shows the y values vs the electron con- 
centration for the systems Ti-V, V-Cr, Cr-Fe, and 
Fe-Co. Very low values of y are found near Cr and 
near Feo.ssCoo.s, and these separate from each other 
three regions of electron concentration with high 
values, corresponding to high density of states at the 
Fermi level. The first region of high density of states is 
at alloy compositions where the atomic magnetic mo- 
ments are zero. The second region of high density of 
states corresponds to alloys which have increasing 
magnetic moment with increasing electron concentra- 


E=0 was 


* F. E. Hoare, J. C. Matthews, and J. ( 
Soc. (London) A216, 502 (1953 
* FE. F. Belding, Phil. Mag. 4, 1145 
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tion. In this region the Slater-Pauling curve rises from 
a point near Cr up to the composition Feo ¢sCoo,s5.%* 
The third region of high density of states was found to 
start near Feo «sCoo.45 and to extend to the limit of the 
be« solid solutions at Fe »5{ O00 75. In this third region 


the Slater-Pauling curve shows decreasing magnetic 
moments with increasing electron concentration. These 
findings may be tentatively described in a simple 
manner in terms of three sub-bands, which appear to 
overlap only slightly and which, together, constitute 
these be« The first 


electrons, 


the d band for 
apparently 


alloys sub-band 


contains paired with no un 
opposed spin. If preliminary diffraction results® for Cr 
are confirmed, the number of localized d electrons con 
tributing to the coherent scattering of x rays by Cr 
may be quite small. It is quite possible that the d ele: 
in the fir ub-band (i.e., 


tron up to Cr), which pre 


sumably give rise to the high density of states at the 
Fermi level near V, may be described by wave functions 
showing relatively little tendency to be “localized” at 
the atoms. This would be consistent with Pauling’s in- 
terpretation ¢ f the of the d electrons 

(“bonding jitals’’)." The 
sub-band 


up to Cr) in 


bonding electrons in the 


second ire apparently arranged with their 


spins aligned parallel \ tendency for localization at 
the atoms of the wave functions corresponding to these 
d electrons with unpaired spins is clearly indicated by 


Shull and Wilkinson’s 


of neutrons.” Clearly, in regard to the electrons of the 


results with magnetic scattering 


second sub-band the observations cited are at least 


qualitatively consistent with Pauling’s picture of 


“‘atomic orbitals.’™ Also, the calculations of Wood® for 
Fe, which suggest that near the top of the d band the 
wave functions may be considerably more localized 
than near the bottom, appear to be entirely consistent 
with the above inter 
sults. In the 


within 


pretation of the experimental re 


third sub-band, which can be built up 


the composition range of the bec structure (in 


Fe-Co alloy only to a limited extent, the electrons 


must be assumed to have their spins aligned antiparallel 
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The Ettingshausen effect in semiconductors is mainly due to the generation of electron-hole pairs at ore 
side of the sample and their recombination at the other side. The Ettingshausen coefficient is calculated, in 
agreement with Putley, as P= (/2,/nec)s(1+2) *(4.+ ma) where 2= (nausa/meu.)-ratio of hole conductivity to 
electron conductivity. E, is the gap energy, and « the thermal conductivity. We discuss this formula for 
intrinsic, p-type and n-type semiconductors. P goes through a maximum for p-type semiconductors near 
the temperature at which the Hall voltage goes through zero. Our results agree reasonably well with the 


measurements of Mette, Gartner, and Loscoe of P 


germanium and silicon. 


1. INTRODUCTION 


N the presence of a magnetic field H perpendicular 
to an electric current J, a thermal gradient 
established in a direction perpendicular to both J, and 
H. We choose the magnetic field along the z axis, the 
electric current along the x axis, and the thermal 
gradient d7/dy along the y axis. The ratio (d7/dy) 
J,H=P is known as the Ettingshausen coefficient. In 
addition to the thermal gradient a Hall field /, is also 
established along y. Early measurements of the Et- 
tingshausen coefficient for metals and semiconductors 
are given, for example, in the International Critical 
Tables.! We shall measure temperature in degrees 
Kelvin, magnetic field in gauss, and the current density 
J in (practical) amperes/cm?. In our units the early 
data give P=—10~-" deg-cm/amp-gauss for ‘‘good 
metals” like Cu and Ag. On the other hand for the 
+250 10-* deg-cm/amp-gauss. 


is 


semiconductor Si, P= + 
The usual sign convention for P>0 is shown in Fig. 1. 
Here the positive current J is towards the right, the 
magnetic field H is into the paper, and the top surface 
is hot. 
Recent measurements by Mette, Gartner, and 
Loscoe?* on Ge and Si, respectively, (referred to as 
MGL) confirm the large positive value of the Et- 


ngshausen coefficient for semiconductors. (However, 


l 
+} 
I 


the early measurements! give considerably larger value 


for P.) MGL have made detailed measurements of P 
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COLO 


Fic. 1. Sign convention for a positive Ettingshausen coefficient 
The top surface is hot when an electric field Lz and positive 
current J are directed to the right, with a magnetic field // into 
the paper 


| International Critical Tables (McGraw-Hill Book ( 
Inc., New York, 1929), Vol. 6, p. 419 
2H. Mette, W. W. Gartner, and C 
1959). 

7H. Mette, W. W 
1960 


ompany, 


Loscoe, Phys. Rev. 115, 537 


Gartner, and C. Loscoe, Phys. Rev. 117, 1491 


as a function of temperature for different samples of 


as a function of the temperature and of the impurity 
content of their samples. 

The theory of Ettingshausen effect in metals is 
developed by Fieber, Nedoluha, and Koch.‘ Physically 
we understand the temperature gradient as caused by 
the dependence of the mean time of collision 7 of the 
carriers (free holes or electrons) on their energy. At a 
finite temperature the carriers are distributed in certain 
quasi-continuous energy levels. The r(e€) associated 
with each energy level determines the mean value of 
the drift velocity #(«) for a carrier in energy level e: 
namely 

D(e€) leer (e)/m. 


Eye) (1) 


rhe mobility is denoted by yu(e). In the presence of a 
magnetic field along z and Hall field EF, along y, the 
carriers are subject to a force F(e) in the y direction 


where 


F (€)=eHi(6)/ctek,=EHer(e)/met+eky. (2) 


In the steady state the Hall field will have such a value 
that will give no net current along y. That is, F(@)=0 
for a suitable energy é. But the value £, which make 
F(2)=0 will certainly leave F(¢’)#0 for ¢’ 2. Since 
for conductors r(¢) is a monotonically decreasing 
of energy, we find that carriers of higher 
energy drift towards negative y and the carriers of 
lower energy drift towards positive y. (See Fig. 2.) It 
is this separation of high and low-energy carriers that 
leads to a heat current along the y axis. 


func tion 
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Ettingshausen effect for positive carriers. All 
wards the right, but due to the combined action 
of magnetic field 17 and electric field E,, the low-energy carriers 
drift towards the top, and the high-energy carriers drift towards 
the bottom 


arners move 


‘H 


1952 


Fieber 
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rhe case of metals is complicated by the fact that 
both heat and electricity are transported by the same 
carriers. However, in semiconductors ordinary thermal 
conductivity is almost entirely due to the lattice 
vibrations. When the motion of the carriers in a semi- 
conductor in a magnetic field produces a heat current, 
this current produces a temperature gradient which in 
turn creates a lattice heat current equal and opposite 
to the carrier heat current. 

Clearly the magnitude of the heat current from the 
carriers will depend on the energy spread over which 
carriers are distributed. In a semiconductor where the 
small, one can produce appreciable 
temperatures 


energy gap £, is 
numbers of free electrons and holes at 
somewhat above room temperature. The present theory 
is applicable only when a semiconductor has both types 
of carriers present. Electric current is then carried by 
the motion of electrons and holes in opposite directions. 
Figure 3 shows that in the presence of a magnetic field 
both carriers turn to the top side of the sample. We 
wish to discuss the simple case in which both electrons 
and holes have the same time of relaxation; and that 
their number densities are equal. We expect in this case 
that the Hall field will be zero. Because of the electric 
current field there will be a 
particle current along y in which the number of holes 


and magneti constant 
moving along y will always be equal to the number of 
electrons moving in the same direction. This cannot 
go on by itself. We must introduce an additional process 
of generation of electron-hole pairs at one side G and 
the inverse process at the other side R. In the absence 
of any external mechanism the generation and recom- 
bination of electron-hole pairs lead to an absorption 
and liberation of heat from and to the lattice. We 
estimate the current density for both the electrons and 
the holes from Eqs. (1) and (2). In the above mentioned 
simplified case since n,=",=N"; we=wra=u; Ey=0 we 
have the partic le current density towards positive y as 
nwE,H/c. Thus, the heat current due to recombination 
is mEgwE,H/c. The lattice heat current density Q 
which will balance the free carrier heat current will be 


dl 
ni lu i H 


Enh H 
kHek,2nu 


Here « is the thermal conductivity and we have written 
Fa el -2nw 


is due to both electro: 


since the ¢ current density along 4 


It should be noted 1} s of the order of 1 ev 


he le 


relatively large amount of energy. In the case of metals 


every electron pair tl recombines produces a 


the fast and the slow carriers have a difference in energy 


only of the order &k7. We, therefore, expect that the 


magnitude of the Ettingshausen coefficient should be 
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Holes and electrons move in OpDoOSsI 


rhe Ettingshausen effect for an intrir miconductor 
the electric 

field -,, but in the same directior magnetic held H 

Electron-hole pairs are generated at the side G 

cold; and recombination of electrons ar 

R, Ww hic h hecon es hot 


which becomes 


than for metals. 


considerably larger for semiconductor 

In addition to the energy difference, we note that P is 

inversely proportional to «x, the 

which is larger for metals than for semiconductors. 
the 


thermal conductivity, 
The 
absolute magnitudes of P in 
of the order 10* 

Our simplified derivation gives the positive 
P experimentally found for semiconduct 


observed difference in the 


metals and semiconductors is 


MGL have examined mostly p-type tals 
and Si. They find a maximum value of P as a function 
of temperature. A detailed theory given in the next 
sections gives an excellent qualitative agreement with 
the experimental results. In this more detailed theory 
we take into account m,(7), m,(T), ue(T), walT) as 
functions of temperature 7. Here subscript e 
to make several 
the 
co-ordinate 


refers to 
electrons and A to holes. We continue 


reasonable approximations irst, we neglect 


dependence of m, and m, on position 


Second, we neglect the Thomson emf caused by the 


temperature difference. We further neglect the con- 
tribution of el 
conductivity 

As we were preparing the fina f this 


electron and les Oo tne thermal 

manu- 
script, we found a paper by P which he gives 
a concise table of equations for the various thermo- 
magnetic and galvanomagneti His formula 


for the Ettingshausen coefficie 


3m kT 
p=- 
16 €k 
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Nee T Ny wr®) 
variation of 


In our paper we neglect 
in the numerator: this 
mobility with carrier energy e, 
single-band carriers. We also neglect 7 
with 2E,/kT. We assume tl 

; 


produces only the gap energy £,, while 


term i ue to 
issed above for 
in comparison 
it recombination of a pair 


tnermal 


Putley has 


included the energy due to the motion of the 


electron and hole. When these approximations are made, 
Putley’s equation reduces to our Eq. (21) for the general 


two-band model, and to Eq. (4) for the intrinsic semi- 


E. H. Putley, Proc. Phys. Soc. (I B68. 35 (1955 





ETTINGSHAUSEN EFFE( 
conductor with equal electron and hole mobilities. (We 
note that in his Lorentz-Drude calculation, Putley 
includes the characteristic factor 34/8.) 

We have not been able to find in the literature a 
derivation of Putley’s equation for P. Note added in 
proof.—We are grateful to Dr. Putley for a reference to 
his work: T. R. E. Journal, Oct. 1953, pp. 39-81. In this 
paper we provide a detailed derivation (of Eq. 21), and 
we also give a physical interpretation of the Ettings 
hausen effect in semiconductors. We also compare our 
calculations with the recent experiments of MGL. 

We note that our calculation of the Ettingshausen 
coefficient can be combined with the Bridgman relation 
to give a calculation of the Nernst-Ettingshausen 
coefficient. The converse route has been followed by 
others,?* i.e., the calculation first of the Nernst- 
Ettingshausen coefficient, and subsequently of the 
Ettingshausen coefficient. 


2. CALCULATION 


In the presence of an electric field FE, along the a 
axis and a magnetic field H along the z axis a Hall field 
is produced along the y axis which we denote by £y. 
Boltzmann’s transport equation for electrons in electric 
and magnetic fields shown in Fig. 2 can be written as 


Of seEy, vz 
( mel 
Ov, \ m mc 


Of fecEs dy 
4. H }+ 
ov, \ m mc 


where electronic charge is —e, and f is the distribution 
function. 
Assume the solution of (5) to be of the form 


fottefitty fe. 
Then 
of a fo 
= mv.+ fi, 
Ov, O€ 
Of OaAfo 
= —-~-mr,+ f:. 
Ov, GI: 


Substituting (7) and (6) into Eq. (5) and equating 
coefficients of », and v, we obtain: 


(0 fo/de)eE.—wf2= fi/r, 8) 


(0 fo dejeE,+wfi= fe v; (9) 
where w= eH/mc. Assuming that wr is small, we neglect 
(wr)? in comparison with unity, and solve for f; and 
fo, as follows 


fi=(0fo/d0eE.t[1— Eyor/ Ez). (10) 


Similarly 
(11) 


fr= (af dejeE.tlwr+E, E,}. 


*P. J. Price, Phys. Rev. 102, 1245 (1956) 


IN SEMICONDUCTORS 


The boundary condition is 


~ef fo pd*v= J,=0 -ef fov,?pd*v. 


Quantities of interest are 


- ef sean ef fiesod, 
V,= fu pdt J efinsocts 


V, is the heat current along y and pd*v is the number of 
states in the volume element d*v in velocity space. 


(14) 


3. APPLICATION TO SEMICONDUCTORS 


section are 
applicable to both the free electrons and holes. Using 
appropriate signs and mobilities one can calculate their 
combined effects on J,, J,, and Q,. If only one type of 
carriers is present as will be the case in m- or p-type 


The formulas developed in the last 


semiconductors at room temperature or below, one can 
use a Maxwellian distribution function and calculate a 
heat current using Eq. (14) in a straight-forward 
manner. One will then get a nonzero heat current only 
if one takes into account the dependence of collision 
time 7 on the energy as discussed in the introduction. 

The present paper considers the case of high tem- 
peratures where the conduction is due to both the 
electrons and the holes. It should be noted that when 
we consider two-band conduction in semiconductors, 
the dependence of r on energy becomes much simplified. 
One can within a very small error associate a mean 
collision time r, with the electrons and 7, with the holes. 
The mean energy of the electrons and holes is 
E.+$kT~E, and E,—4{kT~E,, where E, and E, are 
the energies associated with the bottom and the top 
of the conduction and valence bands. 


Equation (12) under the above assumptions becomes 
HE ny? /c+E yn ge= HE myyi?/c— Eyniun, (15) 


where n, and n, are the numbers of free electrons and 
holes; u, and yw, their mean mobilities: e.g., u.= er, 
The Hall field £, is found from Eq. (15): 


Ey= HE Ane? 


m. 


Nebte)/ (Nhe + Nipn)- (16) 


We can interpret each side of Eq. (15) as an electronic 
or hole current in a field along y 


HE wy./c+E, (17) 
Thus, each side divided by e denotes the actual number 
of holes or electrons moving in the positive direction. 
[See Eq. (2). ] 

Equation (14) determines the temperature gradient. 
In semiconductors heat conductivity is largely due to 





». Since V, is the heat current due to charge: 


carriers in electric and magnetic fields, 
Uy, xdT/dy (18) 


‘sing Eq. (17) one find 
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z falls as us/.. Thus z as a function of temperature has 
a maximum value less than unity. Since z goes through 
a maximum Eq. (24) shows that ? must also go through 


a maximum. 


5. COMPARISON WITH THE EXPERIMENTS 


Recently Mette, Gartner, and Loscoe? have measured 
Ettingshausen coefficients of germanium within a tem 
perature range of 300°K to 700°K. MGL have measured 
four p-type and one n-type samples of Ge: their results 
are reproduced in Fig. 4. The purest of the samples 

room temperature resistivity equals 30 ohm-cm) does 

not show a maximum in the Ettingshausen coefficient 
Instead, P decreases continuously with increasing 
temperature. This is to be expected since for the purest 
sample (npu;/"u.)=1 at room temperature. If the 
temperature is sufficiently high so that 2<1, wi<y., 
and m,~n,, then Eq. (24) gives P= (E,/xce)u.= (FE, 
xce)u,. This is exactly the behavior of P for an intrinsi: 
sample as given in Eq. (23). Numerical values compare 
favorably with the experimental values obtained by 
MGL. An estimate at 400°K shows P=19X10~* deg 
cm/gauss-amp against their observed 
P=14X<10~-. (In our estimate we use F,/e=0.75 volt 
p,/c= 1.05 10°7-?-*= 1000 cm?/volt sec; and «=0.4 
watt/deg cm=0.4X10* gauss-cm? amp/sec deg cm.) 
Variation of P as a function of temperature arises from 
the dependence of yu, on temperature which agrees with 
the experimental observation of the sample of highest 
purity in the range of 400°K to 700°K: The ratio 
P yoo/Pr00 is estimated as p,(400)/p,(700) = 3.7, 
the observed ratio P400/ P09 is 3. 

With the other three p-type samples, MGL have 
observed a maximum in the Ettingshausen coefficient 
The temperature 7,, shifts to higher values as the 
sample is more and more p type. The theory explains 
this observation, because if initially the sample has 
more holes then it will require a much higher tempera- 
ture for the ratio m,u,/n.u.=2 to be of order unity 
Therefore, 7,, will be larger if the sample is impure. 
The value of Pmax will, however, be smaller for the 
impure sample than Pinax for the purer sample because 
the mobilities will decrease with higher temperature 
[See Eq. (25) for Pinax. | 

The prediction of the present theory that the Hall 
coefficient changes sign near 7,, is confirmed by pre- 
liminary experiments of MGL (private communication) 

One concludes from Eq. (25) that if a maximum 
occurs at some temperature for a certain sample, then 
it is the maximum value of Ettingshausen coefficient 
for all samples at that temperature. This conclusion 
does not seem to hold for the p-type Ge samples as 
measured by MGL: specifically the values of P for 
the purest sample lie somewhat above Pmax for the 


~ 
= 


value 


as 


while 


other p-type samples. This conclusion seems to be 
valid for p-type Si from the experimental curves of 
MGL, shown in Fig. 5. 
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where the primed and unprimed quantities refer, re- 
spectively, to Si and Ge. Comparing results of Ge 
sample (0.38 ohm-cm room temperature resistivity) 
and Si sample (0.22 ohm-cm room temperature re- 
sistivity) one finds from Figs. 4 and 5 an experimental 
ratio of P,/P,'=5 0.6/0.4, E,/E,’ 

0.74/1.12 and p,(450°) /u’.(650°) = 1800/280 we ob- 
the P»/ Pm’ ~6.5, which 


Using «’/x 


tain theoretical estimate 


indicates a reasonable agreement with the experiment. 
The thermal conductivities are taken from MGL?+; the 
Ge mobility u,(450) is from the formula 4.9 1077-"-* 


while p,.’(650) is obtained from 
Morin and Maita’s data.’ 

For lack of experimental data 
the theory 


an extrapolation of 
we cannot compare 
One expects the 
maximum in these to be lower than the corresponding 
maxima for p-type because 2<1 


with m-type samples 
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4 calculation of the optical absorption spectrum of an anharmonic one-dimensional lattice of alternating 
positively and negatively charged particles of different masses is carried out using two 
the recent theory of Born and Huang, and ordinary second-order time-dependent perturbation theory 
Closed-form expressions for the absorption spectrum are obtained for both low and high temperatures. It 
is found that subsidiary absorption peaks may be expected at frequencies other than the dispersion frequency 

At high temperatures the absorption at wa varies as 7~? or T~* depending on how certain thermal 
averages are carried out. Predictions based on these results are made regarding which features of the 
spectra can be expected to persist for three-dimensional lattices 


different approaches 


present 


I. INTRODUCTION 


negatively charged particles of different masses. They 
showed that in this model the effect of these anharmonic 
terms is to damp the infinitely sharp absorption at the 
dispersion frequency, to provide a continuous absorp- 
tion at frequencies different from the dispersion fre- 
quency, and to provide subsidiary or secondary maxima 
in the spectra. An analogous calculation was carried 
out for a three-dimensional and the results, 
though more complex, were qualitatively similar. More 
recently a calculation along the of Born and 
Blackman’s treatment was carried out by Neuberger’ 
for the case of sodium chloride. Using Kellermann’s’ 
model for the harmonic part of the crystal Hamiltonian 
and a simple expression for the anharmonic potential 


T is well known! that in the harmonic approximation 
the absorption spectrum of a cubic crystal of the 
sodium chloride type consists of an infinitely sharp line 
(viz., a 6 function) at the dispersion frequency, which 
is the frequency of the transverse mode of zero wave 
vector in the optical branch (the dispersion oscillator). 
These results are contradicted by experimental evidence lattice 
which shows that strong absorption at the dispersion 
frequency is superimposed on a continuous background 
of absorption which shows subsidiary maxima. Since 
the calculations of Pauli? in 1925, this discrepancy has 
been attributed to the neglect of the anharmonic terms 
in the expansion of the lattice potential energy in 


lines 


° ° . Nnerev > aine » ti ] ets s ac ’ ; < 
powers of the displacements of the ions from their ‘D°'8Y> he obtained the optical constants as function 


equilibrium positions [see, however, Rosenstock’ and 
Lax and Burstein‘ ]. Pauli studied a linear chain of 
alternating positively and negatively charged particles 


of the frequency of the incident radiation, leaving the 
anharmonic force constant as an adjustable parameter. 


His results at a given temperature are in qualitative 


of equal mass. He obtained a dispersion formula of the 
form 
ride 
(1.1) 


—1i(w Wal¥/Wa 


the dielectric 
and e¢, are the limiting values of the 


where €\W is 


frequency-dependent 


constant, €9 


dielectric constant at low and high frequencies, re- 
spectively, wa is the dispersion frequency, and y is a 
damping constant which is independent of the fre- 
quency. Although such a dispersion formula predicts a 
continuous absorption with a maximum at the dis- 
persion frequency, it does not predict any subsidiary 
maxima. 

Pauli’s work was extended by Born and Blackman’ 
who studied a linear chain of alternating positively and 


* Permanent address: Westinghouse Research 
Pittsburgh 35, Pennsylvania 

1M. Blackman, Phil. Tra: 
(1936) 

?W. Pauli, Verhandl. deut. physik. Ges. [3] 6, 10 
Peierls, Ann. Phys. 3, 1055 (1929 

4H. Rosenstock, J. Chem. Phys. 23, 2415 (1955 
(1957); J. Chem. Phys. Solids 4, 201 (1958) 

4M. Lax and E. Burstein, Phys. Rev. 97, 39 

5M. Born and M. Blackman, Z. Physik 82 
Blackman, Z. Physik 86, 421 (1933 


Laboratories, 


~ aK 


London) A236, 103 


Roy 
(1925); R 
; 27, 1194 


(1955 
551 (1933); M 


agreement with experiment.*® 

As opposed to these purely classical calculations an 
elaborate quantum mechanical treatment of infrared 
absorption in MgO was carried out by Barnes, Brattain, 
and Seitz.* Objecting to the use of a central force 
interaction potential in the work of Born and Blackman, 
they assumed a general potential of interaction whose 
properties were restricted only by 
ditions. Furthermore, rather than 
the complete absorption spectrum, they 
restricted themselves to a determination of the fre- 
quencies at which strong absorption would be expected 
to occur. Their results showed that in addition to these 


symmetry con- 


attempting to 
calculate 


a 


sharp absorption lines there should exist a continuous 
absorption spectrum. Their method of calculation did 


not allow for the possibility of damping of absorption 


at the dispersion frequency and is unrealistic in this 


respect. 
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OPTICAL ABSORPT 

Born and Huang” have recently presented a new 
treatment of anharmonic optical absorption in complex 
lattices. It is a quantum mechanical treatment which 
is based on a modification of time-dependent per- 
turbation theory due to Weisskopf and Wigner." The 
Born-Huang approach is applied in the present paper 
to the calculation of the absorption spectrum of one 
particular nontrivial model : a linear chain of alternating 
positively and negatively charged particles with dif- 
ferent masses and nearest-neighbor interactions only. 
The choice of this model was based on the following 
considerations: The various calculations which enter 
into the determination of the absorption spectrum can 
all be carried out in closed form, which simplifies the 
discussion of which features of the present spectrum 
can be expected to persist for a three-dimensional 
lattice. Furthermore, this model has been studied 
extensively in the past, and our results can be compared 
directly with those of earlier investigations. 

The Born-Huang treatment, however, is not free 
from objections. For example, if one carries out an 
ordinary second-order time-dependent perturbation 
calculation of the absorption one finds” that in second 
order certain intermediate states which enter into the 
calculation are ignored in the treatment of Born and 
Huang.” One can, however, develop the Born-Huang 
treatment in a systematic manner and show that their 
use of Wigner-Weisskopf time-dependent perturbation 
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the wings of the absorption region” (w>2w,4 and 
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a'(w) = —-— — — 
Va 2wa 
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a 
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(ili) the center of the dispersion region (w= wa) 
1 [M(0;1)}; 1 

o'(s)=-— | 
2wa 


In these equations w is the frequency of the incident 
radiation ; the superscript 1 refers to the optical branch 
of the frequency spectrum of our one-dimensional 
lattice; wa is the dispersion frequency, in the present 
case the maximum frequency of the optical branch; 


 M. Born and K. Huang, Dynamical Theory of Crystal Lattice 
Oxford University Press, New York, 1954), p. 341 

“VY. Weisskopf and E. Wigner, Z. Physik €3, 54 (1930); 65, 18 
(1930) 

2 W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed., p. 138 ff. 

8 We are indebted to M. Lax for this remark. It is gone into in 
more detail in Sec. VI of this paper. 
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theory is equivalent to summing a selected subclass of 
diagrams to all orders in the perturbation parameter. 
Using such a treatment one can estimate the importance 
of the intermediate states neglected by Born and 
Huang. These remarks serve to illustrate the fact that 
at the present time no completely satisfactory theory 
of optical absorption in anharmonic lattices exists. The 
present calculations are presented as being illustrative 
of what is in most ways the most satisfactory theory 
to date, and a more fundamental approach to this 
entire problem will be presented in a paper now in 
preparation. 

In order to make the foregoing arguments quan- 
titative, and to make this paper self-contained, we 
present a brief resume of the Born-Huang theory in 
Appendix A. The result of their theory of primary 
importance to the present calculation is their expression 
for the partial dielectric susceptibility due to the jth 
optical mode of zero wave vector in the state with 
quantum number v°(0; 7). The general expression for 
the elements of this is quite lengthy 
[B-H(46.41) ], but it simplifies in a number of special 
cases. It is these particular cases to which we restrict 
ourselves in the rest of this paper. The expressions for 
the dielectric susceptibility and their regions of appli- 
cability are given below: 


tensor 


(i) the low-temperature limit (7=0°K) 
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v, is the volume of a unit cell; M(0; 1) is a coefficient 
in the expansion of the electric moment of the lattice ; 
and 7°(0; 1) is the harmonic oscillator quantum number 
of the dispersion oscillator in its initial state. 

In order that the quantities a'(w) shall have the 
proper dimensions, we shall assume that our system 
consists of a collection of parallel independent linear 


(0 


chains arranged so that the atoms form a sodium 
chloride type cubic lattice. The unit cell volume 1, 
can then be taken to be 2a where ao is the spacing 
between nearest-neighbor particles in the lattice. 

The quantities yo(w), y4:(w) appearing in Eq. (1.2) 
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are damping constants of the type obtained by Pauli, 
Eq. (1.1), except that in the present case they are 
frequency dependent. They are defined in terms of 
matrix elements of the anharmonic part of the Hamil- 


tonian, H,, by 
T 


Yo(w) 


lim - 
h? 42-0 Ayy (n 


n’'\|H,\0) 


where the symbol }°;,.* means that the summation 
final states m’ which have transition fre 
quencies, w in the interval (w, w+Aw). The 
subscript on the y refers to the initial state with respect 


is over all 


Wo Wr’, 


to which the transition frequency is defined. Similarly 
we have that 

T 
) iim 


h? 


s|\H, +1 


Vi1(wy 


7 Aw ; 


where the state +1 refers to the state obtained from the 
initial state 0 by changing the quantum number of the 
dispersion oscillator by +1. The states s are all states 
other than the states 0, +1, and the transition fre- 
quency w, is defined by w4:—w, where the energies 
of the states +1 and s are fiw,, and ha,. 

The 


dielectric susceptibility can be written as 


1.4 


a’ \@ a~—id/, 


where a is the real part and @ is the conductivity. The 


latter in turn is related to the absorption coefficient 


nw) by 
(1.5) 


nw dor / nc)a(w 


where m is the refractive index of the crystal, and c is 
the speed of light. In Eq. (1.5) we have assumed that 
the refractive index is equal to the square root of the 
constant and that the effective electric field 
is equal to the average mi roscopit electric field. It is 
the ill 


that wil 
mainder of this paper 


dielectric 


calculation of n(w occupy us in the re- 


It is our intention in this paper to give an example 
Born-Huang theory to a 


particular model which can be discussed rather com- 


of the application of the 


pletely, and at the same time to present a critique of 
the theory itself. In Sec. II carry out a normal 
coordinate transformation of the Hamiltonian of the 
interacting with an_ external 
The transformed Hamiltonian is 


we 


anharmonic crystal 


elec tromagne tic field 
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then reduced according to a prescription of Born and 
Huang, and is made the basis of the calculation of the 
damping constants in Sec. III. The 
efficients at low and high t mperatures are calculated 
in Secs. IV and V, respectively. In VI a second- 
order absorption 
VII we discuss 


view to making 


absorption co- 


Set 


calculation of tne 


perturbation 


spectrum is carried out. Final y, In se 


the results of these calculations with a 
and 


predictions for the three-dimensional cas¢ com- 


paring them with experiment 
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points are oc¢ 


mass M, while the odd-numbered lattice points are 


occupied by ions of mass M, where with no loss of 
generality we assume that M,>M>. The charge on the 
nth ion is given by 1) 

If we expand the potential energy of this lattice to 
cubic terms in the displacements of the ions from their 
equilibrium positions and assume only nearest-ne ighbor 
for the 
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ABSORPTION 


rk 
tan2a,=[2(M,M;)'/(M,—M:;) | cos 
N 
When we substitute Eq. (2.3) and Eq. (2.4) into Eq. (2.1), we obtain 
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and which is excited by the field. The effect of the terms 
A(k+h’+k")=1 if R+k’ +k” = not containing Q(0;1) is to modify somewhat the 
nature of the dissipating oscillators, and for a first 

0 otherwise. , ¥ 
approximation they are neglected. Of the remaining 

The normal mode frequencies w(k;1) occupy the ‘rms only the terms linear in Q(0;1) are retained 
optical band while the frequencies w*(k; 2) occupy the ‘!mce terms quadratic or cubic in (0; 1) give contri- 
acoustic band. We note from Eq. (2.8) and Eq. (2.4) butions of O(N) and O(N™) compared with the 
that linear terms. There is in addition a considerable 
. mathematical simplification introduced by the adoption 
M (0; 1) e(1/Mi+1/M2)*, M(O;2)=0, (2.10) of the reduced anharmonic Hamiltonian, viz., the 
so that the external electric field interacts only with elimination of the “umklapp” processes [the terms in 
that normal mode whose frequency is the largest in Eq. (2.9) for which +k’ +k" =+N ]. 
the optical band. This normal mode will be referred Since for the calculation of the absorption coefficient 
to in what follows as the dispersion oscillator. It is we will need the matrix elements of H,™ between 
characterized by the indices (0; 1). 

We now turn to a more careful discussion of the 
anharmonic term in the Hamiltonian. In their treat- 
ment of optical absorption in ionic lattices, Born and 
Huang replace the exact anharmonic Hamiltonian by 
a “reduced” Hamiltonian which contains only terms 
proportional to the dispersion oscillator normal 
coordinate : 


harmonic oscillator wave functions belonging to the 
unperturbed Hamiltonian, we rewrite Eq. (2.11) in a 
more suitable form for this purpose. In Eq. (2.11) the 
summations over k’, j’, j’’ are over only those values 
for which (k’; 7’) and (—k’; j”) do not equal (0; 1). 
This means that 


H,@ (0; 1)#(000; 122)07(0; 2) 
~ soe 
(0; 1) > &(Ok —k’;17'7”) _ 
ap 


k ve 


xO(R’; j)O(—k; 7”). (2.11) yet X (40k —k; 111)0(k; NO(—&; 1) 
“\ 

The physical motivation for this choice for the 
reduced anharmonic Hamiltonian is that since only 
the mode (0;1) interacts directly with the external +@(0 k —k;:121)O0(k; 2)0(—&; 1 
field, the other vibrational modes act as a viscous 
medium which dissipates the energy of the mode (0; 1) +#(0 k —k;122)0(k; 2)0(—k; 2)}. (2.12) 


+@(O0k —k; 112)0(k; 1)0(—k; 2 
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However, as we will show below, for all & 
(0 k —k; 111) 
(0 k —k; 121) 


(0 k —k; 122)=0, 
—$(0 k —k; 112). 


Hence we obtain 
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V/A ko 
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where we have replaced the summation index k by —k 
in the second term of Eq. (2.14) and have used the 
symmetry property ®(RR’R”; 77’ 7"")=B( RRR’; 77""7’) 
in writing Eq. (2.15). In what follows we drop the 
restriction k+~0 on the sum, as retaining this term 
affects our final answer only by the addition of a term 
of O(N-"). 

The calculation of the matrix elements of H4™* is 
simplified by expressing Q(&; j) in terms of real normal 
coordinates. Instead of this, however, we write H4™ 
in terms of auxiliary coordinates 

Ok; j)=a,(—k; j)+a_(k; 
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which are related to real normal coordinates g(k; } 
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The reason for making this transformation is that in 
view of Eq. (2.17) the matrix elements of a, and a 
between oscillator wave functions 
arguments are the g(&; 7) have the simple form 


(v+1/ a, 
t—1 a 


harmonk whose 


i(h/2w)§(v+-1)!, 
(2.18) 
—i(h/2w)'v}, 
where v(&; 7) is the quantum number associated with 
the normal coordinate g(k; j) of frequency w(k; j). 
Transforming H,4™* by substituting Eq. (2.17) into 
Eq. (2.15), we obtain 
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In this equation all terms are distinct. Each gives rise 
to a distinct transition involving three oscillators, one 


AND R 


of which is the dispersion oscillator. We define the 


transition for a particular transition by 
Winitial ~ “final, (2.20) 


where the w’s are defined in terms of the ene rgies of 


the corresponding states. Thus we have that 


has = Nw nit hus 2.21) 


the change in the 
system due to the transition 

The coefficients &(kk’k’’; 77’ are 
(2.7). If we expand the product, retain 
QO and k”’=—k’, 


is the negative of energy of the 


given by Eq. 


only the 


we obtain 


imaginary part, set k 


mk\ e(2n O; 
(Ok —k; 777” 2ia( sin ) 
\ UsiM 


From this expression and Eq we readily obtain 


(Ok —k; 111) = 
(0k —k; 112 


Ill. EVALUATION OF THE DAMPING CONSTANTS 


The three damping constants which appear in the 
Born-Huang theory of optical absorption are defined by 


7 | 
lim 
Rh? Ae Ay 


> 


— 


T 
lim 
Re? 402-0 Ay, 
where the symbol > :m)* summation over all 
final states m for which the transition frequency lies in 
the interval (w, w+ Aw). We can rewrite these functions 
in a more transparent form by 
F(w) which is defined in such a 


means a 


introducing a function 
way that F (w) Aw is the 
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number of transition frequencies in the interval 
(w, w+ Aw). Then Eqs. (3.1) can be rewritten as 


rT 
0(0) =—F(0)[ | (n’| H44|0) |? Joo, 
te 


rT 
¥+ (wa) =—F (wy)[ | (s| Ha™ +7 
h? 


hs (3.2b 


For our one-dimensional problem F(w) can be found 
exactly in closed form. In the present case it is only 
necessary to know the distribution functions of 

w(k; 1)+w(k; 2) 
and 


w(k; 1)—w(k; 2), 


since these are the only combinations of w(k; 1) and 
w(k;2) which occur in the expressions for the tran- 
sition frequencies obtained from Eq. (2.21). 

These distribution functions can be determined as 
follows. From Eq. (2.6a) and Eq. (2.6b) we have that 


w(k;1)= hw e+ bw Z[1 - (4a 47w 4? wy') 
Xsin?(rk/N) }}, 
w*(k; 2)=4we—hw7[1— (40 .2ws?/wea') 
Xsin?(rk/ NV) |, 


(3.3a) 


(3.3b) 


where we have introduced w,?= 2y/M, and w,?= 2y7/M 
Thus we obtain 
[w(k; 1)+w(k; 2) P=w?+ 2waws sin(xk/N), 
so that 
w(k; 1)+w(k; 2)=[we+ 2wawr sin(rk/N) |! 
wa<w(k; 1)+w(k; 2)<w.+w». 
In a similar fashion we find 
w(k; 1)—w(k; 2)=[wP— wa, sin(xk/N) }', 
we— We Sw(k; 1)—w(k; 2) Sw. 


(3.5b) 


We want to know how many normal modes there are, 
for example, with w(k;1)+w(k;2) in the interval 
(w, w+dw). This is given by 


F,(w)dw=w(¢)(dy/dw)\dw, g=ark/N, (3.6) 


where w(¢) is the number of frequencies per unit wave 
vector range. In the present case due to the two-fold 
degeneracy of the frequencies it becomes 

(3.7) 
From Eq. (3.5a) we find that 


sing= (w’—w?/)2wwr, (3.8) 
so that 


do/dw= wf 4w.2wi? — (w* —w?)* }4, (3.9) 


IN P@LAR CRYSEALS 


and 
F ,(w) = (4Nw/4)[4w2w? — (w*?—w 7)? 4, 


(3.10) 
wa Sw wetwrs. 


Similarly we find 


Fs(w)= (4.\ WwW w)[4w,*w?— (w f—w*)?} t 


Wh— Wa Sw Sw ty 


(3.11) 


where Fs5(w)dw is the number of normal modes with 
w(k; 1)—w(k; 2) in the interval (w, w+dw). 

With these results and the results of the preceding 
section it is a straightforward calculation to obtain the 
damping constants. We begin by obtaining y41(wa—@) 
at the absolute zero of temperature. This is a particu- 
larly simple case since here 0(0;1)=+1, while all 
other 0(k; 7) are zero. The squares of the moduli of 
the only nonvanishing matrix elements of H4™ to- 
gether with their transition frequencies are found from 
Eq. (2.19) to be 


h® (0 k —k; 112) 


1Nwao(—k; 1)w(k; 2) (3.12a) 


wa—[w(—k; 1)+w(k; 2) ], 
h® &(0 k —k; 112))? 


8Nwaw(—k; 1)w(k; 2) (3.12b) 


wa—[w(—k; 1)+w(k; 2) ]. 


Each of these terms must now be multiplied by #/h? 
and summed over those values of & for which the 
corresponding transition frequency lies between wa—w 
and wa—w+dw. By Eq. (3.1b) and Eq. (3.2b) the 
result of these operations is 


&(0 k —k; 112) 4 
{ F,(w— waz) 
lemon 


w(k; 1)w(k; 2) 


ah 


ates “ 


8Nwa 


(0 k —k; 112) \? 
F,(w), 
w(k; 1)w(k; 2) ete? 


where 


9 2 
(w— 2w4)*—wH 
g1=sin 


2 ke, 
w—we 
I 


2w hor 


¢2= sin 


If we substitute into Eq. (3.13) the expressions for 
(0 k ~k; 112) given in Eq. (2.23) and make use of 
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Eq. (3.14) we obtain finally 
¥41(wa—w) = Cwa fi (x), 3<x4<S2+y 
=Cwafe(x), 1Sx<y (3.15) 
0 otherwise, 
where w= Xwa, Ywa= Wat ws, 
28? (hw wa'we'wa?)[ (Mi + M MM 2 4 (3 16 


(x— 1)(x—2)(x—3) 
f(x) = —s (3.17) 
[s— (x—1)*?(x—3)? }! 


x(x?—1) 
fo(x)= ~ (3.18) 
2[ s— (x?—1)?}! 
and 2= 4w,*w,?/w4*. A plot of f(x) and f(x) is given 


in Fig. 1. In this paper we assume the following values 
for the various physical quantities: 
Op hua k 250 s 4 


8=18X10" erg/cm’, a 


M,=2M:, 
(3.19) 
9X 10° erg/cm?. 


The values of C, y, and z are then 0.0383, 1.3939, and 
8/9, respectively. 

We turn now to the case of the ‘wings’ of the 
absorption region. The derivation of Eq. (1.2b) is 


based on the assumption that w>2w,. Therefore, in ob- 


AND R I WALLIS 


( Wg w) 


20} 


Y 


STANT 


DAMPING CON 


| / 


d 


Fic. 1. The damping constant 741: (w¢—w) ir 
as a function of w/w 


units of Cwg plotted 
at the absolute zero of temperature 


interval 0<w 
contributions 


give rise to nonvanishing terms in the 
<2wy. We the 
outside this interval separately 

If we examine the nonvanishing matrix elements of 
H,™, Eq. (2.19), ) 1 (wy 
[these correspond to setting the dispersion oscillator 
quantum number 2(0;1) equal to (0; 1)+1, 


consider nonvanishing 


which contribute 


to Y41l@a-—w 


where 


taining the damping constants y4:(wat+w), Y41(wa—w), 1°(0;1) is its value in the initial state |, we find only 
y-1(—watw), y-1(—wa—w), and yo(0), which appear two whose transition frequencies are compatible with 
in Eq. (1.2b), we can neglect all contributions which — the condition w> 2« 
[°(O; 1)+2 ][(—k; 1) +1 ][(R; 2)+1) 
V¥+1(wa—w) = hh! (0 k —k; 112) |? fo(w) : 
2waw(—k; 1)w(k; 2) #1 
for Sw4 Sw <2 TW 
[v°(0; 1)+2][v°(—k; 1)4+1][°(—; 2) ] 3.20) 
h\ (Ok —k; 112) |? fo(w) : 
2waw(—k; 1)w(—k; 2) ¢ 
for 2watwsr—wa<w< 3wa, 


0 otherwise, 


where 
sing; = (w— we) (w— 3wy)/2w ws, 
i ei (3,21) 
sings= (3wy—w) (w— wa) /2w.ws, 
(0k —k; 112 
43°C (M,+M,)/M2M2)sing, (3.22a) 
Ww Wad 
fo(w) (3.22b) 
{4w_*w,” T (w 2wy)?— we ad he 
In the limit of high temperatures we need the fol- 


lowing thermal averages: 


v°(0; 1)+2)r°(—k; 1)+1)(e° (Rk; 2)4+-1 
~ (RT )*/ hs k: 1)w(k; 2), 
323 
(x°(O; 1)+2){r°(— Rk; 1)+1 k;2 
~ (RT )*/ h®wao(—k; 1)w(—k; 2 
In this limit we obtain finally 
1( Wy Ww Cw Ww k7 he: 
Leia 3.24 
a r 
2Wq Ws Wa GW ow w Ww 
Turning to y;(w—wa) we find that the only non- 


contribute to 
0;1) equal 
the require- 


vanishing matrix elements which 
¥Y 1(w— wa) [ these correspond to setting t 


to v°(0;1)—1], and are compatible with 
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ment that w>2wy, lead to 
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[v(O; 1)—1 )[(k; 1) (eR; 2) +1) 


y-1(w—wg) =h|(0 & —k; 112) |? fo(@~)——— 


for 2watwro- wWaswS 3wa, 


2waw(k; 1)w(k: 2) $1 


[°(O; 1)—1 )[v(k; 1) (—k; 2)] 


2waw(k; 1)w(k: 2) 2 


h\ (0 k —k; 112) |*fo(w) 


= otherwise, 


where 

sing; = [| we? — (w— 2wa)? |/ 2waws, 

— Loe J (3.26) 

sing: = [ (w— 2we)?@— we? |/ ww. 
With the aid of the following high-temperature thermal 
averages 
(v°(O; 1)—1)<v?(R; 1))(v°(R; 2) +1) 

~ (RT)? /hwao(k; 1)w(k; 2) 


(3.27) 
(~°(O; 1)—1)(v°(k; 1)? (—R; 2)) 
~ (kT )*/TPwao(k; 1)w(—k; 2), 
we obtain in this limit 
y—1(w— wa) = Cw? fo(w) (RT /hwa)’, 
2watwr—WeaSwS lwatwetwe, (3.28) 


( otherwise. 


In calculating the thermal averages in Eq. (3.27) the 
range of the dispersion oscillator #°(0; 1) was restricted 
to #°(0;1)>1 in order that a state with a quantum 
number —1 not be included. Thus 


rt er 
Y(0;1)—1)=>0 (v—1)e Peal tT/S° e-ehoa/tT = (3.29) 
r=] vl 
We see, comparing Eq. (3.24) and Eq. (3.28), that, to 


this approximation, in the high-temperature limit 
Y+1(wa—w) equals y_1(w—wa). 
Turning to the remaining damping constants we find 


(3.25) 
for 3waS w< 2watWwa +wWp, 


Using the data of Eq. (3.19), a plot of 
sf 1(w— Wa) Cwe 


V+1(wa—w)/Cwg 


is given in Fig. 2 for T= 250°K 


Qa 
b 
= 
- 
wd 
Fic. 2. The damping constant y,:(w4—w) in units of Cw, plotted 


as a function of w/w, for w>2ws¢ and a temperature of 250°K 


We turn finally to a consideration of the center of 
the dispersion region. From Eq. (1.2c) we see that only 


that there are no nonvanishing contributions to the damping constants yo(0), y,:(0), and y.:(0) are 
Y¥si(watw), y-1(—we—w), and yo(0) in the region required in this case. These three damping constants 
w> 2w4. are given by 

th [o(O; 1) +1 jo(R; 1)[o(k; 2)4+1) 
7(0)= > |\@(0k —k; 112) |? ———= —— 

SN k waw(k; 1)w(k; 2) 


wh [o(O; 1) +1 }o(k; 1)0(- 


+— >> |\(0k —&; 112)|? 
BN k 


ah 
+-— >" |\@(0 k —k; 112) |? 
SN «k 


. 





8N 


where the first summation is over those values of k for which w(k; 1)—w(k; 2) 
the third, w(—k:1)+w(k; 2)=wa4; and the last, w 


X |@(0k —k; 112) |*- 


at. 


waw(k; 1)w(—k; 2) 


(0; 1)[v(—k; 1)+1 ][o(k; 2) +1] 


wao(—k; 1)w(k; 2) 
v(O0; 1)[v(—k; 1) +1 }o(—e; 2) 
ah Bal ——, (55 


, 


er aw 1)w(—k; 2) 


wa; the second, w(k; 1)+w(—k; 2) 
—~k;1)—w(—k;2)=wa; and where 2(0;1) equals 
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(0; 1)+1 for 74:(0), 2°(0; 1) for yo(0), and #°(0; 1)—1 for y_,(0). They can be expressed more compactly as 


¥+1(0) =[°(O; 1)4+2]A+[°(0; 1)+1]B, 


yo(0) = [v°(0; 1)+1JA+[°(0; 1) JB, 3.31 
y-1(0)="(0; 1)A+[(O; 1)—1]B, 
where 
ah v(k; 1)[v(k; 2)+1] v(k; 1)2 —k; 2) | 
A >. |(0k —k; 112) |? +> ©(0 k —k; 112)? +, (3.32a) 
8Nwwa lk w(k;1)w(k;2) w(k; 1)o(—k; 2)! 


the first summation being over those values of k for which w(k; 1) —w(k; 2) 
w(k;1)+w(—k;2)=wH 


wa, the second over those for which 


ah | Lo(—k; 1) +1 ][o(e; 2)+-1]) 


w(—k; 1)w(k; 2) 


B > |\o(0k —k; 112 
8Nwa k 
[v(—k;1)+1 }t k;2)| 
LS? |\b(Ok —k: 112 (3.32b) 
r w(—k;1)w(—k;2) | 
the first summation being over those values of k for which w(—k; 1)+w(k; 2) 


w( -k; 1)—w(—k; 2) 


wa, the second over those for which 


wa. Since w(k; 1)+w(k; 2) and w(k; 1)—w(k; 2) can equal ws only at k=0, we have since 


F (wa) = F (wa) = 4Nwa/rwwr, 


(3.33 
w(k; 1)w(k; 2)=waws sin(xk/N), 
that 
1 =}Cwa lim 0(0; 1)[0(k; 2)4+1+0(—k; 2) ] sin(rk/N), (3.34a 
k—0 
B=}Cwa lim [0(0; 1)+1 J[o(k; 2)+1+0(—k; 2) ] sin(xk/A (3.34b 
k—#0 
However, we find that 
v(k; 2)+0(—k; 2)4+1)=(20(k; 2) +1)=coth[hw(k; 2)/2kT ], (3.35 
while as k > 0 
w*(k:2)— (w,2we?/wr) sin? (rk N), 3.36 
so that 
lim (v(R; 2)+1+0(—k; 2)) sin(wk/N) =lim sin(rk/.V) coth[ (#/2kT) (waw,/wa) sin(rk/\ 2RTwa/hwaw,, (3.37) 
k—0 k—0 
in the high-temperature limit. Thus we obtain the result that 
A=10(0; 1) (Cw?/hwawrn) RT, 3. 38a 
B [v(0; 1)+1 (Cw P/ herr) RT, 3.38b 
so that the expressions for the thermal averages of the damping constants becom« 
¥+1(0))=2Cs-* (kT /h)((° (0; 1) +2 }x°(0; 1)4 [v°(O; 1)+1 3.39a 
yo(O)) = 2Cz-4(RT/h)( (2° (0; 1) +1 Je°(0; 1) + [e° (0; 1) +10; 1 (3.39b) 
y—1(0) 2Cz-* (kT h)([v°(O; 1) P+[°(0; 1) +1) (0; 1 —1] (3.3% 


In the limit of high temperatures the thermal aver- 
ages are found to be 
0;1)+1/- 
~4(RT/hwa) 
2[ (0; 1)+1 (0; 1))~4(RT/ hwy)? 
(Le°(O; 1) P+ (2° (0; 1)+1 D0; 1)—-1] 
~4(RT/hwa)’, 


J 


((v°(O; 1)+2 (0; 1)+ [7 


(3.40) 


so that to this approximation 


kT 
= (70(0)) =(y_1(0)) = 8Cw. ( ) (3.41) 
hu 


¥+1(0) 


The explicit expressions for the damping constants in 


this region, however, are of less interest than the 


corresponding absorption coefficient, which 
in Sec. V. 


It is worth pointing out that in the evaluation of the 


we €valuate 


high-temperature thermal average of the last term in 


Eq. (3.39c), the harmonic oscillator quantum number 


(0; 1) can only assume the values v°(0; 1) 21 in order 


that an initial state with a quantum number —1 not 


be included. 
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IV. ABSORPTION COEFFICIENT AT 


LOW TEMPERATURES 
If we combine Eq. (1.2a), Eq. (1.4), and Eq. (1.5), 
we find that the absorption coefficient at the absolute 
zero of temperature is given as a function of the 
frequency of the incident radiation by 
4n 1 [M(0;1) F 


wy+1(wa—w) 


(4.1) 


n(w) ne 
NC Va wa (wa— w)* +41? (we—w) 

If we use the definition w=xw,g of Sec. III, together 

with Eq. (3.18), we can rewrite Eq. (4.1) in the form 


Cxfi(x) 
n(w) = no —, 3£2x¢3.3939; 
(1—x)?+C? f;? (x) 
Cx fo(x) (4.2) 
= Ne —— 9 Ii<x< 1.3939: 
(1—x)*+C* f.? (x) 
= otherwise; 
where 
no= (2e/nvqcwa)[M (0; 1) F. (4.2a) 


The absorption coefficient in units of mo is plotted as a 


function of x in Fig. 3. 


V. ABSORPTION COEFFICIENTS AT 
HIGH TEMPERATURES 
In this section we apply the results of Sec. III to the 
calculation of the high-temperature expressions for the 


2wa 
——+17°(0; 1) 


" 
—w* 


1 [M(0;1)} 
a'(w) = —— —————__{ —- 
Ve wa wa 


so that in this case 





w 
n(w) =no— ' 
Wa—w) 


¥¥41(wa—w) — 1(w—wa) 


{2°(0; 1)[-y¥41(wa—w) — y_1(w—wa) ]4+-¥41(@sa—w)},  w > Qo. 
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Fic. 3. The absorption coefficient 9 in units of nm» plotted as a 


function of w/w, at the absolute zero of temperature. The method 
of Born and Huang was used to calculate 9 


absorption coefficient in the wings of the absorption 
region and at the center of the dispersion region. In 
the latter case we also present an alternative derivation 
of the high-temperature absorption coefficient which 
we feel is more justified than that of Born and Huang. 

The expression for a'(w) in the wings of the absorption 
region is given by Eq. (1.2b). The only nonvanishing 
damping constants in this region were shown in Sec. 
III to be y41(w—wz) and y_:(w—w.). Hence Eq. (1.2b) 
can be rewritten as ' 


¥+1(wa—@) | 
T 1 


w> lwz, (5.1) 
(wa w)? (wa—w)* 


(5.2) 


To obtain the high-temperature form for this expression we need the thermal average (v°(0; 1)[v41(wa—w) 


mn % 


y-1(w—wa) ]) which is given explicitly by [see Eq. (3.20) and Eq. (3.25) } 


h\ (0 k —k; 112))? 
(0; 1)[v41(wa—w) — y-1 (w—wa) |) = 


2waw(—k; 1)w(k; 2) 


folw 


é x [(v°(0; 1)[v°(0; 1) +2] (—k; 1) +1 (ek; 2)+1]— (0; 1)[° (0; 1)—1 (ke; 1) r*(—k; 2), 


¢1 


Swa<w< 2watwetws, (5.3) 


with a corresponding expression for the frequency range 2uws+ws—we < w< 3we. In Eq. (5.3), ¢: is defined by 


(5.4) 


sing; = (w— wa) (w— 3wa) /2w wr. 
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Evaluating the thermal averages in the high-temperature limit we obtain 


(Y(0; 1)[v°(O; 1) +2 ][(—k; 1) +1 ][(R; 2)+1)) 
2(kT)* 


hwew(—k; 1)w(k; 2) 
2(kT)* 
(°(O; 1)[°(0; 1)—1 (Rk; 1) [i (—; 2) |)~ 
hw ew(k; 1)w(—k; 
With these results we find that 
h [wat 2w(k; 1 
¥(0; 1)[v41(wa w) { 4) |) = P(Ok —k; 112) |*fo(w) 
2 hw dw? (k; 1)w* 
2n8*[ (Mi+M:2)/(M2M 2) | fo(w)[ (2w— 3wa 
Similarly we find that Fq. (5.6) also holds in the high-temperature limit in the frequet 
~w <3wy. Combining these results with Eq. (5.2) and Eq. (3.24), we obtain finally 


ww ay" 
2noC fo(w) 5 ° Qu TW, Wass 2u iT 
(\W— Wa) hw i 


The absorption coefficient in units of 9 is plotted as a function of x=w/w, at three temperatures in Fig. 4 
Turning now to the center of the dispersion region we see from Eq. (1.2c) that the absorption coefficient is given 
by 
| Wd wa(0; 1) [Ly 1(0)—741(0) ] 
n(wa) + 


| 
{ 
{ 
} 


No 

lyo(0)+-4100) [Lyo(0)+-741(0) y0(0) +710 
At high temperatures we find, with the aid of Eq. (3.39), that 

(0; 1)[-y~1(0) —¥4.1(0) |) ~ 2Caus (RT /hwa)(v? (0; 1) [0° (0; 1) +1 JL°(0; 1 
(yo(0)+y_1(0))~ 2Cwar (RT hwa)(3[ (0; 1) P + 27°(0; 1)+[°(0; 1)+1 If 
(yo(0) +74.1(0))~ 2Cwaz (RT /hwa) (4° (0; 1) P+-60°(0; 1) +1), 


so that the expression for the absorption coefficient becomes 


hig 1 (v(v+1)(v—1)—?v 
n(w)=no(s4 20)( ) [1+ , 
kT J (4v°?+60+1) (302+ 20+ (o+1 


Fic. 4. The absorpt 
units of mo plotted as a functior 
w>2wyg at three temperat 


of Born and Huang was us« 
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We have the following thermal averages 
(40° + 60+ 1)~8(RkT/hwa)* 
(v(v-+1)(v— 1) — 2° — 42° — 0) ~ — 2 (RT /hiwa)’, 
(30?-+ 20+ (v+1)(v—1))~8(RT/hwa)’, 


3 2 /@p\? 
nw) = No ( ) ° (5.12) 
oe Gis 


We conclude this section with an alternative calculation of the absorption coefficient at the center of the dis- 
persion region which we feel is more correct than the one just presented. It proceeds from the point of view that 
experimentally one does not measure a damping constant directly, but instead measures the absorption coefficient 
and then introduces a damping constant through some theoretical expression, such as Eq. (1.1). We therefore 
proceed to calculate n(w) directly without the need for an explicit subsidiary calculation of the damping constants. 

To calculate the thermal average of n(w) we need the following average : 


1 (0; ILy (0) —741(0) ] (0; 1)+1 (0; 
(A= +{— )- ( —- ( ——), (5.13) 
¥0(0)+7.1(0) [y0(0) +7, 1(0) yo(0)+y-_,(0) } v0(0)+74:(0) 0(0)+y_,(0) 


Recalling Eq. (3.31) and Eq. (3.34), and defining D(k) by 


and we obtain finally 


hp M, +M 2 wk 
D(k)= sin—, 
ww, MYM? N 


we can rewrite Eq. (5.13) as 


4 
i 


(A =lim = ([e°(O; 1)+1)/[20°(0; 1) +3 }e?(R; 1)[0°(R; 2)4+0°(—&; 2)+1) 
+[2°(0; 1)+1][e°(—; 1) +1 Le (k; 2)+°(—&; 2)+1)] 
—(P(0; 1)/[2e°(0; 1)+1 (Rk; 1)[°(k; 2) 4+ (—k; 2)4+1] 
+1°(0; 1)[v°(—R; 1) +1 (ke; 2)4+-0°(—k; 2)4+1] 
+ (1—8,%¢0, 1,0) [0°(0; 1)—1 Jf e°(—; 1) +1] v°(k; 2)-+0°(—k; 2) +1] | 
1 
lim —{(A,)—(A»)). 


0 J) 


( 1 v°(0;:1)+1 
— 
"Noe; 2)+0(—k; 2) +17 \4(0; 1) 2-+60°(0; 1) +1 


- (A 1)(A 12); 


1, can be fac tored into 


while (A2) becomes 


(. 1 -)¢ (0; 1) 
(A>s)= ——_____—__— — -», 
(k; 2)-+0(—k; 2)+1 4fv°(0; 1) P+2°(0; 1)—1—4,%0, » of [0° (0; ee, 


A oi XA 22) 


We consider first the factor 


v(0; 1)+1 e e (n+1)e" 
eg Oe ga 
4[ (0; 1) P+6r°(0; 1)+1 Z (wa) »~0 4n?+6n+1 


where x= hwa/kT, and 


ton§romarcemel oo IY] » ()—* 
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Now we can write 


2 (n+1)e-™ 1 a | 1 
5 = - > (n+1)e ~( — 


n= 4n?+-6n+1 24/5 nw n+a nt+b 
where 


The value of the sum 


S(x)= 2, . 
n=) n+a 


in the limit as x — 0 is obtained in Appendix B and is given by 
S(x)~—Inx+[c(a)—Ina— ¢ |+O(x Ina 


L 


where €=0.5772 is Euler’s constant, while c(a) is defined by 


~ 1 l 
cla) f é ~( — Ja 
0 l-c“ 4 
1 | 


| hw 
(A jp) (1—a)| —In +(c(a)—Ina—e)+ | 
(RT /heog +} +--+) 2/51 kT 


With the aid of this result we find that 


hwa 
-(1=6| —in + (c(b)—Inb—e)-+ | 
kT 


1 fhwa 1/hwa\? hw, 
- ( ) +: | eon + (1—a)(c(a) —Ina— e)— (1—5)(c(b) —Inb—e)-+4 | 
2/SLRAT 2N kT kT 


Turning now to the averags 


(0; 1) wa. 
(Ay ( ) += 
4[1°(0; 1) P+22°(0; 1)—1—8,%0, of (2° (0; 1) P—-1}7  Z(wa)l2 


we reduce it to 


where 


Since c <0 we rewrite this expression in the form 


E (=) 

I ) — 
kT 2NkT 

The value of the sun 


, 1>a>Id, 
on—a 


in the limit as x — 0 is obtained in Appendix B and is given by 


1 
~Inx+] c(a’)— Ina’ — e——— |+o x Inx), 
1—a’ 
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where a’=1—a. With the aid of this result, Eq. (5.29) becomes 


hwa 1 hwa E 1 1 
=| --(—) + || +—| — (d+ |c|) Inx+d(c(d)—Ind—«) 
kT 2\kT 2 2/5 


tel (ca-| —In(l—ic| )—e- 


The last average we consider is 


Rw(k;2)/kT 


1 e a 
(Au)=(An)={— 2). aie ) sz 
v(k; 2)+1°(—k; 2)+1 Z[w(k; 2) \Z[w(—k; 2)] m.n—0 = =omt+n+t 


where we have used the fact that w(k; 2)=w(—k; 2). The double sum 


- € (m+n)z - x £ 1 
ye ———————————— = e m+n f € t m+n tdi -f ¢ t 
mn mtn+l mn [1 ~g-(ite 


is evaluated in the limit as x +0 in Appendix B with the result that 


eel k;2)/kT kT 5 \ hw(k; 2) 
(A 11) =(Ao1) =— F +p +(»- ) + 
[Z(w(k; 2) PL hw(k; 2) 12) RT 


. 1 YY 
r= f € | - — Jim 
é (i-c*)? « 


< 


where the constant is defined by 


Recalling Eq. (5.19) we obtain finally 


hu (k ; 2) | hw (Rk; 2) |? 
{A4) (Ao)~ +0( | | ) (5.37) 
kT 


kT 


Combining the results of Eq. (5.25), Eq. (5.32), and Eq. (5.37), we find that in the high-temperature limit 


(A1)—(A2)=(Au) (Ar —(Ao a . (5.38) 
where the constant B is given by 


1 1 
—-+——{ (1—a)[c(a) —Ina—e ]— (1—)[[c(b) —Inb—« ]—d[[c(d) —Ind—« } 
2 2/5 


1 
-icl\}e(Ai—ic| )—In(i—!c¢|)—e— |}. (5.39) 
c 
Combining Eq. (5.15) and Eq. (5.38) we obtain 


ww? M2M2 wlk;2) frwg B Wagon 
(A)~lim — B=2 (5.40) 
0 Ag? Mi+M,sin(xk/N) (kT)? C wal kT)? 


Since write 


ey 5 On\? 

n(wa)= 3nwa A), (5.41 " > 9305" a( =) (5.42) 
we see that this method of evaluating n(w.) leads to an Cc T 
absorption coefficient at wy which has a T~* dependence 
on temperature in the high-temperature limit as con- Vl. ORDINARY SECOND ORDER TIME DEPENDENT 
PERTURBATION THEORY OF THE 


trasted with the 7~* dependence predicted by Eq. ABSORPTION COEFFICIENT 


(5.12). 

To evaluate the constant B we need the values of In this section we give a calculation of the absorption 
c(a), c(b), etc. These quantities are evaluated by using coefficient following the second-order time-dependent 
the result in Appendix B, and substituting the values perturbation theory described in Heitler.* The un- 
into Eq. (5.39) we obtain B=0.4790. Finally we can perturbed states consist of the normal mode oscillators 
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The perturbing term in the 
of Ha, 


interaction term between the 


Hamiltonian is the sum 


Hr, the 


radiation and the lattice 


the anharmonic contribution, and 


(w 
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As in the preceding work with the Weisskopf-Wigner 
method we consider only cubic anharmonic terms in the 
Hamiltonian, and we further as 
are linear in the dispersion oscil 


sume that these terms 
ator coordinate Q 0:1 

Hamiltonian 
2.19) after the 
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The anharmonic terms in the are then 
given by Eq. (2.11 
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radiation-lattice interaction term Hg is given by 


or by FE trans- 


The 


Hy, 4 6.1 


where A is the radiation and 
pi, ex, and M, are the momentum, charge 
the ith ion. 

The order tr 
state 0 to final state 
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second proceed from initial 
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7, contains states i by 


state 
radiation interaction 
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anharmonic int 


radiation 
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transitions can be 


= 7 [ vitttobedr [vi eouvodrt 
lw ) ) Wt w) « 


the quantities y are order lattice 
products of 2.\ 


functions of the 2.\ 


where zeTO 


wave 


functions consisting of harmonic 
oscillator wave 
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hwo, tw,, tw;, and hw,, and 
rhe plus sign in Eq. (6.2 


he minus sign for induced emission 


normal coordinates 
states O, s, 7, and ¢ are 
the photon energy 1s hw. 


is used for absorption and 


For a given initial state 0 the absorption coefficient 


corrected for induced emission can be written as 


bor*w ; 
” {2 |! 
No.nhce * 


where the sums are over By carrying 


out a thermal average of Eq over the initial states 


0 one obtains an expression for the net absorption 


coefficient at a given temperatu It may be pointed 


out that first-order transitions of the 
contribute 


harmonic lattice 


a 6-function absorption at the dispersion 
frequency wa which included in Eq. (6.3 

We the 
absolute zero of temperature. One finds, after evaluating 
the matrix elements ( for our model, that there is 


no induced emission correction and that the absorption 


consider first the case of absorption at 


coefficient can be 


Q otherwis 
The quantities ¢ III and 
IV. 

The absorption coefficient at t ite 
temperature is plotted 
circ ular frequen y in Fig 
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frequency dependenc 
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The quantity y’ is defined by y‘waa@s—wa, and it has 
been assumed that k7>>hwa. 

One notes from Eq. (6.5) that at high temperatures 
there is a singularity in the absorption coefficient at w, 
with frequency dependence (w—wa)~*. There are addi 
tional singularities at we+-w, and w,—w, with frequency 
+ and 
spectively. The absorption coefficient increases as the 
first power of the absolute temperature T at all fre- 
quencies. This dependence is not valid, however, at the 
dispersion frequency we because damping is neglected. 


de pendence QS (Wet@s—-W \W—-WeTWe) *, Ire 


VII. DISCUSSION 


The calculations of the optical absorption spectrum 
at low temperatures provide an interesting comparison 
between the Born-Huang theory and the ordinary 
second-order perturbation theory of anharmonic effects. 
Both procedures lead to strong absorption near the 
dispersion frequency wa and subsidiary absorption near 
wat+w». The small absorption near 3w4 obtained with 
the Born-Huang theory is not found with ordinary 
perturbation theory. In the latter procedure, tran 
sitions leading to absorption near 3wg involve second 
order matrix elements which vanish identically due to 
exact cancellation of terms corresponding to inter- 
mediate states j with those corresponding to inter- 
mediate states ¢ and consequently the 
near 3wa is spurious. 

The inclusion of damping in the Born-Huang method 
eliminates the singularity in the absorption at we+w» 
found in the ordinary perturbation calculations. How 
ever, at low temperatures the frequency dependence of 
the Born-Huang damping constants produces a singu 


absorption 


larity in absorption at wa having the same frequency 
dependence as that found by ordinary perturbation 
theory. The persistence of a singularity at wa may be a 
consequence of the one-dimensional character of our 
model. Nevertheless, it points up the fact that the use 
of Weisskopf-Wigner perturbation theory does not 
guarantee the elimination of singularities in the ab- 
sorption spectrum. The (w—wa)' singularity appears 
to arise from the k dependence of the anharmonic 
coefficient (0k —k;112) rather than from the fre- 
quency distribution function Fa(w) or the normal mode 
frequencies w(k; 1) and w(k; 2). 

Rather diverse results have been obtained for the 
temperature dependence of the absorption coefficient 
at high temperatures. The classical calculations of Born 
and Blackman and of Neuberger can be expressed in 
terms of a Lorentz line shape with a damping constant 
that varies linearly with absolute temperature. This 
result is in agreement with the quantum mechanical 
second-order perturbation calculation given in the 
present paper for frequencies away from wg. The regions 
of absorption predicted by these two approaches are 
also in agreement, namely, between wa and we+w» at 
low temperatures and between w,—w, and wa+wy» at 
high temperatures. 
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The Weisskopf-Wigner calculations given in this 
paper lead to a different temperature dependence of 
the absorption coefficient from that discussed in the 
preceding paragraph. At the dispersion frequency wa 
the absorption coefficient according to the Weisskopf- 
Wigner method varies with absolute temperature as 
T-*, if the Born-Huang procedure for carrying out 
thermal averages is followed, or as 7~* if the absorption 
coefficient is averaged over initial states. The dis- 
crepancy arises from the fact that Born and Huang 
take the thermal average of a quotient to be the 
quotient of the thermal averages. This leads to a 
fortuitious cancelling of the 7-* terms. We feel that it 
is preferable to carry out thermal averages directly 
over the absorption coefficient and that the T~* de- 
pendence is the more reliable result. 

For frequencies w>2w4 both our calculations using 
the Weisskopf-Wigner theory and those of Born and 
Huang give absorption proportional to T~*. One is 
forced to be rather suspicious of this result because the 
intermediate states / are omitted in these calculations, 
and their inclusion leads to zero absorption for w> 2wa 
as shown by the ordinary second-order perturbation 
theory results. The omission of the states ¢ also casts 
doubt the Weisskopf-Wigner temperature de- 
pendence of absorption at wa, especially since this 
dependence disagrees with the result from classical 
theory which should be valid at high temperatures. 

Only quite recently have experimental data become 
available concerning the temperature dependence of 
the lattice vibration absorption of crystals. Heilmann" 
has studied the infrared reflectivity of lithium fluoride 
at various elevated temperatures and has analyzed his 
results in terms of a damped Lorentz oscillator. At the 
higher temperatures the damping constant varied as 
T*. However, the highest temperature used by Heilmann 
corresponds only to a value of kT /hw,s of about two, so 
that he was not really in the high-temperature range in 
the sense of this paper. 

A study of the infrared reflectivity of sodium chloride 
in the lattice vibration region has recently been made 
by Hass'* in this laboratory. A range of temperatures 
up to 1000°K was employed corresponding to values 
of kT/hwa up to about four. The reflectivity at the 
dispersion frequency wa was fitted using a damped 
Lorentz oscillator. The temperature dependence of 
the damping constant is most closely fitted by a 7? law. 

The experimental data presently available appear 
to be consistent with the theoretical result that the 


on 


absorption coefficient at the dispersion frequency should 
vary as T~*. It is, however, too early to draw any firm 
conclusions about agreement of theory and experiment. 
The theoretical treatment given in this paper has 


considered only cubic anharmonic terms and has 
neglected the higher-order terms. At high temperatures, 
especially, one might expect the high-order terms to 


7G. Heilmann, Z. Physik 152, 368 (1958) 
1* M. Hass (to be published). 
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make important contributions to the absorption. This 
point remains to be investigated. In addition the role 
of charge deformation‘ has not been entirely clarified. 

Although the model considered in this paper is one- 
dimensional, most of the gross features of the results, 
such as the temperature dependence of absorption, 
should persist in a three-dimensional model. A more 
realistic frequency dependence of absorption near the 
dispersion frequency at temperatures may be 
expected from a three-dimensional calculation. The 
existence of additional branches of vibrational fre- 
quencies may lead to new absorption. For further 
discussion of one- and three-dimensional models see 
the papers of Blackman.''® 

The assumption that the important anharmoni 
terms are linear in the dispersion oscillator coordinate 
(0; 1) has been discussed by Born and Huang. Rather 
peculiar results are obtained if all cubic anharmonic 
terms are retained. In the ordinary second-order per- 
turbation theory the absorption coefficient turns out 
to be proportional to V, the number of unit cells in the 
crystal, while in the Weisskopf-Wigner approach the 
damping constants are proportional to V. Both results 
are physically unacceptable and bear some resemblance 


low 


Hy=3 XY (Q*(k; Qa; J+o*(k; NO*(R; NOR D}, 
& 3 


AND R WALLIS 


to the difficulties in calculating extensive and intensive 
properties mentioned by Van Hove.'* For a discussion 
of this problem see the recent paper of Brout.™ 
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APPENDIX A 


We present here a brief discussion of the Born-Huang 
theory from a standpoint somewhat different from 
theirs, in order to clarify the approximations made in 
their theory. The problem we must solve is the following 
one. We first require the solutions of the 
Schrédinger equation for our system 


(Ho+H,)? 


perturbe d 


ihdb/ dt, (A.1) 


where H, is the harmonic part of the total Hamiltonian 


(A.2) 


while 77, is the sum of the anharmonic potential energy and the term describing the interaction of the lattice wit 


the external radiation 


1 
H\= — > 
6y N kkk’! i" 3" 


=\iHat+h2(A ge '+ HH g*e'), 


where A, and A, are perturbation expansion parameters 
which can be set equal to unity at the end of the 
calculation. 

The induced electric moment due to the dispersion 
oscillator (0; 7) is the expectation value of the electric 
moment operator 

VNM(O; /)Q(0; 7). 


If we form the expectation value of this operator using 
the perturbed wave function ® and divide this result 
by the total volume of the crystal, Vv,, we obtain the 
dielectric polarization 


Pi(t)= (1/N'v.)M(O; j7)(®\Q(O; 7)|@). (AS) 


[Born and Huang actually average this expression over 
all initial times to obtain the dielectric polarization 
P’(t) due to the oscillator (0; j).] The coefficients of 
the terms linear in the external field in the expression 
for P(t) give aas’, the partial dielectric susceptibility 
due to the dispersion oscillator (0; 7). 

It is well known that the solution to Eq. (A.1) can 
be expressed in terms of the solutions y,(/) of the un- 
perturbed problem 


Hw ,(t) = ihdy,(t)/dt, (A.6) 


~ bX H&(kh'k”; 77’ 70k; JOR; FOR’ 


:)+VN XQ; j)M(O; j)- (Een + Ete} (AS 


(A.4 


p — as (A.7 
n Un\l)Wr \ / 


The coefficients a,(f) satisfy the equations 
da, (t) 1 


> (n| Hy n'a 
dl ih n 


A.8 


where the matrix elements of the perturbation Hamil- 
tonian are 
solutions to Eq 


between the 


defined by 


evaluated 
A.6). da, 


time-independent 


Hba= Enon, A.9 
so that 
A.10 


Va(t)=e™"'g,,  hon=E, 


As long as we retain only cubi 
and neglect the quartic and higher-order 
perturbation Hamiltonian has no matrix 
elements. It is furthermore clear from Eq. (A.3) that 


the matrix elements of the separate contributions to H, 


terms 
terms, the 


inharmonik 


diagonal 


1% L. Van Hove, Massachusetts Institute of Technology Tech 
nical Report No. 11, Solid State and M Theory Group 
Massachusetts Institute of Cambridge, 1959 
(unpublished ) 

*®R. Brout, Phys. Rev 


lecular 


Technology 


107, 664 (195 
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are completely independent of each other. That is, no 

two states m and n’ coupled by Hg» or Hg* are coupled 

by 14, and vice versa. We further make the assumption 

th 0 our system is in a definite unperturbed 

state which we denote by n=0, so that we have 


at at time / 


: (A.11a) 


a,(0)=0, nx¥0. (A.11b) 


With these conditions it is possible to solve for ao(t) 
in the following way. Following Born and Huang we 
assume that we can regard the electric field as in- 
finitesimal in determining a(t), at least to lowest order 
Then we find on integrating both sides of Eq. (A.8) 
from 0 to ¢, and recalling the initial conditions (A.11), 
that 
At 
> (n!| Han’ 


ih n 


t 
xf a,’ (te a idt,. (A.12) 


We now proceed to solve this integral equation for 
ao(t) by iteration, remembering that 


(n|H,\n)=0. (A.13) 


We obtain 


> (0! H4\n')n'| H4!0) 


t ty 
x f at, f dige*er—en) it ilon'—ao)iat... (A,14) 
“6 


where the first-order term vanishes as a consequence 
of Eq. (A.13). Following Van Hove! and Brout and 
Prigogine,” we retain in lowest order only those terms 
in the expansion, Eq. (A.14), which are of O((A,*f)"). 
It is not too difficult to show that only those terms in 
the iteration expansion contribute to this approxi- 
mation for which every second intermediate state is 
the initial and final states. The 
vanishing terms form an exponential series which is 
summed to yield 


the same as non- 


(A.15 


dot 


where 


(A.16a 


> (nH, 0 P( ), (A.16b) 
Pw W0— Wn’ 


25 (wo— Wn’), 


Ae (+7 He Q) 
——— ’ nein . fe etj—eo—w)t vot ¢ 
h (wij;—wo—w) +170 


A2 


ti L. Van Hove, Physica 21, 517 (1955) 
2 R. Brout and I. Prigogine, Physica 22, 621 (1956) 


h (wsj;—wotw)+ty 
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where P(1/x) means the principal part of 1/x. If, as 
Born and Huang do, we neglect the frequency shift 
Aw, the expression (A.15) for ao(/) is identical with 
theirs [ B-H (46.24) |. We notice that ao(t) is of O(A,°). 

To obtain the coefficients a,(t), 


follows. We rewrite Ey. (A.8) as 


da, (t) 1 


nO, we proceed as 


n Hi, O)ao(Le\* ee § 
dt th 
1 


+ 


ih 


(A.17) 


> (| Hy n'a (te enent, 
n" 


n’' 0 
and we see immediately that a,(/) is of O(A). The states 
which are coupled to the initial state through Hg and 
H,* are called by Born and Huang “the states +).” 
The states which are coupled to the initial state through 
H, we have called “the states ¢.”” All other states we 
call “the states s.”” This terminology differs from that 
of Born and Huang who label all states other than the 
states 0, +/ as “the states s.”’ Integrating both sides 
of Eq. (A.17) from 0 to ¢, using Eq. (A.15), we obtain 


d i(an—wo)t—yot. J 


1 e 
in' H, 0) 
th i(w,— 


a,(t) 
wo) — Yo 
Ae etlen—« w)t—vyet 1 
+ (n He Q) 
th 1(W,n— Wo—w) 
Ae eten—eote)t 
(nt H,* 0 


th 1(wW,n—wotw)—¥ 


At 


t 
+ 2» (n' Ha n')f An: (Le en—en Nf, 
in »' 0 

n’ #0 


de t 
> (n\He wf An (tye enon’ ©) df, 
0 


” 
n’ #0 


As 


t 
> (n He" n’)f A, (tye enon’ to udy,, (A.18) 
in n 0 
n’' #0 


We now solve these equations by iteration. In solving 
for a,;(4) we retain only terms of the type A2(A;)". 
This choice is dictated both by the fact that in forming 
the expectation value (@ Q(0; j)') we wish to retain 
only terms linear in the external field, and @o(t) is of 
O(A"), and by the fact that in these calculations we 
consistently ignore radiation damping. The result of 
this calculation is that for states +7 which couple to 
the state 0 through Hg and Hg*, 


(rj H,* 0) 


vot ¢ (A.19) 


ytjt—-iAwsjt |] 
J 
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rT 


> |(+j|Ha|n’)|7b(wi;—w,’), 


- 
n’ #0 


#0 


We can solve Eq. (A.18) for the coefficient a;(¢) in the same way, only in thi 


Ai (A;74)" The result is 
Ay (i Hy, Q) 


a,(t) 
ih t(wp—wo) — Yo 


where 


\(t|Haln 


1 
ie(-) 
ww 4 


3 (t H4\1 


hh? n’ 


n' #0 


Finally, the equations for the coefficients a,() are obtained from Eq. (A.18) by suppressing 


AN 


ES M+s|Haln’) p( ) 


[{e' w two) t—yot __ » 


D R. 


20a) 


20b) 


+ 


\is case we retain terms of the type 


4.21) 


' 26 (wi— Wa ), 


\.22b) 


first three terms 


r the 


on the right-hand side of this equation, and it is seen that a,(¢) is of O(A*). Since ((0; 7) has nonvanishing matrix 


elements between the states s and ¢, and since a;(t) is of O(A,), we keep only terms of OQ(,A 


a,(t) is cumbersome and will not be given here. 


However, the result of this calculation shows that a typical term in the product a, 


schematic form 


a,*(t)a,(t)~ 


apart from factors which involve products of differences of complex exponential functi 


APAKO Hy, | ts Ha 


[ (wy | oe vol (wy j—@ 


\,74)"). The result for 


the following 


+7X+7\|He\0 
A.23) 


ow) + ry IL, — Wo WwW) 1 


ions of time. The imaginary 


part of this product (retaining only terms linear in the damping constants) is the sum of terms of the form 


APA~“0 HaitXs Ha +IX+j He Oyyo 


a,*(t)a,(t)~ 


If all frequency differences appearing in the denomi- 
nators are large compared with the damping constants, 
the order of such a term is 


O(1AP Ae O(A*A2), (A.25 


a;*(t)a, (2) 


in view of Eq. (A.16a). However, if one of the frequency 
differences is small or vanishes, the order of this term is 


a,*(t)a,(t) { APAe Yo) O(Ag). (A.26) 
We now compare these qualitative results with those 
for the product ao*(é)a,;(4). A typical term in this 


product has the schematic form 


d+ j|He!0) 
(A.27) 


; 


ao* (t)a4;(t)~ ’ 
(wij;—wWo—w) +170 


so that the imaginary part of this expression is of the 


form 
Ao j He Oyo 
—--~ (A.28) 


ao* (t)a4;(t)~ -, 
\e 9 
(w4.j—wo—w)*+-y¢" 


* Approximations have been made in obtaining Eqs. (A.19) 
and (A.20) which eliminate the dependence of y,; on w but which 
do not affect the argument presented in this appendix. 


[ (we — Wy ye? I (w4j;—wo—w)? +o 


A.24) 
4. 

WL \@e— @ 

In the case that the frequency difference in the de- 
nominator becomes small or vanishes, the order of this 


term is 


(A.29 


. 


ao* (t)a4.;(t) =O(A2/Yo) =O(A2/Ai 


On the other hand, when the frequency difference in 
the denominator is large compared to the damping 
constant, the order of this term is 

O—DAL (A.30 


Comparing the results expressed by Eqs. (A.26 
(A.30), we see that in the frequency range where one 
he denominator of Eq 
cy difference in Eq. 
contributes more 


(ft O(Ady 


and 


of the frequency differences in t 
(A.24) vanishes, but the frequen 
(A.28) does not, the term a,*(i)a, 
importantly than the term ao*(f)a,;(é). 
The treatment of Born and Huang neglects all con- 
tributions of the form a,*(/)a,(¢). From the foregoing 
discussion one sees that under certain conditions such 


an approximation may lead to some error 


APPENDIX B 
In this Appendix we obtain the leading terms in the 
asymptotic expansions of the sum 





OPTICAL ABSORPTION 


2 e nz 
S(x)=>d - 
nd n-+a 


a>0v, (B.1) 


and of the integral 


iix)= f e'‘———_— : 
[it+e-+oP 


in the limit as x 
I. We rewrite the sum (B.1) as 


S(x)=>¥ ¢ =f 
. dl 
f wetliiaaes 

e 1—e (2+) 


With a change of variable x+/= 4 we are led to 


" du 
e~**§(x)=F(a:x)= ee —, 
1—e* 


=z 


>+0+. 


zx 


oe (te) tdi 


(B.4) 


We that for x~O the main contribution to the 
integral comes from the neighborhood of u=0. We thus 
expand the denominator of the integrand in a power 
series in u to obtain 


see 


o g~aw 


€ 
F (a; x) J (1+ }u4-pyuP+---)du 
; & 


- Bi(—ax)+ f e~9"(4+-pyut > -)du 


-f € au(d+sout---)du, (B.5) 


where — Ei(—z) is the exponential integral. Denoting 
by c(a) the integral 


z 


c(a) = € 0" (d+ aut + du 


“5 


‘ u du 

f eo — ——] . 

0 i~o™ u 

expanding the exponential in the second integra! of 


Eq. (B.4) and integrating term by term, we find 


F(a; x) 


(B.6) 


— Ei(—ax)+c(a)—4}x 
+4(fa—py) x? + 
The exponential integral — Ei(—z) has the following 


asymptotic expansion for s+ 0™: 


— Ei(—z)-= 


(B.7 


—Inz—e+2—}2*+ 
where e=Iny is Euler’s constant 0.5772---. With this 
* Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher 
Transcendental Functions (McGraw-Hill Book Company, Inc 

New York, 1953), Vol. II, p. 143 


IN POLAR CRYSTALS 


result and Eq. (B.4) we obtain finally 


S(x) = e**[—Inax—e+c(a)+(a—})x 
= (ta?@—}a+1 /24)x*+--- ] 


—Inx+[c(a) —e—Ina]— ax Inx+O(z). (B.8) 


This result can be used to obtain the asymptotic form 
of the sum 


o Cc nz 
S'(x)=d - 


an) 1—a 


0<ae<il, (B.9) 


in the limit as x 


1 
S'(x)=- 


> 0. Rewriting this sum as 


en" 1 A ec" 
+¢ >» 


no n+a’ 


+> , (B.10) 
a n=l 2— da a 
where 


0<a’=1—a, 


and applying Eq. (B.8) we obtain finally 


1 
S’ (x)= ~na-+|o(0’)~Ina’ —e— 
1—a’ 


+O(x\inx). (B.11) 


The integral for the constant c(a) defined by Eq. 
(B.6) is evaluated in the following way. We make a 
change of variable e~“= x to rewrite Eq. (B.6) as** 


: 1 1 
cla) = f s* ( aa )as 
0 I1—x Inx 


1 
Ina—V¥(a)+-, 
a 


(B.12) 


where W(x)=d/dx In(x!). The function V(x) is tabu- 
lated by Jahnke and Emde. 

IJ. The derivation of the asymptotic expansion for 
I(x) proceeds in a somewhat similar fashion. With a 
change of variable we find that 

* 


du 
e~*I (x) =G(x) f e* : 
(i-—e“)? 


z 


(B.13) 


Again it is the small-« region of the integrand which 
contributes dominantly to the integral for x~0 so that 
expanding the denominator in powers of u we obtain 


“eu 5 
Gix)= f - (1+s+ u*+ oa 
uw? 12 


z 


x “ 


Sl e* 
f —-du+ du 
uw? u 


a z 


. 5 u 
+ f e ( +. f+ ) au 
1 U 


. 2 
2 = 
-f c* + wt a (B.14) 
: ( am & 


28 W. Grobner and N. Hofreiter, I ntegraliafel (Springer-Verlag, 
Wien and Innsbruch, 1958), Vol. II, p. 90 
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If we introduce the well-known auxiliary integrals” we obtain 


1 
G(x) ra) 


1 


(B.15a 


(B.15b) 
Since it is readily verified 
a ‘ 9-1! Ei 
and denote the constant defined by the third integral in 
Eq. (B.14) by p, , In view of E 
d_o(a 1+ 


as x—>(). With the 
G(x) becomes 
G t 
(B.16) : 
so that finally 


26M. Born and K. Huang, see reference 10, p. 389 I(x) 
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We continue the investigation, begun in the previous paper of 
this series, on the ground-state energy of a one-dimensional chain 
of atoms from the point of view of orthogonal atomic functions. 
Thus, the exchange integral is positive and the configuration 
interaction between polar and nonpolar states is included. Our 
results are extended to include the condition of a large amount of 
overlap among the unperturbed nonorthogonal atomic functions 


I. INTRODUCTION 


this paper, we have extended the investigations 
of the ground-state energy of a one-dimensional 
array of atoms begun previously by the author' (here- 
after referred to as DP I). This extension gives us further 
information about the correlation energy of such a 
ground state and also allows us to make some com- 
ments with respect to the validity of the Dirac spin 
Hamiltonian when the functions are 
orthogonal. 

Each atom in its isolated state is considered to have 
one outer electron which is in an s all other 
electrons being in closed shells. We treat this problem 
from the point of view of rigorously orthogonal atomix 


atomic non- 


State 


wave functions. Thus, the exchange integral is always 
positive, and the interaction between polar and nonpolar 
must be included. In this paper we have suc- 
ceeded in obtaining results for the case of two electrons 
having their spins oriented in a direction opposite to all 
other electron spins. These results are valid for the first 
time in the region of large interactions between polar 
and nonpolar states. Slater? has pointed out that in 
order to orthogonalize the atomic wave functions it is 
necessary to form a linear combination of these non- 
orthogonal atomic functions with the polar state atomic 
wave functions. Thus, if the amount of overlap of the 
nonorthogonal atomic wave functions is large or the 
distance between atoms is small for the 
substance, then the region of strong interactions be- 
tween orthogonalized nonpolar and polar states is a 
very important one—in particular, since almost all 
calculations assume orthogonalized wave functions. In 
DP I, the secular equations for the case of only one 


States 


interatomi 


electron spin oriented in a direction opposite to all other 
electron spins was solved rigorously for both large and 
small interactions. Vole added in proof —In DP I, the 
summation of the continued fraction in Eq. (29) is exact 
for large M inasmuch as the &; are always equal 

private communication with L. Mattheiss. Although 
this was of interest, especially for the ferromagnetic 


1D. I. Paul, Phys. Rev. 118, 92 (1960 
2 J. C. Slater, Phys. Rev. 52, 198 (1937) 


resulting in a strong interaction between the orthogonalized non 
polar and polar energy states for the case of two electrons having 
their spins oriented opposite to all other electron spins. These 
results indicate that for this case the energy of the unmagnetized 
state is lower than that obtained when all the electron spins are 
parallel and that the system is nonferromagnetic 


case, the solution for two electron spins reversed in 
direction takes into account the effect of spin-spin 
interaction. 

The problem of extending the theory of magnetism 
to include the effect of polar states was first considered 
by Slater? for the ferromagnetic case. Thus, Slater com- 
pared the energy of a lowest state where all the elec- 
trons had their spins oriented in the same direction 
with the energy of the set of states where one electron 
only is disturbed from this lowest state by reversing its 
spin direction and either remaining on its original atom 
or forming a polar state by migrating to a nearest 
neighbor atom. The solution of the resulting configura- 
tion interaction problem for one electron spin reversed 
is obtained by means of perturbation theory between 
the nonpolar states and those excited states consisting 
of the single electron migrating no further than to a 
neighboring atom. In DP I, the reversal of only one 
electron spin is solved rigorously—without the use of 
perturbation theory and including those polar states 
formed by the electron migrating to any other atom 
and is thus valid for large as well as small interactions 
between the orthogonalized nonpolar and polar energy 
states. The problem of a linear chain or ring where any 
number of electrons may reverse their spin was solved 
by Bethe* and Hulthén‘ where, however, the inter- 
action of polar states was not considered. To compensate 
for this the exchange integral was aliowed to take either 
positive or negative values for the ferromagnetic and 
nonferromagnetic cases, respec tively. In DPI, we ex- 
tended the theory to include interactions with polar 
states. For small interactions between polar and non- 
polar states, we were able to obtain results valid for 
any number of reversed electron spins and to show how 
the ground-state energy varies as a function of the con- 
figuration interaction or correlation energy. It was 
found that the usual exchange integral in the Dirac- 
Van Vleck spin operator is replaced by the difference 
between the exchange integral and the ratio of the 
square of the interaction energy divided by the polar 


*H. Bethe, Ann. Physik 71, 205 (1931) 
‘L. Hulthén, Arkiv. Mat. Astron. Fysik 26a, 1 (1938) 
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energy, and the sign of the coefficient is determined by 
the difference in magnitude of these two quantities. 
The results obtained in this paper are for the case of 
two electrons having their spin reversed, and are valid 
for large interactions. These results indicate that for 
this case the energy of the unmagnetized state is lower 
than that obtained when all the electron spins are 
parallel and that the system is nonferromagnetic 


Il. FORMULATION OF THE PROBLEM 


Consider a periodic array of NV atoms arranged in a 
closed linear chain or ring such that, counting in a 
counter-clockwise direction from a given atom which 
we arbitrarily choose as being at position one, the V+1 
atom is this same atom. Each atom in its isolated state 
to have one outer or valence electron 
which is in an s state 


is considered 
Che total energy of our system is 
represented by the Hamiltonian 


(1) 


H=> H(i)+} 


where //(1) represents 
the field of all the r, 
the Coulomb interaction potential between the ith and 
jth elec trons, é 


the energy of the 7th electron in 
nus lel and bound elec trons, e is 
is the absolute value of the electron 
charge, and r;,; is the distance between the ith and jth 
electrons. The prime on the last summation sign indi- 
cates that the case i equals 7 is excluded. 

Our unperturbed ground states are those where each 
atom has one outer electron whose spin is oriented in 
either the plus z or minus z direction, subject to the 
restriction that there exist a total of two electrons with 
their spin in the plus z direction—all other electrons 
having their spins in the minus z direction. We label the 
one electron eigenfunctions associated with the posi- 
1,2,---N oy i=1, 2, 
signifies that the spin associated with this electron is 
oriented in the plus 


tions | as vas (Cy) where ¢, 


direction while ¢2 indicates the 
minus direction. We postulate that these atomic type 
¢, functions are so constructed as to be orthogonal and 
normalized. Further, we label selected positions in the 
linear ring by the 


/ fad Fad 


symbols, f1, fe, f: where 


ts, 
aS $ tele 

We then construct by the usual method of 
determinants, 
nonpolar type 


Slater 


antisymmetric wave functions of the 


7 


which are states consisting of two electrons with plus 
spins at the positions /; and fs, and electrons with minus 
spins at the remaining positions. Since fs is always 
greater than f/f), this notation is in accordance with the 
quantum mechanical statement of the indistinguisha- 
bility of two states differing only by the interchange of 


their electrons. We also construct antisymmetric wave 


PAU! 


functions of the polar types 


and 


The first position in type (3) designates the location of 


a plus spin located on a nonpolar atom while the second 


location of a polar atom formed 
by the migration of an electron with plus spin from the 


position designates the 


location given by the third position. Since the inter- 
change of a polar position with a position containing 
either one or no electrons is a distinguishable state, 
any permutation of the three symbols i 
The wave function given in Eq. (4 


states consisting of two polar atoms, | 


s permissible 
designates the 
ycated at f; and 
f., and formed by the migration of two electrons 
from the third position designated in this example by 
f; and the other from the fourth position designated 
by fs. In accordance with t 


one 


he above mentioned quan- 
tum mechanical principle, we impose the requirements 
that the location of the first position must always be 
less than the location of the second position and simi- 
larly that the location of the third position must always 
be less than the location of the fourtt 
Thus, tl 


position in our 
linear ring of atoms 1e wave function 
ta 


is a pe rmissible wa unction while the function 


is not allowed as it has ' 
Eq. (4). Finally, to avoid ambiguity, 


} 


convention of labeling the polar ele 


enumerated by 
we adopt here the 
trons so that the 
electron with minus spin is always labeled first with 
respect to position in the ring and one of the two polar 
electrons in the first polar atom bears, the label associ 
ated with the first position containing no electrons. 
Thus, in Eq. (4) we have an electron with plus spin at 
each of the positions fs, but 
and f,, respectively, while in Eq 
tron with plus spin at the position 


f, and they are labeled 3 
4a) we have an elec- 
f; but labeled f. and 
but 


lead to no confusion 


an electron with minus spin at the position /, 
labeled f;. This convention should 


since our notation clearly indicat 


es which positions con- 
tain polar atoms and which positions contain atoms 
missing an electron 

For the case we considering 


are that ot two elec- 


opposite to all other elec- 
these are the only possible wave functions for the 


trons oriented in a direction 
trons 
atomic s state. For more than two oppositely oriented 
electron spins the different types of wave functions in- 
creases and the problem becomes more complicated. 
ion &(2 


linear combination of all possible functions of the types 


We now form the funct composed of the 
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3), and (4). Thus, 


$(2)=E alfifo¥(fifd+ X alfafefs¥ frfefa) 


fit filata 


+ 2, 


Sifafate 


afifefafa¥ Sife fafa), (6) 


vhere the summations are over all possible allowed 
lues and permutations of the f’s and 


H(2)= Ev®(2). 


Ill. THE SECULAR EQUATIONS 


We recall the integrals defined and discussed in 
DP I, i.e., 


p(1)p(2) | e/r12|6p(1)6,(2))=W, 8 


Q; I) dps1 2) | é Tis (1 )bp41(2) =(, 9 


by (Wbpsi(2)! €/rieldp(Zdpei(l))=J, (10 


and 


(bpsi(1) JA (1)+ ¥ (_(2)| €2/ri2}¢(2)) |op(1)) = M. 


(Hp 


(11) 


The integrals W and C represent, respectively, major 
and minor contributions to the formation of a polar 
atom; J is the usual exchange integral and is always 
positive; and M is our interaction integral or off di- 
agonal matrix element between the polar and nonpolar 
states and is a direct reflection of the orthogonality 
conditions imposed on the atomic functions (See DP I). 
Essentially, the imposing of orthogonality requirements 
on the atomic functions is satisfied by a linear combina- 
tion of these nonorthogonal atomic functions with the 
polar state atomic wave functions. This raises the un- 
perturbed ground-state energy level such that the new 
ground-state level corresponding to the orthogonal 
atomic functions ¢/(x) may now interact strongly with 
the excited polar states which in turn may interact 
strongly with each other, and M may be quite large. 
As is customary, we neglect all three and four center 
integrals as well as those integrals containing two atomi 
type functions which are separated by more than one 
interatomic distance. 

We now multiply Eq. (7) by Eqs. (2), (3), and (4) 
in turn and obtain the set of equations defining the 
coefficients given by the a’s in terms of matrix elements 
of the ¥’s. Then, with the aid of Eqs. (8) through (11 
we may evaluate these matrix elements and obtain the 
complete set of secular equations defining the coeffi- 
cients for the case of two electrons with reversed spin. 
We have done this but list the equations for only the 
first few configurations in this paper. Thus, defining ¢, 
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the ene rgy diffe rence between the energy eigenvalue 


E, and the energy of the nonpolar state in which all 


electron spins are parallel, i.e., 


E.—et+NJ, (12) 


where e is the sum of the one-electron and Coulomb 
interaction energies of the system, we get the secular 


quations 


a(fife)+J{a(fi-—1f/2) +a 
+La(fitlf2)+a(fife—1) 
—M{alfefifi 1f1)—a(fifefet) 
a(fifet+1fe)+Lalfifefe—1)+a(fife— fe) 
a(fofit1fi) }1—bn4+1)} =0, (13a) 


iif +] " 2a(fif2) 
2a(fife) }A—bn+1")) 


—1)+a( fof 


-a(fofifitl)- 


(e.—-W+C—2J)alfifefet+1) 
tJ {fal fitVfefet1)—alfifefet+l) JA—bn +1) 
tal fi—Ufefet1)—alfifefet+1)—alfifet 1fe)} 
_ M{atfifs +1)—a fife) —_ alfifefs +2) 
+ al fife—1fet+1)(1—b4 41%) +a(fefe— 1 fet 1bn+1” 
+a(fi-—1fe, fifo iI) +alfife, fi—1fet1) 
—Lalfife, fit i fet i) +alfit 1fe, fifet+l)] 


«* (1—6741/2)}=0, (13b) 


W+C—2J)al fefi—1f1) + (a fet 1fi—1ft) 
a(fofi—1f1)+[a(fo—1f1—1f) 
a(fefi—1f:) JA —bn 41%) — al fofifi—1)} 
M {a(fife)—alfi—1f2) taUfefi—2f/r) 

- al fofi—1f1+ 1)(1—6 4,412) — al fifi —1ft + 1)bn 4 ia 
+[a(fi-—1fe—1, fife) +a(fi-1 fs, fif2—1) J 
XK (1-81 4+147)—a(fi—1 fe, fafet+ 1) 
1fo+1, fifr)} =0, 


alfa (13c) 


and for 122, 


(ea—W—2J)a(fifefeti) 
+J {Lal fit Ufefeti)—alfifefet+i) (1-61 +1") 
ta(fi-1fefeti)—alfifefeti)) 

M{a(fifet+1f2+1)—a 


-a fifefe +i—1)+<a fy fo 


fi fefett+1) 

1 fot+-i) (1-64, +1) 
i+ al fi- fa, fifatt) 
talfifefi—1feti)—Lalfife, fit 1fet+i) 

| | 1/7)}=0, 


ra fofs = 1 ft i )6 fy 


(13d) 


tal(fit ifs, fifett) JU 6/4 
(e—W—2J) al fofi—ifs) 
+ J {al fot+1fi—if; 


+La(fe—1fi—ifi)—alf 


-alfefi—tfi 
| ) (1-6 +1) 
M {a(fofi—it+1fi)+a(fofi—i—1f;) 
a(fefi—tfi— 1) — a fefi—tfit+-1) A—bn4 /*) 
a(fifi—ifit1)bn+0+[a(fi-ife—I, fifs) 
tal fr—ife, fife—1) 1-840") — al fi— tf, fafa 1) 
a(fi—ife*+1, fife)}=0. (13e) 


fit) 
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, 
, 
al fof fiti 2 mir 
f Lfifitt al fof; fy+1 
-< 
1—674+1/7))—M{a f 1fi+1 
a fofyfit+i+1 t+alfof +1/,;+2)(1 bf/,+1 a 
ral] fit+1f;+72)6 ac fy fit 1)dys; i l 
a(fofifiti -1)1—6 ace 
oO ements - 4 ss 
FLa(fife, fa—Ufiti a\ fis 1, fofit1) x Pe T/A T's 
x (1 Ofi41/ T!| al fil +1fy+1 \ 2 
a(fifo+1 +i) \(1—6x, +4-142)}=0. (13f) \ c 
~N 
Further, \ — 
\ ' 
LW +2C—4J al fife, fit. fo+t \ 
é é r 2 ad ; 
ri , ' a\e -2Mir- \ 
+ J alfifit 1, fi+2f,-4 3)b 4,42 \ 
a(fifet*1, fits a(fit 1 fofi fot . 
Ma(fifo—1, fit Vfot+1)—al fife, fit1fet2) % 
tal fy 1 fo, fr +1f 1] a( fife, fr+2fe+1) \ 
ta(fetififitl)—alfefifit tI +a(fit 1fofe+l i, 
a(fifefet+ 1+ La(fit2fpfit3)—a(fitififit3) | 4Mir} ——— 3 
K bf, +272 0, (13¢ 
6 Fic. 1. Ground-state energy | rsed electron spins 
7 fiir r fb ¢ ar wate t ’ . 1 —— +} 
) ) I\a es ae f as tunctions ol he l LV ( ve | : ites the 
€ 2W +- 2 t/ ja 1, fitl onferromagnetic case fe i act We between or 
T—Ch)alfifot 1, fp 4+1fe)bs,+2/ thogonalized polar and nonpolar utes é irve (3) is for 
r large interactions. Curve (2) is the ignet use for small 
Ma MJey Jit If2+1)+a hit Ife 1, if) interactions—the broken line signifying f the complex 
M[a(fifot2, fit fe)—a(frfettfit 1 fe! k values which are statistically sma 
ta(fi—1fe*l, fit a(fifetl, fit+2fe) 
+ al(fot+1f,f,4+1 a fof fit1)+a(fit1fe+1f, of two electron spins reve | other co 
o~ . efficients were put equal to zero, and the computations 


al fifot+1f.)}=0, 13h) 


— 
~ 
= 
3 

— 

w 


involved only equations of the form 
We obtained the result valid for anv number. sr. of 
where we have made use of the delta function to take ¢lectrons with positive spi 


into account those configurations having electrons with 


plus spins adjacent to each other or to the polar atoms «-=21 J 5 1—cosk 15) 
and configurations having two polar atoms adjacent Be od, 
Thus, 64 +1/ is unity if the fy position is located at the 
position f:+1 and is zero otherwise. Additional equa- It is important to note t ision of the set 
tions are given by the relationships of next higher energy configurations given by the migra- 
tion of one of the electro I positive spi i dis 
a tif a\fise/et tance of two atoms from it rig position or the 
a(fofy+if Ma(fefifitt), (14) migration of each of the two electrons with positive 
alfitife a( fife, fititfet7 spin to their nearest neighboring atoms, i.e., inclu- 
sion of coefficients of the typ alii +2 and 
We shall, in this paper, consider the solution to these a(fife, fi+1/2+1), will change the value for e. by the 
equations for M large corresponding to the stronginter- addition of a multiplicative facter of the form 
action case. However, in order to unify the subject it is © 1+O(M*/IW*) and similarly for ¢,. TI) for W large 
necessary to make some statements about the case of compared to M, Eq. (15) is a1 irate result, and the 
small interactions, i.e., W large compared to M, which _ sign of the coefficient will determine the ground-state 
was done in DP I for any number of electron spins re- behavior of the syster ferromagnetic for J>2M? 


versed. As pointed out in that paper and emphasized (W-—C) and nonferromagnetic for J<2M?/(W—¢ 
here, for W large it is only necessary (as in standard This is illustrated in Fig. 1 irves (1) and (2). Thus, 
perturbation theory) to consider the coefficients of the _ for the case of weak interactions between the orthogonal- 


low-energy configurations, (i.e., a(fif2), a(f/ifefe+1), ized nonpolar and polar states, our result [equivalent 
a(fifet fe), a(fefifi—1), and a(fefi:—1f,) for the case to that obtained by Slater? for the case of only one 
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electron spin oriented in a direction opposite to all 
others but in DP I—our Eq. (15)—extended to r 
oppositely oriented spins] yields a criterion for deter- 
mining the sign and magnitude of the coefficient and 
thus of the magnetic behavior of the substance. 
Inasmuch as Eq. (15) was obtained in DP I from an 
equation of the same form as that used by Bethe,* the 
wave number & for this one dimensional case may tak« 
on complex as well as real values, corresponding to spin 
The real values will be the lowest energy 
states for nonferromagnetic materials while the complex 
values (statistically small in number) will be the lowest 
energy states (in one dimension) for the ferromagnetic 


clusters. 


case. 

We now continue our discussion of the strong inter- 
action case but shall find the above comments useful 
in Sec. \ 


IV. STRONG INTERACTIONS 


In this section we consider the interaction integral 
VM between the orthogonalized polar and nonpolar 
states to be much greater than W or J (see Sec. III). 
We first examine the case where only one of the elec- 
trons with plus spin can migrate to another atom which 
is taken to be its nearest ne ighbor. Then Eqs. (13a) 
through (13c) yield the result 


€od fif 4 (M2 €2) {al fy fot 1)+a/ f\- 1f2)— Jal ff) 
Fal(fiAdfe)+al), fs—1)—2a(fife) ] 
XK (1-—674+1%)}=0. (16 


TLa fy 


This type of equation is analogous to that which has 
been solved rigorously by Bethe* and Hulthén‘ except 
that instead of the exchange integral J we have the 
quantity M?/«.. Thus, we may immediately write down 


the solution as 


a( fife) =cye' hit he 


+ cei (eehithasa), 17) 


and obtain as our value for the ground-state energy 


2|M\[X(1—cosk,) }), 18) 


m=!) 


where the &, values are Bethe and 
Hulthén. 

Let us now extend our solution of the set of equations 
(13) to include the case where one of the electrons with 
plus spin can migrate as far as its second nearest 
neighbor or both electrons with plus spin can migrate 
to their respective nearest neighbors. Thus, we consider 
coefficients of the form a( fife), a(fifefot+1), a(fifef2t2) 
and a(fife, fi+1fe+1) and various allowed permuta 
tions thereof—setting all other coefficients equal to 


zero. Using Eqs. (13a) through (13h) we get 
eo ( fifo) + {2M?/[e2— (2M?/ 2) (1—cosk) — (8M?/ & 
xX (1—cosk) ]}{a(fi— 1f2)+a(fife+1) — 2a(fi fe) 
+fal(fit1fe)+alfifo—t — 2a(fife) } 
XX (1-—674,41/4)} =0, 19 


those given by 
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where we have recognized that terms such as 


2a(fifefet1)— al fifet1fe+2)—a(fife— Ife), 


2a(fifefe+1)—al fit Vfefeot+1) —alfi—1fefet+1) 


represented as 2(1—cosk)a(fifefo+1) and 
2(1—cosk)a(fifefet+1), respectively—assuming, in the 
spirit of the solution of Eq. (16), solutions of the form 


a(fifet+1fe+2) 
a(fitfefe+1) 


can be 


caf fafe+)), 
(20) 
e** al fifofot 1). 


In obtaining Eq. (19) it was also necessary to impose 
the conditions 

Ca(fififitl)—a(fit fi fit 1) —al( fit 2fifit 1) 

fifi +-1)+ 4a(fi + If; — 1f;) 4a(fifi-— 1fi) 
~4a(fifit 1f; + 2) T 4a(f + If; + ifi+ 2) on +1/2=(), 


tal fy 


and 


La(fit2fitifit2)—a(fififitl)+4e(fit ififitD) 
4a(fit If; T If; +-2)-+4 sa( fifi + if; +-2) 


3a(fit2fifitl) jin+2=0. (21) 


These conditions are equivalent to the spin-spin inter- 
action terms usually dropped in spin wave calculations. 
Bethe,’ considering only the nonpolar wave function 
coefficients in Eq. (13a), arrived similarly at the spin- 
spin interaction condition 


a(fifi)+a(fit 1fit1) —2a(fi fit) =0 


from which he obtained the allowed complex values of 
k or spin clusters for the one dimensionai case and which 
we also get for our solution in Eq. (18). As we note, the 
higher energy polar coefficients a(f\fof2+1) yield condi- 
tions which are considerably more complex. Their solu- 
tion is incompatible with Eq. (20), and essentially we 
are neglecting the spin-spin interaction between polar 
atoms. The justification for neglect of the polar spin- 
spin interaction for the case of only two electrons having 
their spins reversed cannot necessarily be extended to 
the case where a large number of electrons have their 
spins reversed. Therefore, these results—to the extent 
that we have neglected the spin-spin interaction between 
polar states—are limited to a number of reversed elec- 
tron spins, 7, small compared to V 
The solution of Eq. (19) is 


9 [8 1-- cosk +2 1 


4 +> (1 cosk,) |}. (22) 


We note that Bethe’ has shown that the term 
23 «(1—cosk,) takes on the value sin? Re(k,) for k; 
complex and that this smaller value 
than the allowed real wave numbers. However, since 
we want to determine the lowest energy state using the 


solution has a 
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coefficient — |M_, we choose the real &;. Further, placing 
k=k,, (23) 


Eq. (22) may be condensed to read 


= —3|M|[X(1—cosk,) }. (24) 
| 


Equation (24) is of the same form as Eq. (18) but has a 
lower energy level by a factor of 1.5. 

We can continue this process of including higher 
energy configuration coefficients. The next set would 
include coefficients of the form a(fifofe+3) and 
a(fife, fit1f2+2). We write down the result here as 


é: 4.8|M (1—cosk)!. (25) 


Similarly, if we include the next set of higher energy 
configuration coefficients of the form a(fif2f2+4), 
alfife, fit1fet+3), and a(fife, fit+2fe+2), our results 


are further modified to read 


€2= —5.1|M | (1—cosk)?. (26) 


We note that while Eq. (24) modifies Eq. (18) by a 
factor of 1.5, Eq. (25) changes Eq. (24) by a factor of 
only 1.14, and Eq. (26) in turn modifies Eq. (25) by 
only 1.07 or a change of seven percent. Thus, the 
modifications appear to drop off very rapidly, and we 
may suspect that the inclusion of higher energy co- 
efficients beyond those considered will cause only a 
small additional change to the result given by Eq. (26), 
reducing finally to an expression equal to twice that 
given in DP I for one electron with reversed spin, i.e., 


é 4v2|M (1—cosk)!. 


V. SUMMARY AND DISCUSSION 


We may summarize as follows: the usual Dirac spin 
operator Hamiltonian 


Ei ie 


oe t 


S;-S, (27) 


contains, among other approximations, the assumption 
that compensation for the lack of orthogonality of the 
wave functions can be performed by varying the sign 
and magnitude of the exchange integral depending on 
the nature of the substance. Computations using this 
operator yield, for the ferromagnetic approximation of 
nearly all electron spins aligned, the dispersion relation 


e-=2J > (1—cosk,), 


vl 


(28) 
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where small spin-spin interaction effects are neglected. 
Bethe,’ using a method different from Eq. (27) showed 
that in one dimension this equation was also correct for 
large r and that the spin-spin interaction effects mani- 
fested themselves through complex values of &,. 

Our investigation, which eliminates the orthogonality 
approximation (J is always positive and we include the 
polar states) yields dispersion relations which depend 
on the magnitude of an interaction integral M between 
the polar and nonpolar energy states. We note from 
Slater’s? work that the strength of this interaction M is 
dependent on the amount of polar wave function added 
to the unperturbed nonorthogonal atomic functions to 
form the orthogonal set of atomic functions ¢,(x). In 
fact, it was shown in DP I that the interaction integral 
M is a direct consequence of the lack of orthogonality 
of these atomic functions. Essentially, the orthogonali- 
zation of the unperturbed atomic functions raises the 
unperturbed ground state energy level such that the 
new ground state level corresponding to the orthogonal 
atomic functions ¢;(x) may now interact strongly with 
the excited polar states which in turn may interact 
strongly with each other. Thus, the amount of inter- 
action between the energy states or the magnitude of 
the off-diagonal matrix elements M is a direct function 
of the amount of overlap of the nonorthogonal atomic 
wave functions or the interatomic distance in the solid. 

For weak interactions between polar and nonpolar 
states, i.e., M<W, we have obtained the following one- 
dimensional dispersion relation: 


€-= 24J—[2M (W—C)}} > (1 — cosk,) 


+O(M?/W?). (29) 


For M?/W very much less than J, this equation is the 
same as Eq. (28) got by Bethe. For the case of some 
overlapping of the atomic functions but essentially weak 
interactions, Eq. (29) shows that the effect of consider- 
ing the orthogonality relations from a rigorous point of 
view is to modify the coefficient of Eq. (28) by the 
additional term M?/W. If this term is less than the 
exchange integral /, the coefficient is positive, and we 
have the ferromagnetic case. If, however, M?/W is 
greater than /, then r becomes large, and the substance 
is nonferromagnetic. 

For strong interactions between polar and nonpolar 
states, i.e., M>W and J, assuming e, for r>2 has the 


same form as that given in Sec. IV, we may write 


€,= —2v2r| M | (1—cosk 30) 


for r much less than JV. 
This is illustrated in Fig. 1, curve (3). 
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Hyperfine Structure of the Metastable ‘P, State of Cd'"' and Cd''’t 


W. Faust, M. McDermott, anv W. LicuTtEen* 
Columbia Radiation Laboratory, Columbia University, New York, New York 
(Received June 9, 1960) 


The hyperfine intervals of Cd' and Cd" (5s, 5p, *P 2) are Av'' (F = §, F = 9) = (8232.34140.002) Mc/sec ; 
Av'!8(F = §, F = }) = (8611.5864+0.004) Mc/sec. The measured hyperfine anomaly is (0.0016+0.0003)Q% 


HE isotopes Cd'" and Cd" both have spin 4} and 

have natural abundances of 12.86% and 12.34%, 
respectively. We have measured the hfs of the meta- 
stable *P, state of these atoms in their natural abun- 
dance by the atomic beam technique described in an 
earlier paper.’ 

The transitions observed were the same as those for 
Hg". The Varian X-13 was the rf power source. The 
results are shown in Table I. 

Klein and Waugh? have measured the ratios of the 
magnetic moments of the Cd nuclei, 

g!!8/ gi! = y!8 y= 1,046083+0.000003. 
The hyperfine anomaly for the 6s electron of Cd is 


a," 113 


A(s,) =| —— 
of 


—{ - (0.0016+0.0003)%. 


rasLe I. Summary of results. The different 
rows refer to different runs 


No of 
line shapes dv 


8611.5828 
8611.5852 
8232.3418 
&232.3402 
8611.5875 


Lines observed, 


Isotope identified by gr/gu Mc/sec 


Cd 7/5, 
Cas 
Cd" 
Ca 
( dis 


~—5/5 


rir tr | 
Vn w 
Ana 


The effects of the 6p electron and of second-order 
hyperfine interaction correction are less than the quoted 
error. 


DISCUSSION 


Bohr and Weisskopf* have shown that distributed 
nuclear magnetism (DNM) is a cause of hfs anomalies. 
They derived an approximate expression for the hfs 
anomaly, 


B81 1 1 
Apw=e(1)—e(2)=[(xe)av— (kit)av -——| ——_- —— ], 
Ze—gigr(1) gr(2) 
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the fractional reduction of the total 
hfs arising from DNM, the «’s are constants for the 
isotope pair, and g,, gi, and g, are the g factors of 
nucleon spin, nucleon orbital, and total nuclear angular 
momentum, respectively. 

In the case of even proton number, Z, odd neutron 
number, (A-Z)}, isotopes, the interpretation of hfs 
anomalies was particularly simple. If the nuclear 
angular momentum comes from neutrons only, and the 
odd neutron has the same angular momentum assign- 
ment in both nuclei, g:=0 and the anomaly is zero. 

Using the Bohr-Weisskopf model as refined by 
Eisinger and Jaccarino,‘ we calculated the effect of 
DNM for the Cd isotopes. The theoretical values are 
ea (Mx —0.56%, Agw= (0.009+0.005)%, where the 
stated probable error comes only from uncertainties in 
neutron separation energies used in the calculation.*: 
This value does not differ significantly from experi- 


where the e's are 


mental results, especially when one considers the many 
approximations which enter into the theoretical calcula- 
tions. Thus, the experimental results are in agreement 
with the assumption that g,;=0. 

rhe only other hfs anomalies for even-proton, odd- 
neutron nuclei are for Hg (J=4) —Hg™ (/=§) ' and 
Xe'™ ([=}) —Xe™ (J= }).*° The A(s,) values are ap- 
proximately —0.17% and 0.04%, respectively. These 
values differ significantly from the theoretical predic- 
tions of —1.1% and 0.19%, respectively. However, 
the observation of quadrupole moments for Hg™ 
and Xe™ implies that g:#0. Therefore, we expect 
disagreement between experiment and the Bohr- 
Weisskopf theory. 

The Breit-Rosenthal anomaly,’ Agr, arises from 
distributed nuclear electric charge. For Cd, a reasonable 
value for the anomaly is Agr~0.006%. Since the 
uncertainties in calculation of Agw are comparable 
in magnitude to Agr, it is clearly meaningless to 
attempt a comparison of experiment with the Breit- 
Rosenthal theory. 
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Effective Charge of Heavy Ions in Various Media’ 


P. G. ROLL anp F. E. STe1GERT 
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Effective-charge data for heavy ions, as obtained from range-energy curves ir 


ygen, argon, aluminun 


and nickel, are analyzed in terms of a Fermi-Thomas representation of the atom. It would appear that this 


gives a superior parametrization in terms of nuclear charge. In addition, it 


appears to properly account 


for the increase in charge observed for metallic as compared to gaseous absorbers 


INTRODUCTION 


ONSIDERING the importance of charge state 
information in certain phases of low-energy nuclear 


C 


physics, an attempt has been made to investigate 


apparent differences observed for a given ion species 
traversing a variety of media. Knowledge of the actual 
charge distribution as a function of energy is required 
if one wishes to integrate the incident flux in an experi- 
ment using heavy ions as projectiles. In this instance, a 
direct observation of charge-state population utilizing 
magnetic analysis is obviously the most desirable source 
of the information. Several measurements of this type 
have been reported for nitrogen,'~* oxygen,'* neon,‘ 
Similarly, knowledge of the 
charge state is necessary if one wishes to construct 


é 


and fission fragments.® 


range-energy curves for unmeasured materials. Hope- 
fully, the average charge required for these computa- 
tions would be simply related to the directly observed 
equilibrium distributions. The reverse process, namely 
derivation of the effective charge from range measure- 
ments, has been carried out for several combinations.*? 
There has been some indication®’ from both types of 
measurements that the charge state, and hence the rate 
of energy loss, is dependent upon the type of absorber. 
This effect is not unexpected and has been treated theo- 
retically by Bohr and Lindhard® for the case of fission 
fragments.* 


MEASUREMENTS 


Insofar as interaction with matter is concerned, the 
so-called effective charge of an ion can be computed 
from empirical range-energy relationships. It is defined 
by the ratio of the specific energy loss in a given medium 


* This work has been supported by the Office of Naval Research 
and the U. S. Atomic Energy Commission 
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to that of a proton or an alpha particle of the same 
velocity in the same medium. This, of course, assumes 
these latter to be fully stripped at the velocities in 
question. This comparison has been carried out for ions 
of boron, carbon, nitrogen, oxygen, fluorine, and neon 
in nuclear emulsions, aluminum,® nickel, and 
oxygen.’ Further, in connection with othe r work still in 
progress, the authors have constructed a range curve 
for fluorine ions in argon. These last data have been 
obtained and treated in the same fashion as in reference 
7. Comparison in this case was made to published range 
curves for protons in argon 


The interconversion of this type of data with relative 


ly, not 
sarily simple. Since the specific energy loss depends upon 
the square of the ionic charge, the shape of the equilib- 
rium distribution must be taken account in 
evaluating the average. This, however, considers only 


population measurements is, unfortunate 


neces- 


into 


the interactions between the incident ion and the 
electrons of the absorber. Conceivably, other mech 
anisms for energy loss may also be involved. For 
heavy ions at low velocities, appreciable contributions 
may be expected from nuclear scattering. Any such 


additional factors will serve to 
value of the effective charg 


increase the apparent 
In the data for 
aluminum, nickel, oxygen, and argon absorbers it is felt 


r¢ range 
that geometrical considerations rule out any significant 
The 


dat 1 


deviations due to such scattering ne obviously 


Sal 
is not true for the nuclear emulsior , however. 


A direct comparison of the two types of charge 


measurements Is available in three instances. Papineau 

has constructed range curves for nuclear emulsions on 
the basis of empiric al charge state data. ( omparison of 
these curves to expe riment would seem to indi ate that 
the assumptions of equiv ’ be 
error. Northcliffe® shown that for oxy 
aluminum, in the energy region covered, the effective 
charge can be predicted to within experiment: 
the results of a direct population measurement. Finally, 
the effective charge for nitrogen ior ’ 


alence may 1 too far in 


ot 
has ren 3 i 
na gen 10ns In 


go 
a 


i] error by 
1s 


in nickel may be 


compared to the average charge as determined by 
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current measurements.' The latter give slightly but 
systematically lower values, as is expected. The differ- 
ences are well within the experimental errors involved, 
however, and are not considered significant. 

Traditionally, charge-state data are presented in the 
form of fractional charge as a function of ion velocity. 
Nevertheless, in view of the considerations outlined 
above and to emphasize the root mean square nature of 
the derived values, it is probably more reasonable to 
display the data as the square of the fractional charge. 
Occasionally this requires manipulating familiar rela- 
tionships into rather strange forms. It is felt, however, 
that the nature of the data justifies use of this con- 
vention. 

The particular function of particle velocity to use as 
the abscissa is somewhat predicated by the form in 
which the data will be utilized. Usually the mode of 
presentation is only of importance when one wishes to 
combine data from different ions to construct a universal 
curve. The problem, obviously, is to explicitly remove 
the species dependence by means of a suitable reference 
velocity. While the actual processes of capture and loss 
of electrons by an ion traversing matter are quite in- 
volved, reasonable estimates of the equilibrium charge 
can be made on rather simple premises.* To first order, 
at least, one may assume that the two cross sections are 
equal for a given orbital electron when its velocity is 
approximately that of the ion under consideration. For 
a particle of nuclear charge Z, this might suggest the 
use of the K-electron velocity, (¢/137)Z, as a valid 
parameter, as long as only the first two electrons are 
involved. On the other hand, for velocities such that 
many orbits could be involved, a statistical approach 
might prove preferable. In this case the Fermi-Thomas 
velocity, (c/137)Z!, would be suggested. 

The range data for nuclear emulsions extend from 
fractional charges of the order of unity down to about 
0.5. Considering this spread of values, both methods 
have been applied to these data.” The results would 
seem to indicate a separation into two regions, with the 
demarcation occurring at about 1.5 times the K-electron 
velocity. The slower ions appear to group better when 
plotted in terms of Fermi-Thomas velocities, the more 
energetic when plotted in terms of the K-electron 
velocity. The change-over would correspond to a 
fractional charge of the order of 0.95. While qualita- 
tively the results are as expected, the high fractional 
charge to which the transition region corresponds is a 
little surprising. In other absorbers experimental tech- 
nique restricted the low value of fractional charge to 
about 0.7, with most measurements extending down to 
only 0.8 or 0.9, depending on species. Since this is 
clearly in the region of tenuous applicability of the 
Fermi-Thomas model, the data have been invariably 
plotted parametric in K-electron velocity. As pointed 
out by Northcliffe,® deviations on the part of the lighter 

R. 


Gluckstern, Phys. Rev. 98, 1817 (1955) 
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hic. 1. The square of the fractional effective charge for various 
ion species in oxygen absorber as a function of the ratio of the ion 
velocity to the K-electron velocity 


ions may be ascribed to the greater experimental errors 
involved. More important, though, is the fact that for 
purposes of constructing a range-energy curve, these 
deviations are less important considering the longer 
ranges involved. 

To illustrate the differences between the two modes of 
presentation, the effective charge for oxygen absorber 
is displayed in Figs. 1, 2. It is apparent that it is the 
lighter ions which are most sensitive to the exponent 
associated with the nuclear charge. To avoid crowding, 
some of the high-energy data have been arbitrarily 
omitted. These points are all in the region of relatively 
complete stripping, where Fig. 1 is clearly the better 
representation. As in the emulsion data, it would appear 
that a Fermi-Thomas description is somewhat more 
universal up to rather large fractional charges. The 
author’s data for nickel and Northcliffe’s for aluminum 
have been similarly treated with equivalent results. It 
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ion species in oxygen absorber as a function of the ratio of the ion 
velocity to the Fermi-Thomas velocity 
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is on the basis of this improved grouping that the 
authors have chosen to present their data in terms of 


a Fermi-Thomas description. 


VARIATION OF CHARGE WITH ABSORBER 


In practice, capture and loss cross sections can be 
treated in reasonable detail only for idealized cases. One 
must assume a diffuse absorber and an ion which is 
either a clearly statistical atom or a simple Bohr atom. 
The former alternative has been most recently investi- 
gated by Gluckstern."* The agreement obtained with 
experimental data for this case would suggest that the 
simple functional relationships obtained by Bohr and 
Lindhard® are reasonable and only err in requiring a 
scaling factor. Moreover, use of such a simple picture 
allows one to estimate the deviations resulting from 
weakening the basic assumptions invoked above. 
Specifically, for large velocities, the capture cross section 
may be expected to take the form'® 

o-~4raeZ*(Vo/V)®, (1) 
where dy is the hydrogen Bohr radius, Z the ionic nuclear 
charge, V the ionic velocity, and Vo the velocity of the 
electron in the first Bohr orbit of hydrogen (Vo=c/137). 

The requirement of diffuseness is a demand that the 
average time between collisions be long compared to 
de-excitation times. This obviously involves almost 
every parameter at hand, and in the absence of suitable 
estimates will only be clearly satisfied in the limit of 
rarified gases. Relaxation of this restriction would imply 
that now electron loss can take place from excited orbits, 
and capture can occur without all electrons in their 
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Fic. 3. The square of the fractional effective charge for fluorine 
ions in various absorbers as a function of the ratio of the ion 
velocity to the Fermi-Thomas velocity. The solid curves are con 
sidered most reasonable fits to the experimental data. The dashed 
curve is for nitrogen ions in nickel absorber, and may be used to 
visualize low-energy continuations. The dotted curve is that 
expected for an ideal Fermi-Thomas case 
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lowest states. This residual excitation would thus tend 
to favor electron loss and hinder electron pickup. A new 
equilibrium would then be approached with a somewhat 
higher value of net charge. Using only the functional 
relationships, this shift in net charge can be estimated 
to be*® 

AZ*=$Z*(Vr2p/2VrQp+1), (2) 


where Z* is the effective ionic charge for the diffuse 
reference absorber, V the ion velocity, r the de-excita- 
tion time, 2 the capture (and hence also loss) cross 
section at equilibrium, and p the atomic density of 
scattering centers. The last three quantities all refer to 
the nondiffuse absorber. Recognizing the inverse 
velocity dependence of 2, the combination of low 
velocity and high density would lead to a relative shift 
in charge of magnitude 


AZ*=0.22*. (3) 


In Fig. 3 have been displayed the data obtained for 
fluorine ions in various absorbers. Only a single species 
is shown to avoid possible ambiguity concerning the 
proper reference velocity. This eliminates misleading 
overlap caused by systematic variations among the 
different species. Fluorine was chosen simply because of 
the additional data available in the argon absorber. 
Other species give similar results. There is an apparent 
splitting into two distinct but convergent groupings. 
These would correspond to solid (high density) and 
gaseous (low density) absorbers, respectively. The low- 
velocity extension for the case of solid absorber can be 
visualized from the dashed curve. This is part of the 
equivalent plot for nitrogen ions. This curve also serves 
to illustrate the systematic displacements which occur 
among the various ion species. Lower energy informa- 
tion is availabie for this single case as a result of com- 
bining the range data in nickel from references 1 and 7. 

The dotted curve represents the usual Fermi-Thomas 
prediction® for the case of many electrons, 


Z*=(V/V>)Z'. (4) 


While the deviations from this are large and not entirely 
unexpected, it is apparent that scaling along the velocity 
axis by a factor of about two would give a quite reason- 
able description of the low-energy data. 

The relative vertical displacement between these two 
curves may be investigated if the gaseous absorber may 
indeed be considered as diffuse. In spite of the approxi- 
mate nature of any magnitude estimates involving + 
and Q, this limit is probably satisfied at the pressures 
used. These varied from a few millimeters of mercury 
at high energies to several centimeters for the slower 
particles. In Fig. 4 is plotted the relative spacing as 
obtained from Fig. 3. Obviously there is considerable 
compounding of experimental errors involved in the 
process of first differentiating the empirical range 
curves, forming ratios, and then taking differences 
between the resulting fractions. In the interest of avoid_ 
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ing even further manipulations it was therefore con- 
sidered more reasonable to translate Bohr and Lind- 
hard’s estimates into relationships in terms of the data 
than the reverse. The dashed line is predicted by Eq. 
(3). The solid line corresponds to Eq. (2) for the condi- 
tion 


V rlp~ (4X 10-7) V~*. 


This would imply a velocity dependence for the equilib- 
rium cross section of the form 


Qa V-*, 


in qualitative agreement with Eq. (1). The typical error 
bar shown brackets the extreme values reconcilable with 
the original range curves. The alternate solutions 
shown are obviously not precluded. They would imply, 
however, systematic displacements of the parent curves 
relative to the experimental points. 


CONCLUSIONS 


Even though most of the data here considered are at 
energies where one might normally expect severe devia- 
tions from the predictions of a statistical model of the 
atom, it would appear that, qualitatively at least, there 
may be considerable merit in such a description. To 
begin with, use of the Fermi-Thomas velocity as a 
reference parameter gives an improved systematization 
of the effective-charge data in terms of the nuclear 
charge of the ion. Secondly, the magnitude and velocity 
dependence of the displacement in effective charge for 
dense relative to diffuse media are approximately as 
expected. There is admittedly still the question as to 
whether the effective charge as defined by range meas- 
urements is equivalent to or at least simply related to 
the effective charge as used in the capture and loss cross 
section. Some reassurance is available on this score from 
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Fic. 4. Ratio of the displacement of the square of fractional 
effective charge for fluorine ions in a metallic relative to a gaseous 
absorber, to the square of the fractional effective charge in the 
gas, as a function of the ratio of the ion velocity to the Fermi- 
Thomas velocity. The dotted curve indicates wales expected for 
limiting case of high density and low velocity. The solid curve 
indicates variation expected for a capture cross section of the form 
(aV~*). The dashed curves indicate the shape expected for other 
functions of the velocity 





comparison to empirical population density measure- 
ments. However, even making allowance for possible 
residual differences, the data in Fig. 3 show rather 
patently a grouping in terms of the atomic density 
rather than the nuclear charge of the absorber. The 
reverse would be expected if the variations were the 
result of additional scattering processes. 
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It has recently been shown that rigorous upper bounds on scattering | 
5 £ 


to the Kohn variational expression certain integrals involving approximat: 
negative-energy states. For potentials which vanish identically beyond a certair 
the method to positive-energy scattering; one obtains upper bounds or 


shift 


with positive energies lying below the scattering energy. The 


In addition to the negative-energy states one must now take int 


states ir 


problem are defined by the imposition of certain boundary conditior 


approach, involving an associated potential-strength eigenvalue proble: 


includes the first as a special case and, more significantly, can be exter 


systems. If some states are not accounted for, a bound on cot» is not o 


to obtain a rigorous lower bound on 7 


htaing 


Upper bounds on 9 may also b 


probably not too useful for many-body scattering problems 


1. INTRODUCTION 


VARIATIONAL expression which provides a 

rigorous upper bound on the scattering length 
has recently been obtained for the scattering of one 
compound system by another where only one channel 
is open and where a finite number of composite bound 
states exist.’ The method consisted of expressing the 
scattering length as a variational estimate plus an 
error term which is of second order, and then bounding 
the error term. This term is of the form /w(H—E giwdr, 
where H is the Hamiltonian, £, is the sum of the un- 
perturbed ground-state energies of the two colliding 
systems, and w is the difference between the exact and 
the trial wave function, each appropriately normalized. 
It is first recognized that if there are no composite 
bound states, the integral is non-negative, i.e., one has 
a bound immediately.! The extension? to the case 
where there are N composite bound states, represented 
by the functions ¢; with eigenvalues / 
the observation that the function 


procee ds with 
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L. Rosenberg, Nuclear Phys. 17, 30 (1960): and I 
L. Spruch, and T. F. O'Malley, Phys. Rev. 119, 164 (1960 
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Ohmura, J. Math. Phys. 1, 27 (1960). As the 
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author notes, 
guaranteed to be a bound 


however, the variational estimate obtained is 

‘ nly for trial functions which differ 
infinitesimally from the true function, and is therefore not a 
rigorous bound for arbitrary trial functions. Further, consider 
ations are limited to cases for which no bound state exists 


has no component with 
that the expectat 
respect to the lunct 
ating this expectation 
finds that 


follows 


above 


w(H—E,)wdr=¥ 


where 4, is the trial 

the ¢; are not generall) 
however, 
though the 
calculation are not exa 


to show that 
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only require nt, ¢ ntla » 3 that 
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Hamiltonian 
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those for which only one channel is open, include the 
scattering of one system by another, with the effects 
of the Pauli principle taken fully into account.’ The 
results can also be extended to the case of an arbitrary 
angular momentum. On the other hand, in contrast to 
inclusion of tensor 
would require a major modification.® The origin of this 


the zero-energy case, the forces 
difference is that the mixing parameter, the parameter 
which characterizes the relative admixtures of states 
of different orbital 


general only at zero energy. 


angular momentum, vanishes in 

Henceforth, then, we restrict our attention to the 
one-body problem, for zero angular momentum. Since 
the initial kinetic energy, to be denoted by F, is greater 
then 0, there are now an infinile number of solutions 
of the Hamiltonian with energies less the energy of 
the system under consideration, the N bound states 
and the continuum below £. If, however, we restrict 
ourselves to potentials which vanish identically beyond 
r=R, it will prove possible by the imposition of ap- 
propriate boundary conditions to require the sub- 
traction of only a finite number of states with energies 
less than /&. The problem is then almost identical in 
form with that at zero energy. 

rhe technique involved utilizes a connection between 
the scattering problem at energy E for a potential V (r) 
which cuts off beyond r= R, and the bound-state prob- 
lem for the potential V(r) for OSr<R followed by an 
infinitely repulsive potential for r2.R. The spectrum 
of the bound-state problem is of course discrete, and a 
bound on /w(H—E)wdr may be obtained by per- 
forming a subtraction that involves the N negative- 
energy states’ and the finite number of positive-energy 
eigenstates of the bound-state problem which lie below 
the energy E. This is shown in Secs. 2 and 3. 

The reduction of the positive-energy problem to a 
form similar to that of the zero-energy problem previ- 
ously studied has of course been achieved only at a 
price, namely, the restriction on the potential. One 
would expect, however, that in practice, for low-energy 
scattering, R can be chosen to be sufficiently large so 
that the of the potential tail which exists 

R gives rise to a negligible error in n; it 
be possible, in fact, to make reasonably reliable 
estimates of the error incurred. Of course at higher 
scattering energies the labor involved in the calculation 
is increased, due to the larger number of states to be 
subtracted off, for R fixed. At higher scattering energies, 
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ost’’ when the barrier is introduced. In those cases where 
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check whether or not any such states 
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lost. 


perimer 
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therefore, one would have to strike a balance in the 
choice of R; it would have to be sufficiently large so as 
to give reasonable accuracy, but not so large as to 
unduly increase the necessary labor. 

The results of Secs. 2 and 3 lead to a lower bound 
on 7. Two methods of obtaining an upper bound on 9 
are discussed in Sec. 4. 

The method of Secs. 2 and 3 involves the introduction 
of an associated bound-state energy eigenvalue problem. 
It is shown in Sec. 5 that a more general result (which 
includes the above as a special case) can be obtained 
by the introduction of an associated eigenvalue problem 
the eigenvalues are certain appropriate 
strengths of an auxiliary arbitrarily chosen positive- 


in which 
definite potential, p(r); this will be referred to as the 
associated potential-strength eigenvalue problem. The 
significant feature of this alternate approach is not that 
its greater generality leads to an improved bound on 
cot(7—@) and on ». Rather, it is that it makes possible 
the extension of the determination of a bound on 7 to 
the scattering of one system by another, with the Pauli 
principle fully accounted for.® 

The technique of the associated potential-strength 
eigenvaiue problem was introduced into scattering 
theory some time ago by Kato," who obtained some 
rather striking results for zero angular momentum 
scattering by a static central potential. He was able 
to get both bounds on cot(n—@), and he did not need 
to cut off the potential. The differences between the 
present approach and that of the original work of Kato, 
for the one bound that we obtain, are however essential, 
as matters both of practice and of principle, if results 
are to be obtained for compound systems. The matter 
of practice is that we need only calculate matrix 
elements of H while the Kato method requires the 
calculation of matrix elements of H?; the former is 
difficult enough while the latter is all but impossible 
for even the simplest compound systems. The matter 
of principle is that the result deduced by Kato will be 
less accurate, for the same choice of trial scattering 
function, than the result obtained in Sec. 5. 


2. UPPER BOUND ON cot(n—6) USING 
ENERGY EIGENFUNCTIONS 


A. Potentials Which Vanish Identically 
Beyond r=R 
The scattering problem is defined by the differential 
equation 
h’k* 


hy? da’ 
(H—E)u(r (- +Vi(r)— 
2u dr’ Qu 


u(r)=0, 


with boundary conditions 


u(0)=0, 


u(r) =cos(kr+6)+ cot(n—8@) sin(kr+8), 


r2R. 


6, 394 (1951). 
Rev. 109, 2144 (1958); 


Spruch and L. Rosen 


*T. Kato, Progr. Theoret. Phys. (Kyoto 
* See also L. Spruch and M. Kelly, Phy: 
L. Spruch, Phys. Rev. 109, 2149 (1958 
berg, Phys. Rev. 117, 143 (1960 
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The last result follows from the restriction, in line with 
the previous discussion, to potentials V(r) which vanish 
identically for r>R. 

We introduce the trial function u,(r) which satisfies 


u;(0) Q), 
(2.1) 
u,(T) 


cos(kr +-0)+ cot (n,—@ sin(kr +6), 


We then have the identity 


R 


k cot(n 6) k cot(n, 6)-+ Qu w) f u,(H—F)udr 


R 
Zu w) f w(H— i )wdr, (2.2) 


where the difference function, 


(7 ui\7F)—uUlT), 
has the proper tic 
w(Q)=0, 


[cot 


sin(kr+@), 


r=R 


n ad 
(2.3 


(H—-E)ur(s H 


for all » 
use of the fact that 


r>R. 


and where we have mace 


H—-E)u,(r I1— E)w(r)=0, 


The identity is due to Kato, but is here spec ialized to 
the case of a cutoff potential. The last term in Eq. (2.2) 
is of second order; if it is dropped we remain with a 
one-parameter family of variational principles. It is 
our present purpose, however, to bound this term 
One procedure for doing so is to adjust @ and R such 
that 
kR+€@ (P+ 


1)x, 


where P is an arbitrary non-negative integer.’® It then 


R as 


0. These boundary conditions are precisely 


follows from Eqs. (2.3) that w(r) vanishes at r 
well as at r 
those that would be placed on an energy eigenfunction 
for a particle in a spherical box, with a rigid wall at a 
radius R, within which a potential may exist. The 


desired bound on 


may then be obtained by considering the 
energy eigenvalue problem in 
Vir) for r<R and is +x 

potential supports M states with energies below E. 
(These M include N negative-energy states.) 
Denote the normalized eigenfunctions by ¢(r) with 


corresponding eigenvalues £;. We now assume that we 


associated 
which the potential is 
tor r>R. Suppose this 


States 


” This choice can be restated as the condition that w(r) must 
have an infinite logarithmic derivative at r=R. More generally 
@ and R may be chosen such that the logarithmi« 

r) at r=R has an arbitrar specified 


derivative 


value 
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where 1 and s each run from 1 through M. The bound 
on the error integral is obtained in terms of 
quantities in a manner which 
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It may be worth stressing that this bound is at the 
same time a variational approximation, so that 
one would 
expect the bound obtained to be quite close to the true 
value. Further, the 


k cot(n—8) Sk cot(n, 


for 
reasonably good trial functions uw, and @ 4, 
form of the trial functions as well 


as the choice of the which 


g to an oplimum 
1} minimizes the right-hand 


I 
5 
é. 


variational parameters 
appear in them may be chosen accordit 
procedure, namely, one whic! 
side of the inequality, Eq. | 
ments stated in Eqs. (2.1) 


{ 
{ he 


; subje ct to the re quire- 

2.4 | inally, as noted 
earlier, we must evaluate matrix elements of H but nol 
of HH. 

The inequality of Eq. (2.5) reduces, for k 
the zero-energy reference 2. This 
verified by dividing Eq. (2.5 
k—Oand R- « 
complete the proof it ne: 


and 


>0. to 
result of may be 
through by &? and letting 

it kR+@=-7, with 00. To 
1 only be recognized that since 
RR is a fixed number less than x and since 7 
k— 0, there exists a kinax, independent of R 
R is large enough so that NV energy bound 
states exist), such that for all k<kmax we have kRR+ 7 
<(N+1)x, implying that no positive-energy states 
exist in this range. (See Fig. 1 
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B. Potentials Which are Solvable 
Beyond r=R 


The analysis of the previous subsection depended not 
on the fact that the potential vanish 
r>R but rather, more generally, that 
equation be solvable in that re I 


identi ally for 
the Schrédinger 
The 
the solvable potential is aightforward, but 
than demonstrate this in all 
illustrate the point by a brief 


extension to 


gio! 
rather 
of its generality, we will 
outline of the procedure 
in the particularly important case for which a pure 
Coulomb field exists for r>R; V(r 
r<R. In the pure Coulomb region, th 
may be written 


is arbitrary for 


wave function 
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Tre 


where F,(r) and Ge(r) are defined in terms of the regular 
and irregular Coulomb functions, F(r) and G(r), re 
spectively," by the relations 

F4(r) = cos6F (r)+sin0G(r), 

Ge(r) = —sinOF (r)+ coséG(r). 


The choice of the normalization of F(r) and of G(r) is 
such that the asymptotic forms of Fy(r) and Go(r) are 


F g(r) — sin(kr—& In2kr+oa0+-8), 
Ge(r) — cos(kr—é In2kr+ao+-0), r—- =, 


cS-—- &, 


where 


§=Z,Z2e7/hv, exp(2ioo)=T'(1+i1t)/T (1—ié). 


The charges, Z,e and Ze, can each be either positive 
or negative. 

Introducing a trial function, u,(r), which, for r>R, 
is of the form given by Eq. (2.6) with 9 replaced by m, 
and introducing the difference function w= u,—w, 
again obtain the Kato identity, Eq. (2.2). 

With the choice of @ and of R such that 


tand= —F(R)/G(R), 


we have F4(R)=0, whence w(R)=0. The problem is 
then the by now familiar one of obtaining a (lower) 
bound on 


we 


R 


| w(H— E)wdr, 


where w(0)=w(R)=0. Since, in the finite domain, 
O<r<R, the operator H has a finite number of bound 
states, even though we allow for attractive Coulomb 
potentials," the bound can be obtained in a manner 
identical to that used for the cutoff potential. 


3. LOWER BOUND ON 


There is one weakness in the procedure described in 
Sec. 2, namely, one must assume that the correct 
number of states with energies less than FE, which we 
have taken to be M, is precisely the number calculated 
in the process of diagonalizing the Hamiltonian matrix. 
In fact, it may be more, though it cannot be less. If 
the assumption is incorrect, that is, if one or more 
states have not been accounted for, there is no justifi- 
cation for the bound. The question of the correctness 
of the number of states is a rather more serious one at 
positive scattering energies that it was for the zero- 


" See, for example, J. M. Blatt and L. C 
Rev. 86, 399 (1952). 

2A previous discussion of the zero-energy problem [see L 
Spruch and L. Rosenberg, Proceedings of the International Con 
ference om Nuclear Forces and the Few Nucleon Problem, London, 
July, 1959, Pergamon Press (to be published) ] was restricted to 
the scattering of systems with like net charges. The present 
extension to include attractive Coulomb potentials (and nonzero 
scattering energies) is of course made possible by the additional 
restriction that the non-Coulombic component must vanish 
identically beyond a certain point 
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energy case, for the number of positive-energy states 
will not be known experimentally. It is, therefore, of 
some interest that one can still extract some information 
which is of a rigorous nature. The results so obtained 
concern », rather than cot(n—@). We will now describe 
a method for obtaining a rigorous lower bound on 7, 
and we will then show that this result contains, as a 
special case, the one previously obtained by Risberg 
and by Percival. Further, the new result should always 
be used rather than the old one. [While the discussion 
could be carried through for V(r) solvable beyond 
r=R we will, for simplicity, consider cutoff potentials 
in the following. | 


A. Use of the Conditional Inequality 


We begin by recalling a theorem due to Wigner 
concerning the dependence of the phase shift on the 
scattering energy. Wigner showed" that if V(r) vanishes 
identically for r>R, the identity 


1 R 
~-R+( ) sina aR+n)+2 f u'dr (3.1) 
2k 0 


obtains, where u(0) 


dn 
dk 


0 and where 


=sin(kr+n), r2R. 


u(r) 


he integral is clearly non-negative. For E#0, which 
is the concern of the present paper, it is in fact positive. 
It follows that for those values &, for which 


(Rk) =k, R+n(k jr, (3.2) 


where j is an integer (actually, as is shown below, 7 
must be greater than V), we have 
dt dn 


R-4 >) (3.3) 


dk 3 dk ky 
We will also have occasion to use a slight generalization 
of this last result, which also follows from Eq. (3.1), 
namely, that for ¢() in the range 


jm So(k)S(j4+-4)x, 


the inequality d{(k)/dk>O is satisfied. A typical graph 
of ¢(k) versus k is given in Fig. 1. The relationship 
((0)=Nx which has been used is simply Levinson’s 
theorem." 

Let the energy eigenvalues for the problem in which 
a particle is confined to the region rS R, in the presence 
of the potential V(r), be arranged in increasing order. 
We label the general positive-energy term in the se- 


“EE. P. Wigner, Phys. Rev. 98, 145 (1955). Alternative deri 
vations of this causal inequality were subsequently given by 
M. A. Martin, Compt. rend. 243, 22 (1956), and by E. Corinaldesi 
and S. Zienau, Proc. Cambridge Phil. Soc. 52, 599 (1956). See also 
F. Smith, Phys. Rev. 118, 349 (1960) 

“N. Levinson, Kg!. Danske Videnskab 
Medd. 25, No. 9 (1949 
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at the result ¢(k)> 


that 


16] te 


Percival, Phy 
7 See the second paper r 


the present paper 
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itself clearly provides a lower bound on the phase shift 
for a scattering energy which lies above the appropriate 
level. With the method of Hylleraas and Undheim" 
upper bounds, Ejv, may be found, yielding a discrete 
set of scattering energies for which a lower bound on 
the phase shift is determined. This method for getting 
a bound on n(k) is essentially that given earlier by 
Risberg'® and by Percival.” The similarity between 
their result and that deduced in the previous sub- 
section, which grew out of a quite different approach, 
is rather striking and it may be of some interest to 
compare the two. We first note that their result can 
be derived using Eq. (2.5) and the concept of the 
conditional inequality.” The question then arises 
whether the present technique affords any improve- 
ment. While it is perhaps not appropriate here to 
present the analysis in detail we might indicate that 
an improvement does exist, and may be traced to the 
fact that the inequality, Eq. (2.5), is based on the us¢ 
of a sharper form of the Hylleraas-Undheim theorem 
than they used. Thus, suppose a set of orthonormal 
functions, @, where 15i5M’+1, has been found 
which diagonalizes the (M’'+1)x (M’+1) Hamiltonian 
matrix. The functions ¢, will, in general, still contain 
some free variational parameters. According to the 
Hylleraas-Undheim theorem we have 


Ewes few 41 barsi.dr; 


the best result, for a given form of functions @¢,, is 
obtained by choosing the variational parameters to 
minimize the right-hand side of the inequality. Clearly, 
a lower value of the bound on Eyw-4; can be determined 
by dropping the restriction that @-41,4 be orthogonal 
to the remaining M’ trial functions. It may be claimed 
that this lower value is better only if it is still guaranteed 
to lie above the exact value, Eyw4;. To see that this 
guarantee can be made, provided (@x:,Hdi:) < Ew-4, 
where 1S kM’, we note that the inequality we have 
obtained for {w(H— E)wdr may be rewritten as 


few 1 


P'S w— 


(H-—E)ow +1 ,dr=0, E<Ey 1 
where 
2 (dur, LH — E fw) 


— 


a Pre 
k=l (Dy, [H—E }bu:) 


Here, for the purpose of the present discussion, w is an 

arbitrary function which satisfies the appropriate 

boundary conditions. While the (M’+1)x(M’+1) 

matrix, formed from the operator H— E using functions 

dur, where 1S RSM’, and gy-s14 aS defined above, is 

diagonal, no orthogonality restrictions exist for @141,+. 
18 E. A. Uylleraas and B. Undheim, Z. Physik 65, 759 (1936 


VY. Pisberg, Arch. Math. Naturvidenskab 53, 1 (1956 
*™1.C. Percival, Proc. Phys. Soc. (London) 70, 494 (1957 
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We have, therefore, an improved form of the Hylleraas- 
Undheim theorem. The improvement carries over to 
the scattering problem by virtue of the Wigner in- 
equality, from which we conclude that an estimate of 
jm for ¢(R) will have increased accuracy as k approaches 
k; from above, at least for & sufficiently close to k; such 
that ((k)- 

Had the sharpened form of the Hylleraas-Undheim 
method been used in the Risberg or Percival derivation, 
the superiority of our method, as discussed above, 
would disappear for the scattering energies Ejy ob- 
tained from the Hylleraas-Undheim method. There is 
however an inherent advantage, which is primarily one 


(j+-4)9 


of convenience, associated with the present method. 
The point is that their results, while rigorous, are 
reasonably accurate only for energies equal to or slightly 
greater than the energies Ejy. Thus, for any energy EF 
greater than /yjv, it follows that E> EF; and hence that 
¢(k)>¢(k;)= jx, that is, that 9(k)> jr—kR; however, 
while rigoreus, the accuracy of this last estimate 
diminishes rapidly as the difference between E and £; 
increases. In order to obtain reasonably accurate phase 
shifts over a range of energies, it would then be neces- 
sary to repeat the calculation for various values of R. 
On the other hand, Eq. (3.5a) is explicitly rigorous and 
variational for a range of energies above Ey-yv, and 
one would have to perform the calculation for only one 


value of R. 


4. UPPER BOUND ON 


The fact that a lower bound on 9 can be obtained 
using a minimum principle, so that a well-defined pro- 
cedure exists for improving the calculation, has the 
consequence that quite accurate estimates of the phase 
shift should often be obtainable. Nevertheless, since 
both bounds on 9 are required to obtain an absolute 
the accuracy of the calculation it is of 
to examine the question of determining an 
upper bound. Again we exploit the connection between 
the scattering and bound-state problems. We shall 
describe two methods, both of which involve a deter- 
mination of a lower bound on an energy eigenvalue. 
The practical utility of the results obtained is con- 
siderably diminished, as compared to the methods 
described in the previous sections for obtaining the 
other bound on », since it is far more difficult, in general, 


to obtain a lower bound than an upper bound on an 


measure of 
interest 


energy eigenvalue 


A. Use of Wigner Inequality 


To find then an upper bound on 9, first observe that 
according to the discussion in Sec. 3, the inequality 


C(k)<(M+1)x 


is valid for energies E<FEy4;, where k is the wave 
number corresponding to the scattering energy E. Thus, 
if Eyas.t is a lower bound on Eyyys, and if Ragai.z is 
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the corresponding wave number, we have 


n(Raai.t (M+ 1)r—kayiiR. 


The accuracy of this bound will generally increase as 
the estimate of the lower bound on Ey, is improved. 
Since we are now operating in the region in which the 
slope of ¢(&) can be negative, this last statement can- 
not be made more precise; the best that one can say is 
that the accuracy of the bound will necessarily increase 
with increasing accuracy for the lower bound on F444; 
if ¢(R) is sufficiently close to an integral multiple of 7. 


B. Use of Energy Eigenfunction Expansion 


We again employ the difference function, w(r), as a 
trial function in the energy eigenvalue problem intro- 


duced in Sec. 2A. Thus, with w(r) satsifying the 


boundary condition 


we have 


where the expansion coefficients, a;, are defined by 
P;) 


The 


ai 
fmin(/ k—« { dr 


and where c is an energy value as yet unspecified 


sum is clearly larger t] 
[min(/ 


Now let « S( Ew, k 


eigenvalue which lies above E 


Ewysi is the smallest 
Then we may write 


where 


min(E,;—E minf E;—4(EyyitE 


[3 (Ew E 
Ew, 1 


the minimum value being 


that 


ichieved for E, 


R 


f wl H-E-4() 


which may be rewritten as 


R 


} w(H— E)*wdr= (Eyii— Fk 


‘ . 


R 
w(H— E)wdr. 


E, we obtain the inequality 


Using the Hermiticity of H 


R R 


f w(H— E)wdrs (Eusi—! ( [ (H— E)u, Pdr. 


. 


If then we can find a 


which at the same time 


lower bound E M41 on Eun 


satisfies E< Eyw.17, we have 


AND 1 SPRI 


he sought-for inequa 


K K 


f w(H— E)wdrs (Eyi.r—! f [ (H—E)u, Far. 
0 


While both described in this 
obtaining an upper bound on 9 require t! 
lower bound on an energy eigenvalue, second 
method has the advantage that an upper 
bound on 7 may be obtained if one can choose a suffi- 


methods section for 
at one find a 
the 


accurate 


ciently accurate trial scattering function, even if a 
quite crude lower bound on the energy eigenvalue is 
employed. 

In a similar manner, 
integral may be obtained a 


R 
f w(H— E)wdr= ul - F)u, dr. 


d on the 


her bout 


error 


Here Eyv is an upper bound on Ey which is in turn the 
largest eigenvalue below £. This latter result is of little 
interest, however, since it is inferior to the 


obtainable from the inequality of Eq. (2.5 


result 
The proof 
of this statement is quite similar to 


Sec. 5. 


proof given in 


C. Lower Bound on Energy Eigenvalue 


of deter 
sibility 
comparison problem. A 
general method would be 
involves 


We will discuss very briefly the question 
mining a lower bound on Ey4;. One po 
be to 


would 


use a solvable more 


nt +} ‘ 
hil ult tile 
i 


G(r’: RE 1 cotkR sinkr 


which represents the Green’s function for a particie 


confined to a spherical box of radius R within which 
there is no potential. r< and ry represent the smaller 
and the larger, respectively, of the 
Thus, let Ry, 
sponding to the 


denoted by Exyr4i.r, 


; ; 
intities r and r’. 


represent the wave number corre- 


lowest value f the energy. to be 


which sat 


) R 


Zu ta 
} Grr R Ew 
h?]. 


Ruii.tR (4.1 
that Ey 


it can be shown"! a lower bound 


on Ey. 


21 The above results art lizations « he ult d 
Bargmann [V. Bargmann, ) itl. Acad. Sci 38. 961 
(1952)] that the dition for ter of N 
negative energy } bour ( ate i ru rn mentur zero in thie 
full range 0 to = is 


jue to 


necessar'\ 


\ paper on the use of Greer 

necessary conditions for the exist 
angular momentum and below a 
in a center of force, is in preparati 
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If Eq. (4.1) is not satisfied, one can still obtain a 
lower bound Ey4i., on Ey4; (at least in principle) by 


finding the smallest value E4:,. which satisfies 
(2u/h?) Trace[G(Euy1.1)|V| P=M. 


We omit further discussion of the possibilities of this 
technique. 

We might note that the fact that the potential exists 
only in a finite range considerably enhances the likeli- 
hood of being able to obtain a lower bound on an energy 
eigenvalue. 


5. UPPER BOUND ON cot(n—6) USING 
POTENTIAL EIGENFUNCTIONS 


We now consider an alternate approach to the prob 
lem of finding an upper bound on & cot(n—@) for cutoff 
potentials. Instead of the energy eigenvalue problem of 
Sec. 2 we introduce an associated potential-strength 
eigenvalue problem, with an auxiliary potential p(r) 
which satisfies p(r)20 for rSR and p(r)=0 for r>R, 
but which is otherwise arbitrary and which will be 
chosen for convenience. We then consider the equation 


(H—E)¢=up¢, 
with boundary conditions 


¢(0)=0, ¢(r)=const sin[ kr+6(u) | for r2R 


The eigenfunctions ¢, and their corresponding po- 
tential-strength eigenvalues, w,, are defined by the 
condition 

6(un) =O-+nr. 


The fact that p(r) vanishes for r>R implies the 
existence of a lowest eigenvalue. Thus, by comparison 
with the infinitely repulsive square well of range R we 
have 

b(u >—kR for all M, 
so that, if 
6—(P+1)rs —kR<6—Pr, 
then 
nw psy for all n. 


Here we have made use of the monotonicity of 5(u) 
with respect to yw. (It may be of interest to note that 
in the associated energy eigenvalue problem, the 
potentials which one considers are those for which 
there exists a lowest energy eigenvalue; the potential 
had to be cut off to make the energy eigenvalues 


everywhere discrete. In the associated potential- 
strength eigenvalue problem, on the other hand, the 
potential strength eigenvalues are automatically dis- 
crete for E0, and one had to cut off the potential in 
order that there should be a lowest potential strength 
eigenvalue.) 

The bound on cot(q7—@) that will be deduced will 
utilize the Hylleraas-Undheim theorem again. This 
time, however, the theorem is applied not to the eigen- 
states with energy eigenvalues less than the energy E 


TERING 
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under consideration, but rather to potential strength 
eigenstates with potential strength eigenvalues less 
than the potential strength under consideration, 
namely, w=0. [It is to be recalled that (k)=8(0).] 
In other words, eigenstates for which yu» is negative 
are involved. In this connection it may be noted that 
for the spec ific choice 


kR+0= (P+1)z, 


(5.1) 


the relevant number of states with negative eigenvalues 
u» is equal to the number of states which appear using 
the energy eigenfunction approach. To see this we 
recall (see Sec. 3) that 


Mx—kR<6(0) =n(k) S (M+i)e—kR, 


(M—P—1)x+6856(0)S (M—P)x+8. 


The negative eigenvalue, smallest in absolute value, is 
then was—p-;. Since, from Eq. (5.1), the lowest eigen- 
value is p_p_i(u_p-1=—®) there are in all M+1 
negative eigenvalues. However, the eigenfunction ¢_p_, 
vanishes for OSrSR and is therefore orthogonal, with 
respect to the weight factor p(r), to the other eigen- 
functions, so that the number of relevant eigenfunctions 
is M, for arbitrary p(r). 

We now return to the case for which R and 6 are 
arbitrary, and we let 7 denote the exact (unknown) 
number of negative-value eigenvalues yu» for this case. 
[We have just seen that for the choice of R and of 6 
which satisfies Eq. (5.1), T is equal to M.] Let us now 
assume that we have found 7” trial functions ¢,, which 
satisfy the conditions 

Onar(O) =O, Oni (?) 


rn 


R 
[ Cnt Pm pdr é,, my 
J 5 
R 


J Onl(H—E)ondr ww en Mnt=Mne(1’) <0. 


Cy, sin(kr+0) for r2R, 


The indices m and m, here and below (except where 
specifically indicated otherwise) each run through the 
T’ integers — P to — P+-T’—1. The C,, are independent 
of r. By the Hylleraas-Undheim theorem, the pa:(7”), 
when put into an ordered sequence, satisfy the in- 
equalities za:(7’)2u,, where uv, is the corresponding 
member of the ordered sequence of exact eigenvalues. 
Further, if a (7’+1)(7"’+1) matrix of (H—E) is 
formed, with the first 7” functions ¢,, the same as 
before, and if the eigenvalues of this matrix are labelled 
unc(T’+1), then for the first 7’ values of n, we have 
pat(T’)Sun(7T’+1). The situation is then similar to 
that which obtained at zero energy, and at nonzero 
energies with the introduction of an associated energy 
eigenvalue problem. It follows that if T’=T7, then we 
may deduce a bound on jc” w(H— E)wdr which, when 
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inserted into the Kato identity, yields the inequality 


R 


f u.(H—E)udr 
[ on(H—E)udr 


cattering function, u,, the difference 
satisfy Eqs. (2.1) and (2.3). In particular, 
the logarithmic derivative of w(r) at r=R is just that 
which allowed us to use w(r) as a 
n the application of the Hylleraas 
in its sharpened form). 


k cot(n -A)Sk cot un 


(5.3) 
uu 


The trial and 


function, w, 


assumed by the on: 
trial eigenfunction 
Undheim theorem 
The bound given by Eq. (5.3) is very much simpler 
to calculate than the corresponding bound deduced by 
Kato 
the same trial scattering function m. The proof of this 
the 
functions of a 


Further, it will lead to a more accurate bound for 


observation that 
first 7’ 


which we denote by {¢n:}, 


statement follows from the ee 
considered to be the 
set of function 


P< nS « We 


may be 
( omple i 
with 


Kl (H—E)u,} 
dr. 


pr) 


where in the last step w he closure property 
of the set {¢n-}. If w 1 M_P+T’—1,t 
trial value of 8 to be used in the calculation of the 


with the 
Kato 


(5.3) is established, 


bound then the superiority of Eq 


since in reducing it to the Kat 
whicl 


o result we have employed 


decrease the accuracy of the bound 


Hylleraas-Undheim 


inequalities 
It might be 


mentioned that the 


AND I 


theorem is a general method for obtaining a bound on 
8; it is however restricted to cutoff potentials, 
must always be assumed that the 
negative eigenvalues yu, have been obtained 

The weakness of Eq. (5.3) is that we car in general 
be certain that 7” 
once again use the conditional 


and it 


correct number of 


T. Proceeding as c. 3, we can 
technique to 
obtain a rigorous bound on 7 that 


T’=T, it follows that 


Tx: 


assuming 


6(0 6( x 
or that 

T’x—kR<n(k T’+1 
We have, as a rigorous consequence, 


, 


n>n 
where n,’ is defined by 


k cot (nz’—6) = right-hand 


T'x—kR<nz' <(T'-4 


The point is, of course, that if 7” 
the inequality of Eq. (5.4a) is a 
We now wish to compare the ed on the 


associated energy eigenvalue problem and on_ the 


associated potential-strength eigenvalue problem. It 


itter resuil ine ludes the 


} 


can be shown, in fact, that the 
former as a special case. To see this we choose 
po, for rSR, where po is a positive constant with 
the dimensions of energy, and choose R and @ such that 
kR+6 is an integral multiple of r. Since the inequality, 
Eq. (5.3), is independent of 
¢nr the orthonormality co! 


SIMpLy 
p\(r) 


ormalization of the 


may be replaced by 


Theretore, the 
integral, and the conditions satisfied by the 


form of the ineg y for the error 
functions 
wr), u(r), and the ¢x(r difference 
in the normalization of the ¢,, and of the @;,) are the 
hose of Sec. 2 


as t 


same 
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Earlier work on the inclusion of half-integral powers in the Ritz-Hylleraas ground-state solutions of the 
nonrelativistic wave equation for the helium atom is extended through functions involving 18 parameters 
Energies that are lower than those found with other published comparable functions are obtained in all 
cases. Preliminary results are also given of calculations involving more general fractional powers, Z values 
different from 2, and half-integral-power solutions for which the expectation value of the square of the 
Hamiltonian is finite. With the latter type of expansions one obtains, at least at an early stage, an additional 
improvement in the approximation. Thus, with 11 parameters one finds the energy — 2.903704 atomic units, 
which differs by only 0.0007% from the 80-parameter solution of Kinoshita. The initial results found for 
Z=8 indicate an improvement in convergence over that obtained for Z=2; the energy — 59.156560 atomic 
units, which was obtained with a 12-parameter function, was only 0.00006% larger than the energy obtained 
by Pekeris with his 210-term function. The computed mass polarization corrections give also satisfactory 


results as judged by the similar results obtained with the most extensive solutions available 


1. INTRODUCTION 


N a previous note! there were presented initial results 
on the use of Hylleraas functions with half-integral 
exponents, i.e., expansions of the form 


Y= tlt Cimas! 2h, 


(s=ryt+fo, t=re—P1, U=T 12), 


l,m,n=0,1-+- (1) 


as Ritz approximants to the ground-state solution of 
the nonrelativistic Schrédinger equation for the helium 
atom, 


1 


1 1 1 
Hy=| — - -(W2+¥)—2/ 7 )+ p—r: 
2 rT, FoF Ti 


(2) 


where M is the nuclear mass and all quantities are in 
atomic units. At the time of writing of that note, the 
accuracy of the published results on this solution’? was 
still pretty much of an open question, there existing no 
certain way of ascertaining the rapidity of convergence 
of the computed Ritz-Hylleraas sequence.*? The intro- 
duction of half-integral exponents in the Hylleraas 
expansion tended to considerably improve this con- 
vergence as shown by the initial results presented in 
Table I of I. This provided the stimulus for further 
calculations of this type through functions involving 
18 parameters, the limit on the number of parameters 
being in part imposed by the limitations of desk 

* This work was supported in part by the U. S. Atomic Energy 
Commission. Part of this work was done while the author was a 
visiting professor at the Technion, Israel Institute of Technology 

*H. M. Schwartz, Phys. Rev. 103, 110 (1956). This paper will 
be referred to as I. 


2S. Chandrasekhar and G 
1955) 


Herzberg, Phys. Rev. 98, 1050 


calculator work. The results are given in Table I 
(Sec. 2), which includes also a correction to the 13- 
parameter function of I. 

A comparison (Table III, Sec. 2) of the energy results 
with those in reference 2 as well as with those of Hart 
and Herzberg’ and of Kinoshita,‘ that the 
functions of type (1) give invariably closer energies for 
trial functions of the same number of parameters. On 
the other hand, this superiority of functions (1) ulti- 
mately begins to decrease with the increase in the 
number of parameters. This decrease is of course to be 
expected. What is perhaps still an open question is 
whether the advantage shown by functions (1) will 
subsist or will be completely washed out as the number 
of parameters becomes comparable with the highest 
number employed by Kinoshita.‘ In what concerns the 
finding of a sufficiently precise value for the lowest 
eigenvalue of (2), this question may well have already 
lost its practical significance, inasmuch as it is quite 
likely that the very extensive solutions found by 
Kinoshita‘ and by Pekeris® do already give this eigen- 
value to the required accuracy. The uncertainty which 
still exists in this regard derives from the insufficiency 
of the presently available theoretical estimates of the 
error which attaches to the energy values computed by 
the Ritz method.* Another related difficulty is the 
meagerness of our present knowledge of the analytical 
properties of the exact ground-state solution of (2). 
For these reasons, at least, the study of various types 
of solutions of (2) appears to be stiil justified. 

The functions of Table I of I as well as those of Table 
I of this paper do not give a finite result for the mean 


shows 


‘J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 

‘T. Kinoshita, Phys. Rev. 105, 1490 (1957); 115, 366 (1959) 

5C. L. Pekeris, Phys. Rev. 112, 1649 (1958 

* Nevertheless it can in fact be shown by a reasoning which 
while not completely certain admits of a high degree of probability, 
that the limits of error on the values of Kinoshita and of Pekeris 
are already very close to those imposed by present experimental 
uncertainties 
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Taste I. Nonrelativistic wave functions of Hylleraas type with 
half-integral exponents for the He ground state, for which (#7?) 
diverges. The energy is in atomic units; the coefficient Cima as 
given in Eq. (1).* The functions are normalized. 


k) 3.5 
rinput® 
E} 2.903714 


3.51 3.5 3.5 


2.903714 2.9037168 2.9037190 

k) 3.500063 
poutput” 

E} 2.903714 


+} 


3.510051 3.500018 3.500015 


2.903714 2.9037174 2.9037 186 


000 
001 
010 
002 
160 
200 
101 
O11 
004 
012 
003 
102 
110 
013 
202 
300 
005 
014 


1.396891 
0.176230 
0.329918 
0.518531 
0.232072 
0.007720 
0.173014 
0.255171 
0.023654 
0.066024 
0.244199 
0.136041 
0.030952 


1.396267 
0.176456 
0.330492 
0.520100 
0.229571 
0.012139 
0.176040 
0.258750 
0.024203 
0.066989 
0.248732 
0.143005 
0.033774 


1.3998363 
0.1539403 
0.4119643 
0.5560845 
—0.2307628 
0.0071788 
0.1726858 
—().4367977 
0.0291609 
0.1956241 
0.2686550 
0.1357688 
0.0307856 
0.0297931 


1.3715826 
0.1156624 
0.4551549 
0.6159175 
—0.1153529 
—0.1146762 
—0.1672808 
—0.5735045 
0.0751512 
0.3497075 
—0.3649887 
0.1820912 
0.0314524 
0.1046422 
—0.0195603 
0.0389373 
—0,0073613 

0.0132067 


* The notation in Eq. (1) relative to the designation of the coefficients 
is slightly different from that employed in Table I of I 

> This terminology is explained in footnote 11. 
value (#") of the square of our Hamiltonian operator. 
This failure need not prevent the sequence of energies 
computed from such Ritz approximating functions to 
converge to the true energy value (Sec. 2). However, 
while the existence of (H*) is not required for the 
calculation of the nonrelativistic energy, this expression 
enters in the relativistic correction, and for this reason, 
a recalculation was made with functions of type (1) 
but with omission of the terms in u! and stu! which are 
responsible for a logarithmic singularity in the integral 
of (H*).? The results are shown in Table II and are 
discussed in Sec. 2. 

In order to have an additional check on the goodness 
of our functions, the mass polarization corrections were 
computed with these functions. The results are dis- 
cussed in Sec. 3. 

The motivation, largely empirical, in the introduction 
of the semi-integral exponents in (1), leads to the 
question raised in I as to the further improvement that 
may be possible with the use of more general fractional 
exponents. Preliminary work on this question (Sec. 4) 
is not particularly encouraging, but this work is of too 
limited a scope to be conclusive. On another question 
raised in I, the dependence upon the nuclear charge Z 
of the advantage of using fractional exponents in the 
problem under discussion, preliminary results (Sec. 4) 
are more definite, and point to an additional relative 


7A preliminary result was given in J. phys. radium 19, 505 
(1958) 
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improvement in the energy eigenvalue for nuclear 
charge larger than two. 


2. SOLUTIONS INVOLVING HALF-INTEGRAL POWERS 


As stated in the introduction, the choice of half- 
integral exponents in (1) was dictated mainly by 
empirical considerations. It was suggested in the first 
place by an examination of the relative distribution in 
size of the coefficients in the approximating functions 
computed by Chandrasekhar and Herzberg.’ Another 
consideration was the purely practical one of ease of 
computation. The matrix elements entering in our Ritz 
variational problem’ involve only integrals of the form 


x ‘ “ 
f asf auf dte~*s*t°u' 
0 0 0 


I'(a+b+¢+3)/(6+1)(b+c42). (3 


It is seen that fractional values of a and of ¢ do not 
lead to any significant complication. On the other hand, 
the introduction of terms involving log s, which is a 
related procedure, does introduce some computational 
complication, inasmuch as in place of (3) we also get 
expressions which involve derivatives of the gamma 
function. Such terms have in fact been used by Hylleraas 
and Midtal* and to very good advantage.” 


TaBLe II. Nonrelativistic wave functions of Hylleraas typ« 
with half-integral exponents for the He ground state, for whic! 
(H*) is finite. The energy is in atomic units; the coefficients 

as given in Eq. (1).* The f normalized 


inctions aré 


k 
input 
2.903666 


> 003704 2.903711 


500 100 3.499009 3.500151 
Output 
2.903666 


2.903704 903711 


~) 


000 1.477574 
002 0.535292 
010 0.465583 
100 0.294954 
oll 0.527949 
003 0.161543 
102 0.051240 
012 0.237770 
013 0.033982 
110 0.031565 
004 

202 


1.456080 
0.659123 
0.408421 


0.286999 


1.447247 
0.679155 
0.421906 
0.274295 
0.465458 
0.259914 
0.047367 
0.216767 
0.035105 
0.033076 
0.037792 
0.028654 


0.436981 

0.316917 
0.040603 
0.194866 
0.030215 
0.035140 


0.057239 


* The notation is the 


Salpeter, Encyclopedia 
Vol. 35, Sec. 32 
Rev. 103, 829 


yrrects a nul 


® See, for instance, H. A. Bethe and 
of Physics (Springer-Verlag, Berlin, 1 

*E. A. Hylleraas and J. Midtal, I 
109, 1013 (1958). The second paper « 
contained in the first 

# As the authors give only the final energy for a function 
involving 24 parameters, it is not at present possible to compare 
their results with those presented here. Neither is there as yet 
available a discussion of the analytical motivation, if such exists, 


for the inclusion of their particular logarithmic 


E. E 
957 


1956 


rerical error 


hy 


result 
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raBLe III. Comparison of the energy results derived from Ritz approximations anpipins half-integral powers with those derived 


from integral-power expansions. Entries are the absolute values o 
egral-po 





Number of parameters 10 11 


Positive-integral-power expansions 
Integral-power expansions*® 
Half-integral-power expansions‘ 


2.903603" 
2.903626 
2.903666 


2.903704 


the energy in atomic units 


13 14 i8 20 22 


2.903701 2.903715* 2.9037184 


2.903714 
2.903714 


2.903717 2.903719 


*S. Chandrasekhar, D. Elbert, and G. Herzberg, Phys. Rev. 91, 1172 (1953) 


> See reference 2. 


© This value is a closer approximation for the 18-parameter function of reference 2, as given in reference 4 


4 See reference 3. 
* See reference 4. 


! The first two entries in this row are from Table II, the others from Table I 


The new solutions are presented in Table I. Included 
is also a 13-term function, which represents a correction 
of a small numerical error that crept into the earlier 
work for this function.' This error was detected when 
it was realized that the difference between the values 
—2.9037190 atomic units (a.u.) for the “output” 
energy" and —2.9037135 atomic units for the “input” 
energy was in excess of what could be reasonably 
expected.” As a test for the stability of the solution 
with respect to small variations in the parameter k 
[which appears in the exponential factor in Eq. (1) ] 
and as an additional check on the computation, the 
same function was recalculated for k=3.51 
also included in Table I. 

The motivation for the calculation of the functions 
presented in Table II was given in the introduction. 
It is seen that for these three functions there is in fact 
an appreciable improvement over the corresponding 
older functions” as judged by the energy values. This 
improvement would seem to disappear, however, with 
the 13-term function, as judged by the following results: 
3,0,0 1,0,0 0,0,3 2,0,0 
-E (in atomic units): 2.9037119 2.9037119 2.903713 2.903712 


and is 


13th exponent-tripiet : 


In this connection, it should be noted that with the 
exception of the above case the experimentation that 
was done with respect to an optimum choice of expo- 
nents has been quite limited in all cases, especially for 
the functions with the higher number of parameters. 
The choice of the value 3.5 for the parameter k was 
made after a number of trials with the 6-parameter 
function of Table I of I. It has been retained for the 
functions involving more parameters in the belief that 
the choice of an optimum value for k becomes less 
critical as the number of parameters increases. In order 


“The “output” E and & are given by the formulas obtained 
by variation with respect to the parameter k. See Eqs. (32-19 
and (32-20) on p. 235 of reference 8. 

2 In reference 8 (p. 235) it is stated that the output energy 
represents a closer approximation to the true energy than the 
input value. However, when the number of parameters to be 
varied is sufficiently large and the choice of the scaling parameter 
k is sufficiently good, the difference between the input and output 
energies can be expected to be relatively small, and this is borne 
out by all the available results. 

8 Table I of I did not include a 12-parameter function. Such a 
function, obtained by adjoining a term with the exponent triplet 

4,0,1) to the 11-term function of that table, yielded the energy 
value — 2.902696 atomic units 


to check this, several & values were tried for the 10-term 
function of Table II, with the following results: 
k= 3.7 


3.55 3.5 3.45 


FE. (in at. units) = 2.90364 2.903662 2.903666 2.903659 


An additional indication that the chosen value for & is 
not too far from the best value is provided by the 
closeness of the output and input" £ and & in all cases 
investigated. 

The comparison of the results presented here with 
similar results that have been published,?~ given in 
Table III, does not include any functions with loga- 
rithmic terms® because, as stated earlier, no functions 
of this character involving a smaller number of pa- 
rameters than 24 have as yet been published. From 
the point of view of constructing the best wave function 
(best, as judged by the corresponding energy eigen- 
value) for a given and reasonably small number of 
parameters, it would seem to be of interest to investigate 
further expansions involving logarithmic and fractional- 
exponent terms. 


3. MASS POLARIZATION CORRECTION 
CALCULATIONS 


The correction to the energy eigenvalue E of (2) 
arising from the finiteness of the mass of the nucleus 
and additional to the correction implicit in the replace- 
ment in (2) of the electronic mass by the reduced mass 
u, the so-called mass polarization correction ¢, is given 
by the expression“ 


1 
ya f Vip Vad. (4) 
M 


The resulting matrix elements for the functions (1) 
have the same form as for the solutions involving 
integral powers,'® with all factorials replaced by the 
corresponding gamma functions. 

Results for the 13-term, 14-term, and 18-term func- 
tions of Table I and for the first three functions of 
Table II are given in Table IV. For comparison, 
published results for other functions are also included. 


“4 See reference 8, Sec. 37 

4 Equation (18) in L. Wiletz and I. J. Cherry, Phys. Rev 
103, 112 (1956). The factor 4 in the formula should be replaced 
b 


9 
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rasLe IV. Values of the mass polarization correction, « 


No. of 
Reference parameters e (in atomic units 
Table II 10 2.182 10 
lable I 11 2.18710 
lable Il 12 2.183 10 
lable I 13 2.182 10"! 
lable I 14 2.182 10 
Table I 18 2.182 10 
a 10 2.187 X10°* 
a 10 2.09210 
" 18 2.182 10 
a 22 2.183 10 
9 2.18110 
4 t Ill 


Presumably the value «= 2.181 10~° a.u. obtained by 
Kinoshita‘ and by Pekeris® is close to the exact value. 
It is then seen that with the exception of the 11- 
parameter function of Table II, the results yielded by 
the other functions both from Table I and from Table 
II are quite satisfactory. The exception shown by the 
11-parameter function is strange, considering that in 
respect of the energy eigenvalue yielded by it, it is 
perhaps the best presently available for its number of 
parameters. Unless some error had crept into the work 
which had evaded detection, the high sensitivity of 
expression (4) to the type of wave function employed 
is worthy of note. 

In this connection, it should be noted that it is 
entirely feasible to include the part of our Hamiltonian 
which gives rise to Eq. (4) in the Ritz-Hylleraas 
variational treatment, obviating in this manner the 
necessity of computing any correction for the nuclear 


if 


motion.'® The usual procedure was followed in order 
that the present results could be compared with those 


involving other types of wave functions. 


4. PRELIMINARY CALCULATIONS FOR NUCLEAR 
CHARGE DIFFERENT FROM TWO AND FOR 
MORE GENERAL FRACTIONAL 
EXPONENTS 


In order to check the efficacy of the fractional- 
exponent Ritz-Hylleraas wave functions for nuclear 
charge Z~#2, a calculation was made for Z=1, Z=3, 
and Z=8 with the sets of exponents of the 10-parameter 
function of Table I of I and in the case of Z=1 also for 
the 6-parameter expansion of that table, this work 
having been completed before the newer functions shown 
in Table II have been considered. The result for the 
12-term Z=8 function was obtained subsequently and 
for it the exponents of Table II were used. The results 
are shown in Table V. For comparison, corresponding 
results with positive-integral power expansions are also 


16 Using this method, we obtained with the 10-term function 
of Table II the value — 2.903644 a.u. for the energy including the 
effect of mass polarization. This agrees with the result obtained 


with the conventional method employing the best value of the 
mass polarization correction 








HWARTZ 

raBle V. Energy eigenvalues for th d state of H~, Li u, 
and O vit computed with half-i power Ritz-Hylleraas 
expansions. Values of the ratio R, giver Fy 5), are included 
for comparison 

\bs e va 
No ol of energ 
Z parameters itomic units R (given in Eq. (5 
1 6 0.526541 0.06" 
10 0.526967 3 1' 

3 10 7.279817 0.36 

~ 10 59.15647 0.35 

bay 12 59.156560 | Pekeris va 59.156595 

2 6 2.903381 0.20 

10 2.903639 0.31! 

* Compared with the value given by R. E. W n, Astropl J 
96, 438 (1942 

+ Compared with the value given by L. R. He Astropl J. 99 
59 (1944). Henrich’'s function consists of 11 ter 

¢ Compared with the values in reference 

4 See reference 5 

¢ Compared with the value given by E. A. Hylleraas, Z. Physik 54, 34 
1929) 

‘Compared with the value given by S. ¢ andrasekhar, D. Elbert, and 
G. Herzberg, Ph Re 91, 1172 (1953). Our value fr Table I of I is 
used rather than that fr Table II r the sak alid comparis 


with the R values for 7 # 


included, as well as those of Pekeris,’ which can be 


expected to be of very high accuracy. In order to 
compare the results with those for Z=2, we consider 
the ratio 

Re (Eia— Es; I E), 5 
where Ejnt(E¢ract) is the energy eigenvalue obtained 


with the integral (fractiona and / 
represents the energy obtained by Pekeris. The values 
of this ratio, R, are entered in the last column of Table 
V with a corresponding entry also for Z=2. It is 
that with the exception of the 

negative hydroge n ion, there indeed ar 
in energy resulting from the use of fractional-exponent 
expansions. The 10-term function for Z=1 could be 
compared only with the 11-term function of Henrich,'’ 
but, even so, it is apparent that 


power expansions, 


seen 
tion for the 
improvement 


10-term func 


least for the choice 
of powers that was made, there is little, if any, ad- 
vantage to be gained by usi! 
the other hand, as judged by 


g fractional powers. On 
the ratio R of Eq. (4) 


’ 


it is seen that the advantageous feature of the half- 
integral-powers expansions does indeed increase for 
higher Z values. 

raBLe VI. Energy eigenvalues for the ground state of He 
computed with fractional-power Ritz-Hylleraas expansions 
Corresponding values for half-integral-powers expansions are 
included for comparisor 

f il 
Wave functions * atomic units 
Involving the exponent triplets (/,:,)* 

0,0,0), (0,0,4), (0,1,0), (0,01 2.90254 
4-parameter function of Table I of I 3614 2 90277 
Involving the exponent triplets: (0,0,0 

0,0,1), (0,1,9), (0,0,3), (0,0,2), (1,0,0 3.44 2.90345 
6-parameter function of Table I of I . 2.90338 

* See Eq. (1 
’L. R. Henrich, Astrophys. J. 99, 59 (1944 
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Considering the improvement in energy obtained 
with the half-integral Hylleraas expansions for the case 
Z=12, it seemed of interest to see if any further improve- 
ment could be obtained by employing more general 
fractional powers. Without any precise analytical guide 
for selecting the powers, it did not seem worthwhile 
at this time to undertake any extensive investigation 
of possibilities. Only functions involving 4 and 6 
parameters were considered, and for quite a small 
selection of powers. The results are presented in Table 
VI. The energies for corresponding half-integral-power 
functions are also shown for comparison. 


5. CONCLUSIONS 


The results so far obtained with the use of fractional 
powers in the Ritz-Hylleraas method of solution for 
the ground state of two-electron atomic systems, indi- 
cate that at least for functions involving less than 
about 20 parameters, and as far as the energy eigenvalue 
is concerned, such use is advantageous. It would be 
desirable, however, in this connection, to have also 
some detailed information on the effect of including 
logarithmic terms in the Hylleraas expansions 


E 
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Although, as stated in the introduction, the search 
for a determination of the lowest eigenvalue of the 
Hamiltonian in Eq. (2) with a precision consistent with 
present experimental accuracy may well have already 
been successfully completed, it would still be of some 
interest to find out if more rapid convergence, than has 
so far been obtained, could be produced by an extension 
of the present results to functions involving consider- 
ably more parameters. It is, of course, possible that as 
soon as the number of parameters becomes sufficiently 
large, all expansions of Hylleraas type show approxi- 
mately the same behavior. However, pending a strict 
theoretical analysis of the properties of the exact 
solution in question, further calculational experimen- 
tation may not be amiss. 
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Experimental Study of the Mechanism of (,t) Reactions at 22 Mev 


J. B. BALL anp C. D. GoopmMan 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received June 3, 1960) 


Energy distributions of tritons from various elements throughout the periodic table show prominent 
peaks which can be identified with states in the residual nucleus which result from the removal of two neu 
trons from single-particle states in the target. This is indicative of a double pickup mechanism for the (,/ 
reaction at this energy. The use of this reaction in identifying the position and character of single-particle 
levels is illustrated. The reaction is also used to determine the mass of Ru 


INTRODUCTION 


SURVEY of (p,d) reactions at 22 Mev' indicated 

that the most prominent features of the energy 
and angular distributions of the deuterons could be 
accounted for by assuming that the reaction proceeds 
by the pickup of a neutron out of a single-particle 
bound state. In particular, it was possible to identify 
the strongly excited residual states with those resulting 
from the removal of a neutron from a single-particle 
level in the target. 

The present work was undertaken as an extension of 
the (p,d) work with the hope that the energy distribu- 
tions of the tritons could be used to identify the nature 
of the residual states which are excited, and thus to 
determine the extent to which single-particle structure 
in the nucleus influences the (p,t) reaction and the 
extent to which the reaction proceeds as a direct 
interaction. 

Previous work at 22 Mev by Cohen and Handley’ 
showed the qualitative result that the triton spectra 


steradion 
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Fic. 1. Triton spectrum from vanadium at 30 degrees 


* Operated for the U. S 
Carbide Corporation 

'C. D. Goodman and J. B 

? B. L. Cohen and T. H 


tomic Energy Commission by Union 
Ball 
Handley 


Phys. Rev. 118, 1062 
Phys. Rev. 93, 514 


1960 
1954) 


tend to be peaked toward the high-energy end of the 
spectrum. While this is indicative of a direct interaction 
mechanism, the resolution was too poor to resolve any 
structure in the spectra. 

The present work was performed with an experi 
mental setup having sufficient resolution to permit 
examination of gross structure effects on the spectra and 
to allow comparison of the observed levels with anti 
ipated shell-model states 


EXPERIMENTAL METHOD 


The experimental apparatus and method were the 
same as those used in reference 1 ex ept that in the most 
recent runs, an RIDL Model 34-9 400-channel analyzer 
was used in place of the 20-channel This 
analyzer, with some auxiliary equipment, is incorpor 
ated in a system which permits recording of proton, 
deuteron, triton, and alpha spectra simultaneously. Th« 
system will be the subject of a separate paper. 


analyzer. 


The 400-channel analyzer has an average dead time 
of 70 usec as compared with 2.4 usec for the 20-channel 
analyzer. It has been found that the external beam of 
the cyclotron comes in bursts which are about 70-pse: 
duration ; the duty cycle is less than one tenth of what 
would be expected from rf beam bunching only. It is 
not practical to reduce the beam current enough to 
eliminate the possibility that two particles will be 
counted in the same burst. The second pulse will, how 
ever, usually fall within the dead time following the first 
pulse and will be lost. Thus, even though the dead-time 
indicator on the analyzer may read essentially zero, an 
appreciable fraction of the counts may be lost. Measure- 
ments of cross sections and angular distributions must 
be corrected for this effect 

We have chosen to obtain the correction by using an 
additional fast single-channel 
record 
counter 
protons 


il alyzer. This is set to 
some convenient scintillation 
usually the elastically scattered 
analyzer 
and another scaler through a 
of the 
ers indicate 

which the 


portion ot tne 
spectrum 


The output of the single-channel 


drives one scaler directly 
gate which is open only during the dead time 
Thus. th 


400-channel analyzer. Th two scal 


total resp 
fractional less of analyzed counts can be inferred 


and lost counts, tively, from 


> E. Fairstein, Rev. Sci. Instr. 27, 549 (1956 
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MECHANISM OF ( ,t) 

In the Co(p,!) angular distribution, the correction 
was between two and five percent for the points shown 
In making this correction, it is assumed that there is no 
time correlation between the tritons and the elastically 
scattered protons. 

The vanadium, cobalt, niobium, rhodium, and gold 
targets were selected for their isotopic purity and 
availability in thin rolled foils. The separated zirconium 
isotope targets were prepared from suspensions of the 
powdered oxide, as described in reference 1 


RESULTS AND DISCUSSION 


The energy spectra of tritons from V, Co, Nb, Rh, 
and Au are shown in Figs. 1-5. As in the deuteron 
spectra of reference 1, these triton spectra exhibit a 
marked structure suggestive of a strong single-particle 
type interaction. The general features of the spectra 
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z 
§ 20] 
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~ 0 (Mev 
Fic. 2. Triton spectrum from cobalt at 30 degrees 
suggest that the incoming proton interacts with two 
neutrons in single-particle bound states to form the 


triton, and that there is little mixing of energy with 
other states. 

To illustrate this interpretation, Fig. 6 shows the 
energy spectra of tritons from Zr™, Zr®, Zr”, and Nb®. 
These isotopes span the region of the closed neutron 
shell at = 50 and provide a large energy gap between 
successive single-particle levels. Because of the poor 
character of the oxide targets, the curves are not plotted 
on an absolute cross-section scale but arbitrarily dis- 
placed for convenience. Uncertain target thickness 
makes the energy scale somewhat approximate. 

Zr™ has fifty neutrons, and the 1g9/2 level is filled. The 
observed triton peak has the correct energy to corre- 
spond to leaving Zr® in its ground state. This would 
mean that the incoming proton picks up two of the gg/. 
neutrons. 
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Fic. 3. Triton spectrum from niobium at 30 degrees 


Zr" has the same closed neutron shell configuration 
as Zr” with the addition of one 2ds5;z neutron. A (p,t) 
reaction to the ground state of Zr® would require the 
pickup of one ds5/2 neutron and one gy/2 neutron. This is 
observed in the triton spectra at 0~ — 11.4. A stronger 
peak appears at 0~ — 12.8, which corresponds in energy 
to the pickup of two gy)» neutrons as inferred from the 
Zr™ case. This suggests that the pickup of two neutrons 
from the same shell is more probable than the pickup 
of two neutrons from different shells. In Fig. 6 the mixed 
pickup is about three-eigths as strong as the pure go/2 
pickup. However, this may overemphasize the mixed 
pickup by a large factor. The pickup of two g»/2 neutrons 
involves zero angular momentum change and the 
angular distribution would be sharply peaked at zero 
degrees. The mixed pickup probably involves an average 
over several values of angular momentum exchange 
which could range from two to seven units and the 
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Fic. 4. Triton spectrum from rhodium at 30 degrees. 
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Fic. 5. Triton spectrum from gold at 30 degrees 
angular distribution would be more nearly isotropic or 
peaked at a large angle 

Zr” and Nb® have a pair of ds 
filled £9/2 level, and the pk kup of this pair accounts for 
8 Mev. No peak appears for Q 
11 Mev corresponding to the mixed 


2 neutrons beyond the 


the strong peak at O~ 
between — 10 and 
pickup of the Zr" cass 


This is consistent with our inter- 


pretation of the mechanism, since the peak should be 
shifted by an amount equal to the d5,2 pairing energy 
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TasLe LI. Summary of binding energy and pairing energy. 


Pairing 
energy (23/A) 
x (27+1)* 


Binding 

energy 
Mev) (Mev 
8.5 

10.0 


90 
7.5 


*F f pairing energy Mayer, Phys 


Form of p idence suggested by M. G 
Rev. 78, 16 (1950) 
in angular momentum between the initial and final 
states and hence should exhibit an angular distribution 
characteristic of an /=0 transition. The solid curve 
shown in Fig. 7 is the square of the spherical Bessel 
function for /=0. The data were taken at small enough 
angles to distinguish between the /=0 and the /=1 case. 
In the interpretation we have given to the spectra 
we have assumed, as is usually done in the simple ver- 
sion of the nuclear shell model,‘ that the energy required 
to remove a neutron from a nucleus may be thought of 
as the sum of two terms, the binding energy to the 
nucleus as a whole, and the pairing energy with another 


*M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, New York, 1955). 
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neutron in the same shell. When one starts with an even 
number of neutrons in a shell and considers that a (p,d) 
reaction removes one neutron and a (p,t) removes a 
pair, then one can write 


where B and P stand for binding and pairing energies, 
respectively. Thus, if the two Q values are known, both 
the binding and the pairing energies are determined. 

When the residual levels concerned are the ground 
states for both reactions, the information can be ob- 
tained from mass data as well as from the measured Q 
values. This applies to the d5/2 shell in Zr” and Nb® and 
to the paye shell in Co™®. For the go/2 shell in Zr” and 
Nb*, however, mass data cannot be used, but the 
measured Q values yield the information. A summary 
of the binding and pairing energy measurements is 
given in Table II 

The (,/) reaction may also be used to determine mass 
values. An example of this is the ground-state transition 
in Rh. The reaction leads to Rh'" which decays to 
stable Ru’ whose mass is undetermined. From the 
known decay energy of Kh', the known mass of Rh'®, 
and the measured (p,!) ground-state 0 of —8.2 Mev, 
the mass of Ru is calculated to be 100.93704-0.0003, 
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Angular Correlation Study of the Mg” (d,p +)Mg** Stripping Reaction as a Test 
of the Distorted-Wave Theory* 


J. P. Martin,f K. S. Quisenperry, AnD C. A. Low, Jr 
Radiation Laboratory, University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received June 14, 1960) 


Angular correlations between protons from the Mg™(d,p) Mg” 
reaction leading to the 3.40-Mev excited state of Mg™ and the 
resulting de-excitation gamma rays were investigated to test the 
validity of the distorted-wave stripping theory. A natural mag 
nesium target was bombarded by 15-Mev deuterons and proton 
gamma coincidences were counted using scintillation detectors in 
conjunction with conventional fast-slow coincidence circuitry 
The correlations were studied at laboratory proton scattering 
angles of 15° and 45°, each in two mutually perpendicular planes: 
the reaction plane and the plane perpendicular to it containing the 
deuteron axis. The angular distribution of protons from this level 
was also measured and fitted by a Butler stripping curve with 
1,=1 and ro=5.0 fermis 

The coordinate system used to describe the correlations is de- 
fined with the z axis in the ky Xk, direction and the x axis in the 


recoil nucleus direction. Correlation functions found by least 


squares fits to the experimental data are, for the 15° proton angle, 


INTRODUCTION 


p* YTON angular distributions from deuteron- 
induced reactions have been the subject of much 
investigation, both experimental and theoretical. The 
deuteron stripping theory proposed by Butler! and later 
recast in the Born approximation by Bhatia et al.? and 
by Daitch and French’ has been significantly successful 
in describing the shapes of many experimental angular 
distributions., This theory proposes that a target nu- 
cleus captures the neutron from an incident deuteron 
allowing the proton to continue without interaction 
such that the deuteron and proton wave functions are 
approximated by their plane wave asymptotic limits. 

The Butler stripping curve which fits an angular dis- 
tribution best is usually characteristic of a single value 
of /,, the orbital angular momentum transferred to the 
nucleus by the captured neutron. This sensitivity of the 
theory to /, has enabled experimenters to assign parities 
to states in the product nuclei of stripping reactions, 
and has allowed them to place the following limits on 
the spins J, of these states: 


J:+1,4 8S, min<J eS Ji tlt}, (1) 


where J, is the spin of the target ground state and s, is 
the intrinsic spin of the captured neutron. 

The angular distribution of y rays measured in coin- 
cidence with stripping protons detected at a given angle 
can add further light to the spin of a state excited in 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 

t Now at Brookhaven National Laboratory, Upton, New York. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 

* A. B. Bhatia, K. Huang, R. Huby, and H. C. Newns, Phil 
Mag. 43, 485 (1952). 

+P. B. Daitch and J. B. French, Phys. Rev. 85, 695 
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+ 0.023) « 


0.145+0.029) cos? 


W (ka, kp,42,) = 1-- (0.385 
+2.9°, and W (ka,k»,0,¢-) = 14 
the beam direction. The functions found for the 45° proton 
angle are W (ka,k,p,$7,¢) = 1— (0.366+0.033) cos?(@—@0), with 
do= —6.8°+3.5°, and W(ku,k>,,6,¢-) =1+ (0.279+0.038) cos’ 
These observed correlations are in good agreement with the pre 


where @, is 


dictions of the distorted wave theory and not with those of the 
plane wave theory. It is to be noted in particular that the agree 
ment is excellent at 45° indicating that protons scattered at this 
angle probably arise from the stripping process in spite of the 
fact that the disagreement between Butler stripping theory and 
the measured angular distribution is greatest here. This then sug 
gests that protons observed in the entire region beyond the first 
ition are du¢ 


g the 


maximum of a typical angular distril to stripping 


and might be adequately described by strippir if suitably 


distorted waves are used in the anal 


the residual nucleus. Several authors‘ have shown 
that if the simplifying assumptions of the plane wave 
stripping theory are correct, then the proton-gamma 
angular correlation can be treated simply as an angular 
distribution of y rays resulting from the decay of the 
excited state following neutron capture in the target 
nucleus. The angular correlation 
metric about the recoil nucleus (« 
and have in the plane of the reaction 
uniquely determined by the spin 
say, the correlation W(6,¢ 
which is cylindrically symmetric about the polar 
(where the polar axis is in the classical recoil direction) 
The angular correlation measurement would then dis 
tinguish between possible values of J, deduced from the 
stripping angular distribution 

It becomes evident upon examining the experimental 
proton angular distribution data that 
stripping theory fits the data quite well at 
angles, making possible in most cases the uni 
fication of /,, there is an appreciable discrepancy be 
tween the theoretical and measured shapes beyond the 
first maximum of the distribution. This discrepancy has 
often been attributed to compound nucleus contribu 
tion because it takes the form of a raising of minima in 
the predicted distribution. Such 
sidestep the important fact that 


should then be sym 
ptured neutron) axis, 
an anisotropy 
Phat 


a surface 


s involved 
“Fi ould des ribe 


aXls 


although the 
the forward 


jue identi 


an explanation seems to 
the theory is originally 
based on the simplifying assumption of deuteron and 
undistorted 


proton plane waves completely by the 
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ANGULAR CORRELATION 
nuclear potential. In looking for an explanation of this 
discrepancy between data and theory, Butler e/ al.* 
explain by a semiclassical approach how distortion of 
the deuteron and proton plane waves by the nuclear 
optical potential would tend to fill the valleys in the 
angular distribution and would introduce spin polariza- 
tion of the scattered protons. 

Several experimenters®*-” have studied reactions with 
the (d,py) method. All of their experiments indicate a 
certain measure of agreement with the plane wave 
theory although the strengths of the correlations meas- 
ured in the reaction plane were always weaker than 
those predicted by the theory. Allen ef al.,° investigat- 
ing the Si**(d,py)Si” (1.28 Mev) reaction, found an 
anisotropy in the plane normal to the recoil direction 
which was as strong as that seen in the reaction plane. 
These deviations from the plane wave theory are gen 
erally indicative of plane wave distortion. 

Many authors’ have worked on improving strip- 
ping theory by using distorted waves which are eigen- 
functions of the optical potential. Unfortunately, the 
computational effort involved in any such distorted 
wave calculation is very involved. Huby ef al.'’ show 
how experiments can be interpreted to test the dis 
torted wave theory and also to establish the amount 
of distortion involved in the particular reaction in- 
vestigated without laborious numerical computations 
These experiments are proton-gamma angular correla- 
tions and proton spin polarization measurements. 

In addition to their general discussion these authors'’ 
present a special treatment of the case /,=1 for which 
they give the correlation function, 


W (ky, ka,9,6) « 1+ 4.°P2(cos8) 


+ 4?P.?(cosd) cos2(¢— do) (2) 


The coordinate system is chosen such that the direction 
n= k, Xk, is the polar axis, the recoil direction is along 
the x axis, and ky and k, are the deuteron and proton 
wave vectors, respectively (Fig. 1). The correlation 
A, A?, and ¢o 
which can be obtained from a correlation experiment. 


function contains three parameters 


These parameters are related to the theory by the fol- 
lowing expressions : 


S. T. Butler, N 
7 (1958). 
K. W. Allen, B. Collinge, B. Hird, B. C. Magli¢, and P. R 
Orman, Proc. Phys. Soc. (London) A69, 705 (1956). 

© S. A. Cox and R. M. Williamson, Phys. Rev. 105, 1799 (1957 

"1H. A. Hill and J. M. Blair, Phys. Rev. 111, 1142 (1958) 

2 R. T. Taylor, Phys. Rev. 113, 1293 (1959). 

'*H. C. Newns and M. Y. Refai, Proc. Phys. Soc. (London) 71, 
627 (1958). 

'*W. Tobocman, Report No. 29, Nuclear Physics Laboratory 
Case Institute of Technology, 1956 (unpublished). 

1 W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 

6 J. Horowitz and A. M. L. Messiah, J. phys. radium 15, 142 
1954). j 

‘7 R. Huby, M. Y. Refai, and G. R. Satchler, Nuclear Phys. 9, 
94 (1958/59). 
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Fic. 1. Angular correlation geometry with x-y plane as the 
reaction plane, where ky, k,, k are the deuteron, proton, and recoil 
wave vectors, respectively, and W(@.) represents the angular 
correlation function 


ne(jnint Je) Dw Fl LL’ I,J CC 1’ 
212 
—2A;?/AP=2[|D| +1 


(3) 


D| }'=i, (4) 
and 
oo= 4 argD, (5) 


, 
where 


D= By, _;/By,:. 


The spin of the state to which the product nucleus 
decays upon emission of the studied y ray is denoted 
by J,;, while C, (or C,’) is the multipole amplitude 
corresponding to the y multipolarity L (or L’). The 
total angular momentum of the captured neutron is 
denoted by ja. 

According to the distorted wave theory, A?’ is inde- 
pendent of the distortion and can be predicted from 
Eq. (3) using the tables of Satchler’ for 92. and of 
Biedenharn and Rose"* for F,. It is the comparison of 
Eq. (3) with the measured A,’ which serves as a prin- 
cipal test of the theory in a correlation experiment. 

The symbols B,,_; and B,,, represent, for 1,=1, the 
nuclear overlap integrals B,,, defined by Huby et al." 
These are the quantities which require laborious nu 
merical computation to evaluate. The ratio |D| of 
their amplitude is, from Eq. (4), 


D\,=[14+(1—)#/a 


’ 


D\ 2=/[1+ (1—)*)4], (6) 


“*L. C. Biedenharn and M. E. Rose, Kevs. Modern Phys. 25 
29 (1953) 





494 MARTIN, OUISI 


and constitutes an experimental result which could be 
compared with theoretical values of B;, and B,_, if 
available. It can be seen from Eq. (4) that 


O0<rvA<1 7) 


This inequality serves as a subsidiary test of the theory. 
rhe theory also relates \ to P, the component of 
polarization of the the 


n kixk,: 


proton spin in direction 


P=4 (27,+1 (8) 


A measurement of P in addition to the angular correla- 
tion would provide another test of the theory. 

In the plane wave theory B,,=B;_1 so that \=1 
corresponds to the plane wave limit. In this limit 


2A? A,’ and @o=0. Equation (2) then reduces to 


W (ky, ka,}9,6) « 1—2.15°P 2(cosd) 9 


in the reaction plane and 
W (ky, ku,0,32) « 1 10 


in the plane perpendicular to the recoil axis. These are 
exactly the plane wave predictions of Satchler.’ 


be seen in comparing Eqs. (9) and (10) with (2 


It can 

that 
the distortion affects the angular correlation by shifting 
the symmetry axis away from the recoil axis, introducing 
anisotropy in the plane perpendicular to this axis, and 
reducing the anisotropy in the reaction plane. These 
effects have been pointed out by Newns" 


and by Horo 
witz and Messiah.'® 


In the present experiment a complete (d,py) angular 
correlation was measured for an J, 
predictions [Eqs. (3) and (7) ] 


1 case to test the 
of the distorted wave 
theory. In order to test the theory properly an experi- 
ment must be chosen in which all spins are known so 
that no adjustable parameters are used in comparing 


Mg**+d-p 
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the data with the theory 


Mg" (d,f 3.40 Mey 


followed by dex Ly of 3.40-Mev 
0.58-Mev or ground state fulfills these « 
illustrated in Fig. 2 
studied. 

The proton angular 


evel to either tne 

ynditions™ as is 

herefore the reaction 

measured, and 

angular correlations were studied at two proton scatter 
Angular c oI 


ing angles obtained at a 
proton detector angle of 


15° which is close to the 
first stripping maximun 


‘orrelations were measured 


in both the reaction plane r0) dependence and in the 


ind n Similar 
were made at ¢, =45°, an angle near 


the predicted stripping minimum and a region where 


plane containing k 8 dependence 


measurements 


the Butler curve fit tribution poorly. If 


| 


the correlation fits the wave theory eq 


well at both proton angle iggests thi 
protons detected where the Butler curve fits poorly 
indeed stripping protons and do not 


formation of a compound nuclei 


EXPERIMENTAL APPARATUS AND PROCEDURE 
Fifteen-Mev deuterons fror ity of Pitts 
burgh cyclotron were energy analyzed focused on a 
magnesium target by the existing magneti 
The 


fectively 5 in 


analysi 
system.° aperture el 
tance of 8} 
ft from the target i 
radiation. 

The aluminum s i cylinder 
18 in. in diameter with flat toy 1 bottom cover plates 
lhe detectors were placed inside thin brass wells which 
pass through the cov was taken 
to establish a beam path | netry t ep the y-ray 
background as low 
ment. For this reason t} 


the experi 
is mounted at 
| gs j ten | 
long, 5-in. diameter tube 


the end of a 6-ft extending 


from the scattering chamber he target used was 2 
k-in. wide strip of natural magnesium ribbon rolled to 
a thickness of 0.002 in. and suspended on a 4-in 


wire 


square 


frame. This type of target construction made 


possible the elimination of defining aper 
tures near the target. Nontarget-induced gamma back- 


of the total 


range 


ground was thereby kept to only one-third 
gamma background in the pertinent energy 

The proton detector was a thin CsI(T1) crystal with 
an aperture chosen to mai reasonable definition of 
the reaction plane. For the \ Fig. 3) 
lin. high 


work a 
by 7s-in. wide a ture w ised with the 
crystal 44 in. from the t 45° work 
a 2-in. high by ;°s-in. wide aperture was used with the 


crystal al 23 inches nsisted of i 
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ANGULAR CORRELAT 
potted 2-in. by 2-in. cylindrical NaI(T1) crystal. Both 
detectors were mounted on RCA-6810A photomultiplier 
tubes. The gamma detector well was surrounded with 
in. of lead to attenuate low-energy radiation. Other- 
wise the amount of matter near the gamma detector 
was kept to a minimum to reduce the gamma-ray back- 
ground produced by the intense neutron background 
present. 

The over-all electronic system used conventional fast- 
slow coincidence circuitry adapted to monitor acci- 
dental and true counts simultaneously. The resolution 
time of the fast coincidence circuit was set at 2r=40 
myusec. One coincidence circuit had in the y-ray fast 
pulse line a fixed delay of 86 mysec (the cyclotron rf 
period) and thus counted accidental coincidences only 

The proton spectrum observed during the deuteron 
bombardment of natural magnesium was magnetically 
analyzed and recorded on photographic emulsions using 
the system described previously by Moore and by 
Hamburger.* Relative cross sections were determined 
for laboratory scattering angles between 5° and 90°. 
Absolute cross sections were obtained from the relative 
values by comparison with observed relative cross sec- 
tions of the Mg”* ground state whose absolute cross sec- 
tions at 15° and 25° had been determined previously.™* 

In order to measure the ¢ correlation the horizontal 
plane containing the beam was established as the re- 
action plane by placing the proton detector at the proper 
angle, ¥», (Fig. 3), and the gamma detector angle was 
varied in this same plane. To measure the @ correlation 
a vertical plane containing the beam was defined as the 
reaction plane by setting the proton detector at y,=0 
and lowering it to achieve the desired scattering angle, 
xp. The gamma detector was rotated in the horizontal 
plane as before. 

Gamma rays with a wide range of energies are 
emitted from the natural magnesium target while it is 
under deuteron bombardment. Naturally it is important 
to maintain an energy calibration of this gamma spec- 
trum. To accomplish this a Na™ source (decays to Mg™, 
with gamma-ray energies of 2.75 Mev and 1.36 Mev) 
was used. These same two 7 rays were discernible during 
the experiment, apparently because levels in Mg™ were 
profusely excited by (d,d’) reactions. This made pos- 
sible a constant check of the energy calibration. 

Of interest in the Mg*(d,py)Mg** angular correlation 
experiment are the 3.40-Mev and 2.82-Mev y rays 
(Fig. 2), the only ones which are emitted in the decay 
of the 3.40-Mev state. The ideal situation would be to 
measure the correlation separately for each of these 
rays. Unfortunately the single and double escape peaks 

f the 3.40-Mev + ray produce essentially the same 
pulse heights as the full energy and single escape peaks, 
respectively, of the 2.82-Mev y ray. Thus the only peak 

2 W. E. Moore, Ph.D. thesis, University of Pittsburgh, 1959 
unpublished ). 

™E. W. Hamburger, Ph.D. thesis, University of Pittsburgh 
1959 (unpublished) 

* E. W. Hamburger (private communication, 1959 
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hic. 3. Laboratory geometry 


which could be isolated was the 3.40-Mev full energy 
peak. 

There are two reasons which make it more desirable 
to measure the correlation connected with the 2.82-Mev 
y ray than with the 3.40-Mev y ray. First, the 3.40-Mev 
level decays preferentially via the 2.82-Mev y ray, with 
a branching ratio of about five to one as measured by 
Campion and Bartholomew.”* Second, the predicted 
value of A,° [Eq. (3) | is four times larger for the 2.82- 
Mev y ray so the predicted anisotropy is much larger 
and fewer counts are needed to identify the correlation 
effects. Because of this the y-ray energy range was set 
at 2.0 to 3.0 Mev. Consequently the full energy and 
single escape peaks of the 2.82-Mev y ray were counted 
together with the single and double escape peaks of the 
3.40-Mev y ray. 

The net result of this energy selection is that the cor- 
relation observed is a mixture of the two separate cor- 
relations. This is not serious as long as the branching 
ratio rg and the relative detection efficiency rg within 
the range used is known for the two y rays. The product 
of these two ratios gives the counting ratio a/b for the 
two y rays involved. A,’ can be predicted for each of 
the y rays separately and a weighted A, can be calcu- 
lated. Thus, 


A=aA?(2.82 Mevy)+bA?(3.40 Mevy), (11) 
where rgrg=a/b and a+b=1. The detection efficiency 
ratio was determined by studying the pulse-height 


*%P. J. Campion and G. A. Bartholomew, Can. J. Phys. 35, 
1361 (1957 
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spectrum from the Na*™ 2.75-Mev gamma ray. Observa- 
tion of the relative strengths of the full energy, single, 
and double escape peaks together with the Compton 
distribution in this spectrum provided a measure of the 
relative detection efficiencies of the 2.82- and 3.40-Mev 
rays within the energy range used. The efficiency 
ratio found (2.82-Mev relative to 3.40-Mev) was re 
=(0.81+0.04. The branching ratio*® rg=5+2 contains 
by far the largest error in predicting A," 

The proton detector had a total of 0.046 in. of 
aluminum foil before the crystal, assuring that no 


charged particles from the target except protons above 
about 14 Mev were detected. The Mg*(d,p)Mg”* re- 
action has a = 1.70 Mev for the 3.40-Mev level so the 
protons emitted have a kinetic energy of about 16 Mev 
at the laboratory scattering angle of 15°. The foil also 
helped to improve the effective energy resolution of the 
detector to about 4%. At the two proton angles studied 
the cross section of the 3.40-Mev level was the largest 
in the spectrum and the separation from the adjacent 
levels was sufficient to allow setting the differential 
pulse-height selector without maintaining an energy 
calibration 
DATA ACCUMULATION 


A standard run consisted of 1.00 10° proton counts. 
Operation of the electronic equipment was monitored 
and data counts were accumulated on 12 separate 
scalers connected at various points in the system. Stand- 
ard checks were made on the circuitry before and during 
all data runs. 
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Fic. 4. Mg™(d,p)Mg* (3.40) angular distribution showing the 
best-fit Butler curve with its corresponding values of J, and ro 
The error bars shown represent the errors in the relative cross 
sections only. 


SS 


QUISENBERRY, 


AND LOW 

The first correlation data taken was at ~,=+15°. 
During this set of runs an effort was made to keep the 
true-to-accidental coincidence ratio high. This ratio 
averaged about five to one with a deuteron beam of 
about 0.001ya, yielding an average of 1.9 true coinci- 
dences per minute. The gamma detector angle was 
changed after each run until fifteen angles each had 
been repeated three times. Then the roles of the two 
coincidence units, as accidental monitor and true plus 
accidental monitor, were reversed and the same fifteen 
angles were repeated three more times so that coin- 
cidences were counted for a total of 6.00 10° protons 
at each angle. Angles with one or more anomalous runs 
were repeated once to give a little less statistical weight 
to the individual runs. No data were eliminated in this 
process. 
remainder 
of the experiment because consideration of the manner 
in which beam intensity relates to statistical accuracy 
shows that 


The beam intensity was increased for the 


accumulation of data with the same ac- 
curacy can proceed at a faster pace with a higher beam 
intensity even though the true-to-accidental coincidence 
ratio becomes smaller 
The beam intensity was increased to about 0.005 ya 
(limited by the maximum reliable counting rate in the 
y-ray channel) and the correlation was measured with 
the proton detector at y, 15°. This angle 
studied to verify that the correlation was independent 


of the laboratory geometry used 


was 


The higher beam in- 
tensity yielded about 11 coincidences per minute with 
an average true-to-accidental ratio of 0.9. The role of 
the two coincidence circuits was reversed after each 
run in order to cancel possible fluctuations. The gamma 
detector angle was changed after every four runs with 
the sequence of angles being chosen randomly. Coinci- 
dences were measured at fifteen angles as before with 
~ach repeated four different times for a total accumula 
tion of 16.00X 10° protons at every angle. 

At xp=15° the same procedure was used; but be- 
cause the anisotropy is weaker here, coincidences were 
counted at only ten angles; and, to increase statistical 
accuracy, each angle was repeated six times for a total 
accumulation of 24.0010° protons at every point. 
The data at ¥,= —45° was taken, for a total of 16.00 
10° protons at each point, in the same way as the 
data at ¥,=—15° except that coincidences were 
counted at thirteen instead of fifteen. Data 
accumulation at xp=45° was performed exactly as at 
Xp=15° for a total count of 24.00X10* protons at 
ach angle. 


angles 


DISCUSSION OF RESULTS 
Proton Angular Distribution 


The values of differential cross section measured be- 
tween zero and ninety degrees for the Mg**(d,p)Mg** 
(3.40) reaction are plotted in millibarns per steradian 


in Fig. 4. A Butler curve with /,=1, and an effective 
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radius ro= 5.0 fermis provided the best fit, in agreement 
with a previous determination.** This curve (Fig. 4) 
illustrates the general characteristics described in the 
Introduction concerning the fit of Butler curves to 
angular distribution data. The data agree reasonably 
well with the sfripping curve on the forward peak but 
the fit is poor beyond this. The probable errors in the 
absolute cross-section measurements at the laboratory 
angles of 15° and 25° were 29%, due to a 25% error in 
the reference values and a 15% error in the relative 
measurements. The error bars indicated in Fig. 4 show 
the relative errors. The methods used in determining 
these errors as well as the general methods of analyzing 
the angular distribution data were those described by 
Moore” and by Hamburger.” 


Proton-Gamma Angular Correlations 


As stated in the Introduction, the tests of the dis- 
torted wave theory in this experiment consist of checks 
on the values of A,’ and \ as given by Eqs. (3) and (7). 
Because the correlation is measured in the two planes, 
6=n/2 and ¢=¢@,, it is convenient to rewrite the cor- 
relation function (Eq. (2)] for these two cases. This 
yields 

W (k,,ku,x/2,6) = 1— B’(¢) cos?(@—@o), — (12) 
where 
B’(o) = 6A 2°/[2+ A2(3A—1) J, (13 
and 
W ( k ,, ku,9,¢,) = 1+ B’(6) cos*@, (14) 


W here 


3A 1 +X cos2(¢,—¢0) | 
B' (0) =— — 
2—A2"[1+3,A cos2(¢-—¢o) |] 


4 


(15) 


Equations (13) and (15) can be solved for A,° and \ in 
terms of ¢o, B’(@), and B’(6), which are obtainable 
directly from the data. 

In order to compare the values of A,’ deduced from 
the correlations with the predicted value one must first 
consider the effect of the combined detection of the 
two different decay y rays and find the predicted A.’ 
with the help of Eqs. (3), and (11). 

The error in the branching ratio rg introduces most 
of the uncertainty in the determination of A,°. This 
branching ratio has been measured several times with 
varying results.”>7.° The value of rg=5+2 measured 
by Campion and Bartholomew* is believed by Bar- 
tholomew to be fairly reliable since more recent work 
verifies this result.?* 

The values of A,” calculated separately from Eq. (3) 
for the two y rays are A,” (2.82y)=0.250 and A,’ (3.407) 
= (0.050. Using the ratios rg=5+2 and rg=0.81+0.04, 
one obtains a composite A2°=0.210+0.016 from Eq. 
(11). 

*6S. Hinds, R. Middleton and G. Parry, Proc. Phys. So 

London) 71, 49 (1958). 
Rel M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 


** G. A. Bartholomew (private communication, 1959) 
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The data in the @= x/2 (reaction) plane were analyzed 


by fitting with the method of least squares to the form 


Y (W,)= A—B cos*(w+8). (16) 
A, B, and 6 are the parameters evaluated by the least 
square method and w is an angular coordinate which is 
related to the laboratory y-ray detector angle ¥,. The 
angular coordinate (w+) is measured in the same sense 
as W,, but is referred to the axis located at the minimum 
of the angular correlation data which lies closest to the 
recoil direction. This axis, called the symmetry axis 
(Fig. 1), is also the zero angle for (@¢—@o) and is dis- 
placed from the recoil direction, ¢=0, by the angle @o. 
The coordinate w is a guess for the coordinate (w+6) 
and is obtained by inspection. The parameter 6 evalu- 
ated by the least squares analysis is the correction to 
this guess. 

In this way @o, one of the three experimentally ob- 
tainable parameters, was established as the shift be- 
tween the true symmetry axis and the nuclear recoil 
axis. 

Using (w+6) as the angular coordinate in the least 
and B were ob- 
tained from which the normalized correlation amplitude 
B'(@)= B/A was determined. 

The standard deviations of B’(@) and 6 were evalu- 
ated from the least squares analysis. The error in @o was 
obtained by combining as independent errors the stand- 
ard deviation for 6, the error in determining the beam 
direction, and the error in the recoil direction. The error 
in beam direction was limited by the Faraday cup and 
amounted to +1.2°. The error in the recoil direction is 
directly dependent on the error in the proton direction, 
which was limited by the horizontal dimension of the 
proton crystal. 

There was a small correction made to the data to 
account for the finite size of the detectors. A comparison 
of the angular spread in y rays, due to the combined 
effects of the two detectors, with a cosine squared func- 
tion yields the approximate percentage attenuation in 
anisotropy of such a function due to the finite size of 
the detectors. This amounted to about four percent 
of the amplitude. 

Analysis of the data in the plane ¢=@, was very 
similar to that for the reaction plane. There is expected 
in this correlation, as can be seen from Eq. (14), a 
mirror symmetry about the reaction plane which is 
independent of distortion effects. The form 


squares analysis, the coefficients A 


VY (y,)=A+B cos’ (17) 
was used to fit the data, again by least squares analysis, 
and the normalized correlation amplitude, B’(@)= B/A, 
was determined. The angle 6 was related to the labora- 
tory gamma detector angle by cos#=cos(y,+90°) be- 
cause the Z axis in this case was at y,= 270°. 

The correlation data are shown in Figs. 5, 6, and 7 
and the results summarized in Table I. The data corre- 
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Fic. 5. Angular correlations in the reaction plane with the 
proton detector at ¥,=15° (top) and ¥p,=—15° (bottom). The 
error bars indicate the probable statistical errors given by 
[(T+A)+A)]}*. The equations for the solid curves shown, which 
are the best fits to the experimental points, are given above the 
graphs. The dashed curves are the plane wave predictions 


sponding to the proton scattering angle ¢,’= 15° 
illustrated in Figs 


are 
5 and 6 together with the results 
predicted using the plane wave theory. This scattering 
angle is close to the maximum of the proton angular 
distribution, as is shown in Fig. 4. The correlations ob- 
tained with the proton detector on either side of the 
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Fic. 6. The angular correlation in the plane containing ka 
and n with the proton detector at x,=15°. (See caption of Fig. 5 


for notation. ) 


deuteron beam (¥,= 15° and ¥,= — 15°) are in essential 
agreement so that the values in Table I for B’(@) and 
do at o,= 15° are the averages of the two sets of data, 
weighted according to the inverse squares of 
standard deviations 


their 
The correlation measured with the proton detector 
at xp= 15° shown in Fig. 6 shows a decided anisotropy 
and illustrates the about the re- 
action plane. The plane wave prediction is shown also, 
and it differs only in amplitude, as is to be expected. 
The data at the proton angle ¢, $5° 
Fig. 7. This angle is close to the predicted minimum of 
the Butler curve but, as can be seen from Fig. 4, it 
actually corresponds to a ond maximum in the 
measured distribution. Visual comparison of the plane 


exper ted symmetry 


are shown in 


nental results in Fig. 7 


wave predictions with the experi 
seems to show less dis« repancy between data and plane 


; 
ey ident lr tne Dy 


5 and 6; where 


wave theory than was 15° work 


shown in Figs discrepancy in the 
angular distribution between data and plane wave 
theory (Fig. 4) is greater at @,’=45° th 
It appears, 

greater at o, 
D| (see Table 


plane wave value, | D| =1 


in at op 15°. 


however, effect is 


he distortion 


45° than at ¢, 15° since the value of 
I) obtained | further from the 


lhe smaller discrepancy be- 
the 
simply an 


observed in 
angular correlation seems therefore to be 


tween data and plane wave theory 
accident of the planes cl correlation meas 
urements. Satchler and Tobocn 
some calculations using an o 


ive recently made 
wave Born 
approximation for several nuclei which showed that the 
distortion effects are not obvious in the 
angular distributions and angular correlations, 1 tl 


and tnat 
these effects varied greatly with the 


aiways equally 


direction of the 
outgoing proton 

It is evident from Table I tha 
(7), viz., O<A<A, is fulfilled by 
Both significant 
since the values of | D 


he condition of Eq. 
both sets of correla 
effects 
which were found differ appreci 


tions. cases show distortion 


ably from the plane wave value 


The agreement between the prediction for A, and 
the result from the ¢,’=45 
(Table I), strengthening the assertion that the protons 


measured at 45° are due to the stripping process, with 


measurements is excellent 


some distortion of the deuteron and proton plane waves 
by the nuclear optical potential. The agreement be- 
tween the predicted and experimentally 
values of Az 


determined 
in the ¢, ; 15° case is not as good, al- 
though it is just within the 


‘ limits suggested by the 
probable errors. The effect of 


4 contribution from the 
4.27-Mev level in Mg*® was considered as a possible 
source of error, since this level has a spin of § emitting 
a 3.29-Mev y ray.”* This is, however, unlikely because 
the relative intensity of this level is greater at 
¢, = 45° where the agreement is excellent 
%G. R. Satchler and W. Tobocm B 
30 (1960 
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Taste I. Summary of results. The parameters B’(@) and ¢» are obtained from the correlations in the reaction plane while B’(@) is 
the amplitude of the correlation in the plane ¢=¢,. These values are corrected for the finite detector geometry. The values of A, | D| 
and A,° (exp.) are derived from these three parameters using Eqs. (13), (15), and (6) while Eqs. (3) and (11) yield A,® (theory). The 
magnitude of the proton spin polarization predicted by this experiment using Eq. (8) is shown in the last column 


o, B’(¢) B’(@) po \ 
0.385+0.023 


15 0.145+0.029 
45 0.366+0.033 


0.279+0.038 


—27.7°+2.9 
6.8°+3.5 


CONCLUSION 


he results of this experiment show that the distorted 
wave theory can adequately describe the characteristics 
of a proton-gamma angular correlation foilowing a deu- 
teron strippling reaction. The correlation provides a 
test of the theory in the relationships (3) and (7) and 
also yields a measure, |D|, 0, of the amount of dis- 
tortion. The values of |D| and ¢» provide a guide for 
calculating the nuclear overlap integrals B;,,;. The 
values of \ are used to predict the proton spin polariza- 
tion expected from the reaction. Direct measurement of 
these polarizations would then provide another test of 
the theory. 

The comparison between the observed results and the 
plane wave predictions (Figs. 5, 6, and 7) suggest that 
it is not always possible to detect the effect of wave 
distortion in a correlation experiment using only one 
geometrical configuration, but that enough data must 
be obtained to actually evaluate the parameters of 
interest numerically. The measurements in the plane 
containing kg and n are much less sensitive an indicator 
of distorted waves than are those taken in the reaction 
plane. 

The agreement between theory and experiment sug 
gests that the (d,py) method might be effectively used 
for nuclear spectroscopy measurements, although the 
interpretation is not quite so simple as for the plane 
wave theory. The ¢,’=45° measurements suggest fur 
ther that it may be possible to obtain meaningful 
spectroscopic information by studying an angle away 
from the first stripping maximum in situations for 
which it is impossible to study at the maximum. It is 
significant that the correlation studied at ¢, =45° 
agrees well with the distorted wave stripping theory 
since this is an angle where the Butler fit to the proton 
angular distribution is poorest. This indicates that the 
poor fit characteristic of angles beyond the first stripping 
maximum probably is not due to compound nucleus 
contribution, as has often been suggested, but due to 
the inadequacy of the plane wave theory. It would be 
interesting to test this further by measuring angular 
correlations at proton scattering angles greater than 
ninety degrees. 
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Fic. 7. Angular correlations with the proton detector at a 
scattering angle ¢,-=45° in the reaction plane (top) and in the 
plane containing ky and n (bottom). (See caption of Fig. 5 for 
notation.) 
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The Be? (a,n)C reaction has been studied at E,=5.6 and 5.78 Mev. Neutron groups have been 


bserve | 


to the first three states of C". The ratio of the population of the 4.43- and 7.66-Mev states has been deter 
mined to be 8.1+1 at £,=5.6 Mev. This value, together with information from a number of other sources 
demonstrates that the 7.66-Mev state has J*=0*, that its width for alpha emission is approximately the 
Wigner limit ('~8 ev) and that in ~10~*% of the cases the state decays to the ground state of C” by pair 
emission. It is also estimated that the 7.66-Mev state can decay by 7 emission via the 2*, 4.43-Mev state 
with a probability of 1/5000. This information reinforces the proposal that the 7.66-Mevy state has the 
necessary properties to participate in the buildup of the elements in red giant stars 


I. INTRODUCTION 


T was proposed’ several years ago that the 3a C 
reaction plays a key role in energy generation and 
element synthesis in red giant stars. The surmise is 
that the fusion takes place as a resonance reaction via 
the 7.66-Mev state* of C". The reaction rate depends 
critically* both on the difference between the mass of 
(2 in its 7.66-Mev state and the mass of the (Be*+a) 
system, and on the ways in which the 7.66-Mev state 
decays. Thus two questions are of extreme importance: 
(1) Can the 7.66-Mev state be formed as a resonance 
by Be*+a? (2) If it can be, does the state decay in 
any way other than by a@ emission, and to what extent 
do such alternate modes of decay occur? It is obvious 
that if the C? excited state, once formed, never decays 
to the C” ground state, it will be of no importance as a 
link in the buildup of the elements. 

Because of the short life of the Be*® ground state 
(~10-'* sec), the question of the formation of the 7.66- 
Mev state may be determined more easily, on a ter- 
restrial time scale, by studying C”* — Be*+a and, 
through the principle of reversibility, applying the 
results to Be*+a-—+C™. It has been clearly and 
elegantly demonstrated by Cook, Fowler, Lauritsen, 
and Lauritsen® that the 7.66-Mev state breaks up 
predominantly into three a particles, with (Be*+a) 
as an intermediate stage in the process. The Q value 
of the breakup C”* 
278+4 kev. Although Cook et al. emphasized the 


» Be’+a was determined to be 


likely 0+ character of the 7.66-Mev state, the a decay 

t Work performed under the auspices of the National Science 
Foundation and the U. S. Atomic Energy Commission 
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summary of the pre-1957 information and conjectures on the 
7.66-Mev state 


by itself only indicated that the J* of the state was 
either even-even or odd-odd 

If the 7.66-Mev state has J/*=0*, then the only way 
in which it might decay directly to the 0+ ground state 
of C® would be by emission of £0 nuclear pairs. The 
state could also decay via an £2 cascade through the 
2* first excited state of C™ at 4.43 Mev. The cascade 
decay of the 7.66-Mev state has not been observed: 
It occurs in <0.1% of the decays of the state.* The 
nuclear pairs have recently been observed by Alburger’ 
by means of the Be*(a,n)C"™ reaction, using an inter- 
mediate-image spectrometer. He determined the ratio 
of the number of 7.7-Mev £0 pairs to the number of 
4.4-Mev £2 pairs to be (541.5)xk10™ 
permits calculation of the ratio of the width of the 
7.66-Mev level for pair emission to the total width of 
the state ([,.+/I) if one knows relatively often 
the 7.66-Mev and the 4.43-Mev states were formed. 


That is, 


his number 
how 


r.+/F= (541.5) K10-*XaX EXR, 
where a=1.3X10-* is the 
coefficient of the 4.43-Mev transition®; E= 1.26 is the 
E2/E0 pair-line efficiency; and R= N443/N7.66 is the 
ratio of the neutron population to the two levels. In 
order to determine I[’,2/T 8.2+2.5)K10-7*KR] it 
is therefore necessary to know R at the EB. ~5.5 Mev) 
employed by Alburger in determining the pair 
value of 5X10. 

At the time of Alburger’s little was 
known about R. The only knowledge of the neutron 
population derived from 
Bertini, and Roberts® at / : 
R~8 (no error indicated) at 0°. Recently, 


internal pair conversion 


ratio 
experiment 


very 


an experiment by Guier, 


- 
I 
5.3 Mev. They obtained 


McCallum 
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Be®(a,n#)C*#? 


determined R(0°) at E,=5.8 Mev as <14, and Retz- 
Schmidt et al.!! have measured the relative yields of 
the neutron groups in the range E,.=2 to 5.6 Mev. 
We decided to accurately measure R, integrated over 
all angles, to permit calculation of ',+/T and from this 
to determine the decay characteristics of the 7.66-Mev 
state. The results are presented in this paper. 


Il. EXPERIMENTAL PROCEDURES AND RESULTS 
A. The Exposure of the Plates 


Beryllium targets were bombarded by (5.81+0.01)- 
Mev a particles from one of the Oak Ridge Van de 
Graaff generators. Two targets were used. The “thin” 
target, target A, consisted of an evaporated layer of 
Be’ on approximately 0.010-inch thick platinum. The 
target weight was (50-+5) micrograms/cm* but it was 
positioned at 45° to the a beam so that its effective 
thickness corresponded to an energy loss of ~50 kev 
for the a particles. Thus the average a energy (E.) in 
the “target A” exposure was 5.78 Mev. The “thick” 
target, target B, was a Bradner foil'® mounted on 
0.008-inch thick platinum. The foil was one of the 
~0.1-mil foils used by Alburger.’ It was positioned at 
0° to the a beam. The weight of the foil corresponded 
to an energy loss of approximately 0.35 Mev for the a 
particles, and thus £,=5.6 Mev for exposure B. In 
both cases, the total exposure, 1900 microcoulombs, 
was the same. 

The emitted neutrons were deiected by observing 
proton recoil tracks in Ilford C-2 nuclear emulsions, 
400 microns thick, mounted at 10 angles (0° to 135°) 
to the incident a beam. The plates were processed and 
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Fic. 1. Data at 0° (in the laboratory system) for £, = 5.78 Mev 
“thin” target). N is the corrected number of neutrons per 
200-kev interval. E, is the neutron energy. The arrows label the 
states in C® to which the neutron groups correspond 


“i T. Retz-Schmidt, T. W. Bonner, G. U. Din, and J. L. Weil, 
Bull. Am. Phys. Soc. 5, 110 (1960). 
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Dr. R. E. Benenson 
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Fic. 2. Data at 0° for £,=5.6 Mev (‘“‘thick” target). N is 
the corrected number of neutrons per 200-kev interval. F, is 
the neutron energy. 


scanned in a standard manner."* A shorter background 
run was also carried out with plates exposed to neutrons 
from the a bombardment of the target backing, and 
from the room background. 


B. The Data 


A total of 4850 tracks was measured on plates 
exposed to neutrons from both the “thin” and the 
“thick” targets. Measurements were made at nine 
angles in each exposure. Typical spectra are shown in 
Figs. 1-5. It may be observed from Figs. 1 and 2, that 
the neutron groups observed in the “thick” target 
exposure (target B) are broader and shifted to lower 
energy by approximately 0.2 Mev relative to the “thin” 
target groups, as may indeed be expected. The calcu- 
lated locations of known‘ states of C® are shown on the 
target A spectra. The ground-state Q value for the 
Be*(a,n)C™ reaction was taken to be 5.704 Mev. 
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Fic. 3. The 45° data (2, 5.78 Mev) (see also caption of Fig. 1) 
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. were not observed. The C"(a,n)O'* reaction is highly 
Be? (a,n)c'* TARGET A endoergic. Computations were carried out on the 
| Eq= 5.81 Mev 300 TRACKS locations of possible groups from the C#(a,n)O"* 
° reaction (O=2.21 Mev). No neutrons were observed 
160+ ones) at any angle from the reaction to the ground state of 
@'*, It is only at a few of the forward angles that 

| neutrons from the 6- and 7-Mev states might have 
es | appeared, with very low energies. It is unlikely that the 
| contribution of these states was appreciable. Another 
80} 


common contaminant is oxygen. Here again the O value 
of the O'*(a,n) Ne" reaction is prohibitively endoergi 
2 
| c'®(7.66) : 
40) 1 C. Experimental Results 
The angular distributions in the center-of-mass 
system are shown in Figs. 6-9. The angular distributions 


are based on the following numbers of tracks: Ground 
Ep, (Mev) 
Fic. 4. The 90° data (FL, =5.78 Mev) (see also caption of Fig. 1 
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lic. 6. Angular distributior 
and 7.66-Mev states of C™ 


En (Mev) E,=5.78 Mev. TI 


Fic. 5. The 135° data (FE, =5.78 Mev) (see also caption of Fig. 1 as in Fig. 8 


With varying iniensities but appearing at all angles, 
neutrons with energies less than those of the 7.66-Mev 
state neutron groups are also observed. These are 
presumably due to one or more of the following reac- 
tions: Be’(a,n)3Het (O=—1.57 Mev), Be’(a,na)Be* 
(Q=—1.67 Mev) or Be*(a,n)C” to the states at 9.0" 
and 9.63 Mev, and to the 2-Mev broad state at 10.1 
Mev. These low-energy neutrons contribute a_back- 
ground of noise which leads to an average uncertainty 
of 8% in the assignment of neutrons to the 7.66-Mev 


Land 
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re) 


\I. 4.43-Mev STATE 
% ev & 


z=, 


8 


groups. | 
Fortunately, no other background difficulties arise. SOF 

The background plates showed that the room back ee 

ground was essentially nil. Neutrons from possible ot___—i____{_~J | "e=4 


wa are +| +06 +402 -02 -06 -! 
contamination of the target system or the target itself 
‘ Cos 8 (C.M.) 


RELATIVE INTENSITY C.M. (orbitrory units) 


16D). E. Alburger and R. E. Pixley, Phys. Rev. 119, 1970 (1960). 
While, energetically, we should have been able to observe neutron Fic. 7. Angular 
groups to the new 9.0-Mev state, we did not observe the state 7.66-Mev states of C", in the center-of-mass system, at E,=5.6 
The intensities of the corresponding neutron groups appear to Mev. The intensity units are arbitrary but are the same as ir 
be ver low Fig 9. 


listributions of the neutrons to the 4.45- and 





Be 


state, 93 tracks (target A), 90 tracks (target B); 
4.43-Mev state, 1394 tracks (target A), 1395 tracks 
(target B); 7.66-Mev state, 279 tracks (target A), 295 
tracks (target B). 

The differential cross section for formation of the 
4.43-Mev state at E,=5.78 Mev, and at 0°, 
calculated to be 75 mb/sr. The number inciudes an 
estimate of the neutrons in the 
emulsion. The uncertainty in this cross section is 
estimated to be +25%. This is an rms estimate based 
on the following uncertainties: 5% in volume of 
emulsion scanned (chiefly because of uncertainty in 
knowing the originai thickness of the emulsion), 15% 
in the target thickness, 5% in the incident number of 
a particles, 8% statistical error, and 10% 
estimating the attenuation. The ‘‘total” cross section 
for formation of the 4.43-Mev state is then ~ 560 mb 
Making allowances for the formation of the other (¢ 
section for the Be*(a,n)¢ 
5.78 Mev, determined from these data, 
is in satisfactory agreement with the very accurate 
value obtained by Gibbons and Macklin'® at the same 
energy : ¢= 600 mb (+5%) 

The ratios of the populations of the 7.66- and 4.43- 
Mev states, and of the 7.66-Mev and ground states, 
obtained directly from Figs. 6-9 (by measuring the 
areas underneath the solid curves) are shown in Table I. 
The errors quoted involve estimates of the differences 
in the attenuation of the neutrons of different energies 
in the emulsion, and, in the case of the 7.66-Mev state, 
include an estimate of the uncertainties in assigning 
tracks to the 7.66-Mev state groups because of the 


was 


the attenuation of 


error in 


states, the total cross 


reaction at | 


background plateau. In addition, of course, statistical 
errors are taken into account. 

Angular distributions of the neutron groups to the 
ground state of C™ and to the 4.43-Mev state have 
been determined previously at a number of energies in 
the range E,=2.0 to 5.2 Mev by Risser et al.'’ The 
distributions obtained in the present experiment are 
similar in appearance to those reported by Risser et al. 
at E,=5.1 Mev. It is interesting to note the very 
similar intensities and angular distributions (Figs. 8 
and 9) of the neutrons to the ground state and the 
7.66-Mev state of C"?; both are characterized by a (" 
assignment 


Paste I. Ratios of the populations of the first three states 
of C® in the Be®(a,n)C® reaction. 
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8. Angular distributions of the neutrons to the ground 
7.66-Mev states of C™ in the center-of-mass system, at 


5.78 Mev (see also caption of Fig. 6 
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lil. CONCLUSIONS 


The average energy of the incident a particles in 
exposure B (E,=5.6. Mev) was not precisely the same 
as that used by Alburger (£,=5.5 Mev). R could not 
be determined by us at Alburger’s energy because of 
difficulties in observing very low-energy proton recoil 
tracks (from the transition to the 7.66-Mev state). 
From a comparison of the R values at £.=5.78 and 
5.6 Mev, it appears that the R’s are the same at these 
two energies within the quoted errors. It is unlikely 
that R would change drastically over the next 0.1- or 
().2-Mev interval. Assuming then that R=8.1+1, 


l= (8.24+2.5)K10°'7R 
(6.6+2.2)}«K10~*. (2) 
may be estimated’ from the cross section of the 


C"(e,e’)C” 7.66-Mev state, T,4~5 
X10~* ev; 


reaction to tne 


5x10 
=§8 ev. (3) 
(6.6+2.2)K10~ 
This 


value of [ is approximately the Wigner limit 
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which, on the basis of a 0* assignment, is calculated'* 
to be 7.5 ev. Ferrell'® has calculated that the I’, for the 
7.66 — 4.43 (O+ — 2*) transition is ,=0.0014 ev (with 
an uncertainty of the order of a factor of two). Assuming 
this value of I',, one can calculate the percentage decay 
of the 7.66-Mev state by a y cascade via the 4.43-Mev 


State: 


,/T=0,0014/8= 0.02% 


(with an uncertainty of a factor of two). (4 


\s has been mentioned earlier the best experimental 
‘6 W. A. Fowler and T. Lauritsen (private communication) 


“R. A. Ferrell, private communication, quoted in Cook et al., 
see reference 5. 


E 


AND P 


upper limit* on this number is 0.1%. The 7.66- Mev state 
decays in ~7X10~% of the ss [ 
emission. 

In summary, it is now 
state and from its 
state of C” is a O* state and that it 


ee (2) ] by pair 
width of the 
7.66-Mev 
can partic ipate in 
the process of the buildup of the elements 
stars. 

We are very much indebted to Dr. D. E. Alburger, 
to Leona Stewart and to Professor W. Selove and Pro- 
fessor W. A. Fowler for helpful discussions. We are also 
grateful to W. T. Newton for assisting us in the expo- 
sure of the plates and to B. J. Massey for preparing 
the thin beryllium target. 
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The lowest odd-parity excited energy levels of Pb®* have been calculated by 


t a shell-model 


considering a single proton or a single neutron to be excited out of the Pb®* core. Both a sing 


triplet-even force and a Rosenfeld force were used as the two-particle interaction 
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The results, therefore, support the conclusion that the 3 


result of a collective octupole oscillation. 


I. INTRODUCTION 


ECENTLY there has been renewed interest in 
the low excited states of Pb**. Several people 
have contributed to the position and spins of the 
* Tauber* has tried 

to fit the excited states of Pb** theoretically from a 
shell-model approach. He had difficulty in drawing any 
conclusions due to toe many undetermined parameters. 
Tamura and Choudhury® have assumed shell-model 
configurations to explain some of the results of Cohen 
et al.’ on the inelastic scattering of particles by heavy 
elements. They conclude that a collective octupole 


experimentally determined levels.' 


oscillation can affect their results for Pb”*. Lane and 


t This work was supported in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund 

* Now at Hans Sentmoring, Munster, Wesphalia, Germany. 

t Now at the Physics Department, Vanderbilt University, 
Nashville, Tennessee 

'L. G. Elliott, R. L. Graham 
Phys. Rev. 93, 356 (1954 

? J. A. Harvey, Can. J. Phys. 31, 278 (1953) 

3B. L. Cohen and A. G. Rubin, Phys. Rev 
B. L. Cohen and S. W. Mosko, Phys. Rev 
B. L. Cohen, Phys. Rev. 105, 1549 (1957) 

*G. E. Tauber, Phys. Rev. 99, 176 (1955 

5 T. Tamura and D. C. Choudhury, Phys. Rev. 113, 552 (1959) 


J. Walker, and J. L. Wolfson, 


111, 1568 (1958); 
106, 995 (1957 


\ zero-1 


The results with the various for 


2.615 Mev in Pb®* is primar 


level at 


calculations 
ison that the first 
Mev, is a 


Pendlebury® have recently done some 
which support the idea of ( 
excited state of Pb™*, a 3 


surface vibration of the octupole type 


Levi 
level at 2.615 
the 
trum of the lowest odd-parity energy le 
} 


jj-coupling s} 


In the present paper, we calculate nergy spec- 
of Pb” 
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veis 
according to the 
ration mixing. The ;jj-coupling states included in our 
study are all those which can arise from promoting a 
Pij2 or fs;2 neutron into the gy 
promoting an Sy2 or dso | 
shell. The absolute positions of these onfigurations 
are obtained from empirical data; thus, the only arbi 
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Section II of this paper will deal briefly with the 
evaluation of the matrix elements needed for the calcu- 
lation. Section III discusses how the zero-order energies 
were obtained from experimental data. Finally, Secs. 
IV and V discuss the results and conclusions of this 
calculation. 


Il. THEORY OF CORE EXCITED STATES 


In this paper we use a terminology which is more or 
less standard in nuclear shell theory. The ground state 
of Pb”* consists entirely of closed proton and neutron 
shells. We think of this state as the “core” about which 
the particles move. When higher single-particle states 
are occupied we use the terminology, “extra-core state.” 
Vacancies in the core states are, of course, “holes.” A 
state formed by promoting a core particle into an 
extra-core state is a “core-excited state.” 

We shal] not go into details of the calculations of the 
matrix elements of core-excited states because the main 
aspects have been studied before."-" We do wish, 
however, to point out some results which are unique to 
this type of core-excited calculation. 

There are two approaches to problems involving 
holes in closed shells. Both approaches, of course, yield 
the same results. One method involves calculating with 
a wave function which explicitly involves the coordi- 
nates of all the particles present. If there are NV single- 
particle states in the core and we wish to calculate 
matrix elements for states of N—g particles, it is well 
known that these can be related to the matrix elements 
for g particles. This contraction is made possible by the 
antisymmetry of the V —q particle wave functions and 
can be effected using either determinant wave func- 
tions" or fractional parentage techniques."* The reduc- 
tion of the Hamiltonian matrix elements is brought 
about by the use of the relation 


al n(n—1) 
j = V (ri2), 


which is valid between totally antisymmetric states. 
The main difficulty of this method is the necessity of 
counting the number of times that sets of quantum 
numbers, ji, jz, etc., have particle labels 1 and 2 
associated with them. This counting process is especially 
complicated and tedious for cases involving off-diagonal 
matrix elements. 

The other approach is that of second quantization. 
This method has been outlined recently by Brink and 
Satchler.* In particular, these authors derive the 
consequences of the rotational properties of the states. 
This method avoids most of the difficulties encountered 
in the other method. 


 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1953), Chaps. XII and 
XIII. 

1 G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943) 

13 1). M. Brink and G. R. Satchler, Nuovo cimento 4, 549 (1956 
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The second-quantization approach employs the use 
of creation and annihilation operators which obey 
anticommutation relations as follows: 


{10° joy ym’ } =, 
{jms 9’ me} =O, (2) 
(9! jms n’) = 553mm’. 


The operator ‘jm creates a particle with angular 
momentum j and a z component m, while 9j_ annihilates 
this particle." One should refer to the paper of Brink 
and Satchler® for a detailed account of how to use 
these operators. 

Brink and Satchler introduce creation and 
annihilation operators for holes. That is, they consider 
a filled shell with 2j+1 particles as a state with no 
holes. Then the operator'® (—1)*-"y, will create a 
hole with angular momentum j and a z component —m. 
As these operators obey anticommutatien relations, 
all particles are automatically antisymmetrized with 
respect to one another. It is this antisymmetrization 
and the introduction of the hole creation and annihi- 
lation operators, as well as the particle creation and 
annihilation operators, which enables one to bypass 
most of the complications which arise in the Racah 
approach mentioned above. 

We will consider only the excited states in Pb™ 
where one neutron or one proton is excited out of the 
core. That is, we neglect all excitations of two neutrons, 
two protons, or a proton and a neutron, etc., out of the 
core. We shall describe a state which has a particle 
missing from the core with angular momentum j, and 
a particle outside the core with angular momentum j, 
as | JijoJM), where all the particles are coupled to an 
angular momentum J with a s component M, and all 
equivalent particles are antisymmetrized with respect 
to one another. 

We shall use the notation 


also 


a(JijoIM\ V(r) jajeJM a= (jijoIM|V(r)| jrjJM) 
—(~1)**#-4(j,j7,JM|V(9)| jejJM), (3) 


for a two-body matrix element calculated with anti- 
symmetric states. Also, j, will refer to a particle in the 
Pb”* core. Then one can show that for like particles 
GijJIM| V(r) | joj 
>i 
dD [holjegeeJM\V(1)| j-je)JM a \aing 


Je} 
+S LaljejoTM|V(r)| jij Me Jang 


a > [ af j iJM V(r) je j1IM )a \aing + V int, (4) 
de 


where Vine represents the interaction of the holes with 


4 Note that our notation for creation and annihilation t 
operators 
is the reverse of that of Brink and Satchler. 
See reference 13 for details about the phase of the hole- 
creation operator 1)?-*9 5 
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the extra-core particles. The first three terms in Eq. 
(4) only occur when jijoJM = jsj JM as indicated 
by the “diag,” i.e., are nonzero only for diagonal matrix 
elements. The first term in Eq. (4) is the total core 
energy. The second term in Eq. (4) is the interaction of 
the core with the extra-core particles, while the third 
term is the interaction of the core with the holes. The 
third term has a minus sign because we have included 
in the first term the interaction of the particles which 
are missing from the core with all the other particles in 
the core. We consider the first term in Eq. (4), which is 
the energy of the Pb”* core, as our zero point of energy. 
Although Eq. (4) is written for the potential energy of 
the system, the total energy, kinetic, Coulomb, and 
nuclear potential energy, can be broken down in this 
way. The extension of Eq. (4) to the kinetic energy is 
almost trivial, since it is a one-body scalar operator. 
The second and third terms of Eq. (4) will be evaluated 
from the experimental data in Sec. II. The Coulomb 
interaction was considered explicitly in the hole-particle 
interaction term, Vint, in Eq. (4), and this will be 
discussed in Sec. IV. 

The last term in Eq. (4) is the interesting one as it 
represents the hole-particle interaction. This term in 


jj coupling is '*"* 


Vint Z,{--1)*** LI IW jijajags; JS 


— 


J 


a ) IM, V r Iijat iM, a: (5) 


Note that the minus sign which occurs in Eq. (5) 
indicates that the hole-to-particle interaction is repul- 
sive for an attractive force. 

We shall assume that the two-body potential is of 
the form, 


=u(r)[A + BP*+CP'+DP'P*), (6) 


V(r) 


where P’ and P’ are the spin-exchange and space- 


exchange operators, respectively. For a Wigner force, 
B=C=D=0, we can write 
V (r) > fx (11,7%72) PP, (cos); 

= f,(ry,r2)C, . 


aw | 


-C,, (7) 


If we insert Eq. (7) in Eq. (5) and consider the case 


when js; jo, we get!” 
i1joIM + | —1)7raly} 1 
»71)¢41|| C2 Il Fe (Je CI 7,;)], (8) 


a 


jx and jy 


Vine= —EfrjoIM| V(r 
x RI (j; 


where the first term is the direct matrix element and 
the second term from the exchange matrix 
element. Note that the sum over J; and & has been 
carried out explicitly in order to get this result. Note 
also the over-all minus sign which indicates that the 
hole-to-particle interaction is repulsive for an attractive 
potential. R*(j:j2j2j1) is a Slater integral. When one 
considers non-Wigner forces, that is, forces with P* or 


arises 


© We write (2/+1) as [J] 
C,™ is a Racah tensor operator and () 
matrix element as defined in reference 12. 


C*) 72) is a reduced 
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P’ in them, such as Eq. (6), the reduction of the sum 
over J; and k as was done above for Wigner forces is 
no longer trivial. It is much simpler if at the beginning 


we transform the states | 7;j2/M) and j jxJM) to the 
LS representation. 
In the Pb? core, all shells are filled both as LS 


shells and 77 shells except the 17 neutron shell and the 
1A proton shell. The 12,3). 
1211/2 shell is empty. Likewise, the 1/,, 
full and the 1hy,2 shell is empty. We 
the possibility of the 3Pij2 


neutron shell is full while the 
» proton shell is 
hall only consider 
or 2fs 2 neutron or the 35) 9 
or 2d3,2 proton being excited out of the core. Then the 
only shells which get broken up in the core are those 
which are LS-closed as well as 7] close d she lls ] or this 
special type of excitation, one can transform the 
original many-particle state from the 
scheme as if one were considering just two-particle 
wave functions. That is, 


to LS « oupling 


hij > Viris)| Jai 


>» (717 J {ly 518 SH 
L.Ss 


x 1,8,,/ LSI 5 V(r L.& ] ET). 9 


— 


where we have suppressed the M dependence and the 
coefficients (ji j2J {lile,sis2,LSJ) are the jj-to-LS re- 
coupling coefficients. We can now work in LS represen- 
tation which we shall see is easier. The breakdown of 
the energy as in Eq. (4) is essentially unchanged. 


We now wish to study a term in Vj, for a given L 


and S, which we can call } L,S). Then 
V ine (LS) = (hidilos2,LS| ¥ V(r, ;)| boSe dasa, 
EH (-1) bt SW (Liles; LI 
Li,81 
XW (51505453; SS, 
1(1353,l052,L151| V(r L 454,148 10 
where the subscript @ means an antisymmetric two- 


a Wigner force. 
This force can be expanded as in Eq. (7) and inserted 
in Eq. (10). The sum over Z;, S;, and & can be performed 
and the result is 
V ine(L,S) = —[(— 1) LS | V(r) | dal LS 

— 26 so(—1)"LL F'R*(Ighol al; 


XK (ls Cz l, l 


particle state as before. Consider now 


C4\\1;)), (11) 
which we see is similar in form to Eq. (8). Because we 
are in an LS representation, we can also in a straight- 
forward manner repeat the above procedure for the 
general type of force which involved a P* and P’, or 
both. The result for a potential as given by Eq. (6) is 
V ine(L,S) = —[(A—D)+2(B-¢ 

KX LLLS vr I3l4LS +[2 A—D)és 


—])'erh 


+ (B—C l(- 1 WL) iR! lslol dl, 
XK (15||C*|\24)(le||C4\\2,), (12 
where A, B,C 1 D are defined in I 6 











SHELL MODE 
Taste I. Ground-state and first excited state configurations* 
of Pb®’, Pb™, Tl’, and Bi. 
First excited state 
Energy above 
Ground-state ground-state 
Nucleus configuration Configuration Mev) 
Pb™7 spire 2 fee 0.57 
Pb™ 2gorr lise” 0.79 
Wok 35) 2dai2 0.351 
Bi™ lis): 2 frie 0.91 
* The data in this table with the exception of the first excited state of 


Pb” were taken from D. Strominger, J. M. Hollander, and G. T. Seaborg 
Revs. Modern Phys. 30, 585 (1958); Nuclear Data Sheets (National Research 
Council, Washington, D. ¢ and D. Strominger and J. M. Hollander 
University of California Radiation Laboratory Report UCRL-8289, June 


1958 (unpublished) 
> This level was assumed from the experimental results of M. T. M« 
Ellistrem, H. J. Martin, D. W. Miller, and M. B. Sampson, Phys. Rev 


111, 1636 (1958), and is further supported by the results of reference 2 

The only other type of matrix element which we must 
consider for our calculations in Pb*® is the off-diagonal 
matrix element between a state with a neutron excited 
and a state with a proton excited. More complicated 
cases are ruled out by our not considering the states 
where two neutrons, two protons, or a neutron and a 
proton are excited at the same time. In this case, we 
only have Vin in Eq. (4) and we can transform from 
jj coupling to LS coupling as before. We find that 


V wer! A 


1,3:(m) Joso(n),LS| > Viray)| 1s83(p) lasa(p),LS 


np 


YH (1) tte Si LS JW (hid; LL) 
L1.81 


x W (s\S05453; SS}) 


xX il $3(p),lose(m) LS; V (r) Lasa(p) disi(m) LS) . 
(13) 


where the / and s associated with a neutron or a proton 
has been so indicated. 

Using Eqs. (6), (7), and (13), performing the sum 
over Ly, S;, and k, we get 


V ine(L,S) 


(1,8, (9) Joso(n),LS| > V (rnp) L8s(p) lasa(p), LS 
D+ 2C8 so) (—1)!2*'*(1 Le LS | o(7) lol LS 
+ (B+2Abs0)(—1)( LAR" (Iodald 


x il CL l, (ls CL l; (14 
for the neutron-proton interaction. 

We have now essentially reduced a many-particle 
matrix element to a single two-particle matrix element 
where we have split the two-particle matrix element up 
into a direct term and an exchange term. Equations (12) 
and (14) are now in a form where we can calculate 
matrix elements. For a singlet-even force, Eq. (6) will 
have the following form 


Vir)=o(r) [1-1 P+ P—) PP (15 
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Paste II. Experimenta! data used in fixing the absolute energies. 








Reaction Q value (Mev) Reference 
Pb™* (-y,%)Pb®? Q, = —7.380 a 
Pb”? (d,p)Pb™* Oe= 5.14 a 
Bi®™ (-+,") Bi™ O;= —7.28 a 
Pb™*(d,p)Pb™ Qy= 1.71 b, « 
Pb” — Bim+8 O= 0.63 P 
Bi™+E.C.— Pb™ Os= 2.9 r 
rTP? — Pb*®’? +8 O;= 1.45 ri 


*D. M. Van Patter and W. Whaling, Revs 

»>M. T. McEllistrem, H. J. Martin, D. W 
Phys. Rev. 111, 1636 (1958 

¢ Nuclear Data Sheets (National Research ( 
D. Strominger and J. M. Hollander, 
Laboratory Report UCRL-8289 


Modern Phys. 26, 402 (1954) 
Miller, and M. B. Sampson, 


ouncil, Washington, D.C.); 


University of California Radiation 
June, 1958 (unpublished) 


One might expect to get zero for Eqs. (12) and (14) 
with a singlet-even force when S#0. This, however, is 
not the case as one can see by the inspection of Eqs. (15) 
and (12) or (14). Equations (12) and (14) represent 
interactions between an extra-core particle and the 
particles in the core, and it is expected that the extra- 
core particle and some particle in the core will have a 
relative S value of zero. So we do get a contribution to 
the matrix element for a singlet-even force even though 
the total S of the system is not zero. The same reasoning 
applies to a pure triplet force. 


Ill. ABSOLUTE ENERGIES 


As mentioned in Sec. II, we shall consider the Pb”®* 
core as the zero point of energy, and refer all energies 
to this. It is also possible to predict the zero-order 
absolute energies (relative to the Pb*®* core energy) of 
the core-excited states of Pb? when one particle is 
excited out of the core. To do this, we note that the 
neutron separation energy is 


S,(A+1)=E(A)-+n— E(A+1), (16) 
and the proton separation energy is 
S,(A+1)=E(A)+p—E(A+1), (17) 


where (A) is the energy of the ground state of the 
nucleus A. One can then easily show that the first three 
terms of Eq. (4) are just 


E..* (p12,80/2) = Sn(Pb™)—S,(Pb™), (18) 


when we excite a 3,2 neutron out of the core into a 


29/2 state, and that 
E,*\8: (19) 


2,ho2) = S,(Pb™*)—S,(Br™), 


when we excite a 35;,. proton out of the core into a 
hy. state. From Table I, we see that it requires 0.57 
Mev to excite a 31,2. neutron in Pb” to the 2/52 state. 
We can then say that 


E.*(fs 2,89 2) = E,* (py; 2,£9/2) +-0.57 Mev, (20) 


and we can obviously extend this reasoning to other 
neutron (and proton) core-excited states. 
Table IT gives the experimental data used in deter- 
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Fic. 1. Schemati 
mined with (b) as a check or 
and S,(Pb™*), respectively 


was taken as 2.23 Mey 


mining E£,*(p1/2,g0/2) and E,*(81/2,49/2). Figure 1 shows 
schematically how the separation energies were deter- 
mined. We shall take for these 


S,(Pb™*) = —Q,=7.38 Mev, (21) 
S,(Pb™*) =Q4+0,=3.94 Mev, (22) 
S,(Bi®) =Q5+S,(Pb™)+ H—n=3.79 Mev, (23) 
S,(Pb**) = 0;+.5,(Pb™)+H—n=8.05 Mev. (24) 


mass diagrams used for determining neutron and proton separation enérgies. (a) sh 
this value; (c) determines S,(Bi®) with (d) as a check on this value: (e) and 
Phe various Q values are listed in Table II with the exception of Q., the 
lhe neutron-hydrogen mass difference was taken as 0.78 Mev 
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leuteron binding energy, 


Using Eqs. (18) to (24) and the values in Table I, the 
zero-order energies of the excited states of Pb™®* were 
determined and are given in Table III. The energy 
values given in Table III are not expected to be in 
error by more than 0.1 Mev or 0.2 Mev at the most. 
We shall see that even if, for example, E,*(81,2,49/2) 
were 4.00 Mev instead of 4.26 Mev, we would reach 
essentially the same conclusions about the excited 
states of Pb” 








SHELL 


IV. RESULTS 
A. Coulomb Energies 


As was seen in Sec. III, the Coulomb energy contri- 
bution to the matrix elements was automatically taken 
into account with the exception of the last term in 
Eq. (4). To calculate the Coulomb energy of Vin 
between the proton hole and a proton outside the core, 
we used Eq. (9) and Eq. (12) with V(r) in Eq. (6) as 


Vir)=e/r. (25) 
The Coulomb energies pertinent to our calculations 
were calculated and are listed in Table IV. One may 
note from Table IV that the diagonal matrix elements 
are quite constant and are about —0.23 Mev. This 
value is very close to the Coulomb energies obtained 
by Newby and Konopinski”® for two 1/2 protons 
outside of the lead 208 core. Our negative sign of the 
Coulomb energy is due to the fact that we are con- 
sidering a hole-particle interaction. The off-diagonal 
matrix elements are also relatively constant and are 
about 0.01 Mev in magnitude. 


B. Finite Range Forces 


At this point, we have determined all parameters 
except those used in the two-body potential, Eq. (6), 
and the radial wave functions. Previous work’ in the 
lead region indicates that the force between like 
nucleons is a pure singlet-even force. Pryce* suggests 
that for unlike particles and a zero-range force, the 
triplet-even force is 1.5 times as strong as the singlet- 
even force. We shall first assume that the two-body 
potential, Eq. (6), is a singlet-even plus triplet-even 
potential with the triplet-even part 1.5 times as strong 
as the singlet-even part. The parameters in Eq. (6) then 
become A=0.625, B=0.125, C=0.625, and D=0.125. 
For the »(r) in Eq. (6), we shall choose a Gaussian well of 
the same range and depth as that used by True and 
Ford,’ viz., 

v(r)=V> exp(—r*/%), (26) 
where Vo= —32.5 Mev and 8=1.85 fermis. We shall 
furthermore assume that the single-particle wave func- 
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—0.2286 
0.0105 
—0.0087 
—0.2272 
0.0089 
—0.2296 


AND PODS? 


509 


ras_e ILI. Zero-order energies of the excited states of Pb™ 


Energy 


Particle Possible spins 
Configuration excited (odd parity) (Mev) 
Pisa, Born neutron 4,5 3.44 
Sus, b0r2 neutron 2, 3, 4, 5, 6,7 4.01 
Pura, tre neutron 5,6 4.23 
Sea, tise neutron 4 3.6 tue 4.80 
Aira, Mere proton 4,5 4.26 
dsi2, hers proton 3, 4, 5, 6 4.61 
Sia, frie proton 3,4 5.17 
dy 2, Jua proton , a 3, 4,5 5.52 


tions are harmonic oscillator wave functions with the 
same radial falloff as used in the study’ of Pb®*. This 
is usually done to simplify the calculation of the two- 
particle matrix elements, and one expects that the 
results are not too sensitive to the exact nature of the 
radial part of the wave functions. 

The matrix elements for this singlet-even plus triplet- 
even force were calculated using Eqs. (9), (12), and 
(14). Using the zero-order matrix elements from Table 
III, and the matrix elements for the Coulomb potential 
from Table IV, the matrices were diagonalized for each 
spin from 2 to 7. The results of this diagonalization are 
listed in Table V and compared with the experimental 
energies in Fig. 2. The experimentally determined ievels 
of Pb” are listed in Table VI. 

We may note several things from Fig. 2. No calcu- 
lated 3— level lies in the vicinity of the experimental 
3— level at 2.615 Mev. The lowest experimental 4— 
and 6— levels are predicted in the correct energy region, 
but about 0.15 Mev too high. The lowest two 5— levels 
are also predicted, but are also too high. The splitting 
of the lowest two 5— levels is fairly good. The other 
experimental levels for which the spins are unknown 
are shown by dashed lines in Fig. 2. We have only 
indicated these levels when they can be associated with 
a calculated level, and the 6.09-Mev level is not shown. 
Lane and Pendlebury*® have had a private communi- 
cation from R. H. Helm, J. Oeser, and M. R. Yearian, 
who have found evidence from inelastic electron scat- 
tering for a level at 4.3 Mev in Pb™*. The angular 
distribution indicates that this new level is a 3— level. 
If so, this new level fits with the second 3— calculated 


TABLE IV. Matrix elements in Mev for the Coulomb potential, V.=¢/r 


Spin and parity 


fin $= = 6- 

0.2297 —0.2257 
0.0174 —0 0094 
0 
0.0023 —0.0045 

~0.2238 ~0.2131 —0.2402 
0.0021 

—0,0007 0.0017 

—0.2400 

0.0111 

—0.2249 -0.2412 
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TABLE V levels (in Mev) of Pb™ for a 


plus triplet-even force 


Calculated energy 
singlet even 


Spin and parity 
2 3 4 5 6 7 
6.04 5.56 5.53 5.43 4.98 4.82 
4.80 5.34 5.24 4.93 4.67 4.04 
4.94 4.96 4.42 +.38 
4.2; 4.55 4.34 4.08 
6 4.23 4.11 
4.21 3.77 
3.68 3.41 


level as shown in Fig. 2. The 3.75-Mev level is predicted 
to be 3—. The 5.13-Mev level is also predicted to be 
4—, but the theory is not good enough to rule out an 
Finally, the 5.44-Mev 


-. & ge 


assignment of 3—, 5 or 6 
7 | level. One also 


level can be either a 3—, 4 


expects other levels (e.g., due to exciting two particles 
from the core) to appear and to become important in 
the neighborhood of 5 Mev. 

To see how sensitive the calculated energy levels are 
to the force used, we next used a Rosenfeld force which 
was adjusted to give the same singlet-even force as 
above. Kearsley’ used a Rosenfeld force to predict the 
energy levels of Pb*®®. However, she used a Yukawa 
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Fic. 2. Energy levels for Pb®*, I. For each spin, the first column 


gives the energy levels calculated for a singlet 


even torce 


even plus triplet 
gives the experimental levels. The 


whi h the spins are not 


The second columr 


rimental levels are levels | 


dashed expe 
; 


Known 
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TABLE VI. Experimental levels of Pb®* (taken fro 
references 1, 6, and c of Table II 

Energy Spin and Energ Spin and 
(Mev) parit Mer parity 
0 O44 49061 6 
2.615 5 4.5 5 
3.198 ; 13 
3.475 } 44 
3.709 09 
3.750 


well for »(r) instead of a Gaussian we * For a Rosenfeld 


force, we have A=—0.2222, B=0.7778, C=1.5556, 
and D= —0.4444, with u(r) the same as in Eq. (26). 
The resulting energy levels are listed in Table VII and 
they are compared with the experimental! levels in Fig 
3. Comparison of Fig. 2 and Fig. 3 (or of Table V and 
Table VII) shows that this Rosenfeld force causes all 


calculated levels to be lower in energy by about 0 to 
0.2 Mev than the levels calculated 
plus triplet-even force above 
6— level at 3.961 Mev is 


level now appears to be a 7— levs 


for the singlet-even 
that the 

The 3.750-Mev 
nstead of 3—. In 
general, the experimental energy levels are not fitted 


| igure 3 shows 


fitted better 
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Fic. 3. Energy levels of Pb™*, II. For each spin, the first co 
gives the energy levels calculate ra Rk i e. The 
second column gives the exper t é s. The dashed exper 
mental levels are levels for which t 5] ire not k WT 

18 See reference 7 for a comparis the \ 
Kearsley with the Gaussian well 
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as well as with the singlet-even plus triplet-even force 
above. We still do not have a calculated 3-- level in 
the vicinity of the experimental 3— level at 2.615 Mev. 
The theoretical energy levels are not changed drastically 
by this rather abrupt change in the two-body force. 

The left side of Table VIII shows a comparison of 
the diagonal and off-diagonal matrix elements for the 
J =6 states in Pb®* for the single-even plus triplet-even 
force and for the Rosenfeld force and this is a typical 
case. It is apparent from Table VIII why the Rosenfeld 
force gives different results. The diagonal matrix ele- 
ments show that the Rosenfeld force is more repulsive 
(and so for our case of a hole-particle interaction, more 
attractive) than the singlet-even plus triplet-even force. 
The off-diagonal matrix elements are much the same 
for both forces and so about the same degree of con- 
figuration mixing takes place. The net result of the 
Rosenfeld force is to cause the resulting diagonal energy 
levels to be lower in energy. 

In order to find out how sensitive these results are 
to changes in the zero-order energies, the energy 


rasie VII. Calculated energies (in Mev) for a Rosenfeld force 


Spin and parity 


2- 3- 4— 5- 6- 7 
6.04 5.42 5.41 5.19 4.84 4.75 
4.73 5.28 5.14 4.85 4.55 3.75 
4.77 4.84 4.36 4.31 
4.1 441 4.29 3.98 
4.15 3.96 
4.14 3.50 
3.0 3.25 


E-y*(81/2,49/2) was arbitrarily changed from 4.26 Mev 
to 4.00 Mev. This also changed E,*(dj/2,h9,2) to 4.35 
Mev, E,*(81/2,f7/2) to 4.91 Mev, and E,*(daj2,fzj2) to 
5.26 Mev. The singlet-even plus triplet-even force 
above was again used and the energy levels were 
calculated. The results of this change were compared to 
experiment and to the calculated results for no change. 
Some levels were barely affected while others were 
lowered by about 0.1 to 0.2 Mev. No real improvement 
was obtained in fitting the experimental energy levels. 
We conclude that even if the zero-order energies in 
Table III were in error by 0.1 Mev, the resulting energy 
spectrum would not be changed very much. (Note 
that in above calculation we have changed 4 zero-order 
energies by almost 0.3 Mev.) 


C. Zero-Range Forces 


Newby and Konopinski” have considered some of 
the lowest states in Bi” and Po” (two particles outside 
the Pb”* core). They found that better agreement with 
experiment was obtained in Bi* with a zero-range force 
than with a finite-range central force. Newby and 
Konopinski also found that when they considered a 
tensor force in addition to the finite-range central force, 
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Tas_e VIII. Comparison of the matrix elements for the J =6- 
states of Pb™ for various forces. In the table, |1)= | Pistia =6), 


2)= Jia, B02 =6), 3)= fh tind =6),and |4)= Ashen =6). 


Matrix elements in Mev 


Finite-range forces Zero-range limit of 


Singlet-even plus Rosenfeld  singlet-even plus 
triplet-even force force triplet-even force 
1,Vir)\1 0.175 0.095 0.309 
1'V(r) 2 0.017 0.015 0.027 
ai Vir)'3 0.124 0.068 0.282 
(li Vir)\4 0.038 0.035 0.064 
(2\Vi(r)|2 0.075 0.026 0.165 
2\Vir)\3 0.006 0.003 0.016 
(2\Vir)\4 0.015 0.043 0.004 
(3'V(r))3 0.123 0.034 0.316 
(3) V(r)\4 0.078 0.008 ~0.095 
4 Vir)4 0.320 0.176 0.612 


the resulting matrix elements changed in such a direc- 
tion as to agree with the matrix elements of a zero-range 
force. 

Due to these results of Newby and Konopinski,"® 
it seemed desirable to repeat the above calcuiations 
with a zero-range force. In these zero-range calculations, 
we followed Newby and Konopinski and considered a 
potential which will conserve volume energy.” That is, 
Eq. (26) becomes 


v(r) = V o8*r'd(r;—1). (27) 


The above calculations were repeated with the force 
given by Eq. (27) and with the same parameters as 
were used in the singlet-even plus triplet-even force 
above. The parameters used by Newby and Konopinski” 
are not sufficiently different to drastically change the 
results. The energies resulting from this calculation 
with a zero-range force are listed in Table IX and are 
shown in Fig. 4. The matrix elements for this zero-range 
force for the J=6 states of Pb” 
Table VIII. 

Figure 4, when compared with Figs. 2 and 3, show 
that the zero-range force gives the lowest 3— level of 
any of the forces used. This lowest 3— level is still 0.5 
Mev above the experimentally observed 3— level at 
2.615 Mev. In general, it is felt that the zero-range 
force does not give as good an over-all fit to the experi- 


are also shown in 


levels 


rasie LX. Calculated energy in Mev) of Pb™ for the 
zero-range limit of a singlet-even plus triplet-even force 


Spin and parity 


2 3 4 5 6 7 
6.66 5.85 5.90 5.86 5.27 4.73 
5.40 5.61 5.25 5.11 4.94 4.07 
5.06 5.10 4.42 4.42 
4.12 4.85 450” 4.17 
413 4.52 3.95 
4.22 3.58 
3.75 3.08 
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Fic. 4. Energy levels of Pb®*, III. For each spin, the first 
column gives the energy levels calculated for the zero-range limit 
of a singlet-even plus triplet-even force. The second column gives 
the experimental levels. The dashed experimental levels are levels 
for which the spins are not known 


mentally observed levels as the singlet-even plus 


triplet-even force (excepting the 3— level at 2.615 Mev). 


V. CONCLUSIONS 


In this paper, we have shown the results of theoretical 
calculations on the energy levels of Pb*®* The only 
arbitrary parameters used were those to fix the nuclear 
force admixtures of Wigner, Majorana, Heisenberg, 
and Bartlett type forces. For the finite-range nuclear 


force, both a singlet-even plus triplet-even force and a 
Rosenfeld force were used. In addition, the energy 
levels were calculated for a zero-range nuclear force. 
Each of these three forces are quite different from one 


PINKSTON, 


AND 


another. However, none of these three forces produced 
a 3— level near the « X pt rim<¢ ntally obse rved 3— le vel 
at 2.615 Mev. This result supports the conclusion of 
Lane and Pendlebury,° that the 3— level at 2.615 Mev 
in Pb** should be an oc Lupole 
instead of a core-excited state. 

No transition 
various levels in 


oscillation of the 


core 


rates lculated betweeen the 
Pb’ because the conjectured core 


oscillations would make them invalid. One should really 


were Ca 


consider the effects of the collective oscillations on the 
shell-model configurations before calculating transition 
rates, as transition rates are very sensitive to configu- 
ration admixtures. A calculation of this sort has recently 
been done by Raz’* for two 1/7,2 particles coupled to 
an oscillating core. 

Since the singlet-even plus triplet-even force used in 
this paper is consistent with the forces used in other 
Pb isotopes, one might conjecture from Fig. 2 that the 
collective motion of the core will have a small effect on 
most of the shell-model energies 

This paper also points out that it i 
use the second quantization approach with creation and 


much simpler to 
annihilation operators to reduce a many-particle matrix 
element to a two-particle matrix element when one is 
considering core-excited states. In addition, when the 

j~4 losed 
reduction 
in the LS coupling scheme. 


core-excited particles are from LS- as well as 


the above 


shells, it is much simpler to mak: 
for non-Wigner type forces 
One expects that this approach can be suitably modified 
to consider cases when the core-excited partic les are 
from a j j~« losed shell 
not completely filled (e.g., 
out of the Pb*®* core 


1 


when the spec LS shell is 


neutron 
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Time Dependence of Resonantly Filtered Gamma Rays from Fe°’t 
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The time dependence of gamma rays emitted by the 14.4-kev state of Fe*’ has been studied by delayed- 
coincidence measurements between a 123-kev gamma ray preceding formation of the state and the 14.4-kev 
gamma ray from the state. When no filter was used, the number of gamma rays decreased exponentially 
with the known half-life of 0.1 usec. When a foil of Fe®’ (which was resonant to 14.4-kev radiation) was 
used as a filter, the number of gamma rays observed through the filter did not decrease exponentially. 
Instead, the filter absorbed almost none of the gamma rays first emitted by the 14.4-kev state; at later times 
the absorption increased. Data were taken with three different thicknesses of absorber and with emission 
and absorption peaks separated by 0 to 11 times the width of the resonance. The energy separation resulted 
from the Doppler shift associated with a constant velocity between source and absorber. These data were, 
for the most part, in good accord with the prediction of a theory based on a classical model for absorber and 
source. In particular, the results verified the theoretical prediction that at certain times the intensity of 
radiation observed would be greater with the filter than without it 


I. INTRODUCTION gamma ray is highly converted’ (a=15) so that 


imprisonment of the resonance radiation need not be 


N an earlier paper,’ we showed that the intensity of : 
considered. 


the gamma rays transmitted through an absorber 
which is resonant to the incident gamma radiation does 
not decrease exponentially with time. Instead, the trans 
mitted beam appears initially to decay faster than the 
rate corresponding to the life-time 7 of the emitting 
state. The intuitive picture which led us to undertake 
the initial experiments was that the resonance absorp- 
tion tends to reduce the intensity at the center of the 
emitted line relative to the intensity in the wings. 
Thus the width at half maximum of the remaining peak 
is greater than the value [=h/r of the original peak; 
and the lifetime of the state appears to be correspond- , . cist 
ingly shorter. a(t) exp twol AL f dw - 
A quantitative theoretical treatment was developed 2rit_. w—wo-Fir 
by describing the emitted radiation as a damped 
electromagnetic wave.? On passing through a medium 
filled with resonators, the frequency spectrum of the 


Il. THEORY 


The time dependence of the 14-kev radiation of 
Fe’ as observed in transmission through an Fe’ 
absorber can be explained on a simple classical theory. 
As in standard treatments of emission and dispersion, 
the medium is assumed to consist of damped oscillators 
with natural frequency wo and decay constant A. The 
radiation emitted by the Fe*’ source has an electric 


field 


+2 


f dw a(wje™'. (1) 


—® 


radiation is altered, so that its time dependence is no 
longer exponential. The theoretical analysis, which is 
presented in Sec. II, suggested some of the experiments 
ITI. 

The 14.4-kev state of Fe’ provides a convenient 


Che constant A is just the reciprocal of the mean life 
of the excited state. In the case of the 14-kev line of 
Fe*’, 93% of the radiation is internally converted; the 
quantity A contains contributions from all types of 


which are described in Sec. 


source for observation of this effect. The formation of 
the 14.4-kev state is announced by a 123-kev gamma 
ray in the decay* of Co’, the Méssbauer effect is large* 
about 60% of the radiation is emitted without recoil 


at room temperature), the half-life* is 0.1 sec, and the 


* Work performed 
Energy Commissior 

'R. E. Holland, F. J 
Phys. Rev. Letters 4, 181 

27M. Hamermesh, Argonne National Laboratory 
ANL-6111, February, 1960 (unpublished), p. 6 

* Nuclear Data Sheets, National Academy of Sciences, National 
Research Council, 1959 (U. S. Government Printing Office, 
Washington, D. C.) 

*R. L. Méssbauer, Z. Physik 151, 124 (1958); J. P 
and W. Marshall, Phys. Rev. Letters 3, 556 (1959); R. V 
and J. A. Rebka, Jr., Phys. Rev. Letters 3, 554 (1959 


under the auspices of the U. S. Atomi 
Lynch, G. J. Perlow, and S. S. Hanna, 
1960) 


Report 


Schiffer 
Pound 


decay (radiation and internal conversion). 

The effect of transmission through the Fe*’ absorber 
can be found by standard methods.* Each mono- 
chromatic component a(w)e“! excites forced oscillations 
of the resonators in the medium. The complex dielectric 
constant is 


€\wW) 1+-9(wo” -ur + wh) ‘. (2) 


We have written wo’ for the resonant frequency of the 
absorber to take account of a possible Doppler shift 
due to motion relative to the source. 


*H. R. Lemmer, O. J. A. Segaert, and M. A. Grace, Proc. 


Phys. Soc. (London) A68, 701 (1955). 
*J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 321 
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From Eq. (2), the propagation vector in the medium 


is found to be 


k \ 1+-7(wo *—w*+1wA my, 3) 


- 


The wavelength of the radiation is about 10~-* cm and, 
as in the x-ray case, we can expand Eq. (3) and retain 
only the first term. The effect of passage through the 


absorber is to « hange a\w) to a’ (w), where 


2idbul vo” 


, 
ad \@) 


w+ iwdr b'}, (4 


a(w) exp{ 


in which 6 is a constant 

At w=’, a’ (wo’) 2b/r l, 
mission at the center of the line is exp[ —4b/d ]. 
and (4), the time dependence 


a(wo exp| so the trans 
By combining Eqs. (1 
of the transmitted amplitude is found to be 
2ibw 
exp 
wo? tw 
evaluated in the 


result expressed a 


integral is Appendix with the 
either 


a’(t) exp[ iw ‘I ‘Xt | 


(bt)i"J, (2644), (6a 


or 


exp] two’ /——f 


s 10 . 
=. ) (bt)-"/2J,, (2b4t8 


4) Ww 


a’(t) 


(Ob 


rhe time dependence of the transmitted intensity is 
a’ (t) Aw, 8=4b/X, 


. , 
setting w @ and 


given by 


| 
"7 


|): i 


ee ae eS 


io* 


Fic. 1. Time dependence of radiation after transmission through 
a resonant filter according to Eq. (7), assuming all radiation is 
is recoilless (8=4, Aw=0). The straight line 

los 


ld 
eca\ ” comparisor 


recoilless or 75°; 


represents an exponentia 
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( i smission through 
rding to I assuming all radiation is 
oilless (8 Aw = rhe straight line 


Fic. 2 
a resonant 


recoilless or 75°; 


rime 


filter acc 


dependent 


is rec 


represer ts an exponential 


aeca 


Al in Eq 
Aw "f BT 7? 2 
| J,(B'T)| . (7) 
r 4 


In particular, for Aa this reduces to 


a’ | T (6) 
For large values of Aw, 

slowly. In this region, w 

transmitted intensity is 


converges very 
for a’(t). The 


\ 
Qu 


a’ (T)|?=e—T| —exps 


X ye 87 a . 
+ Aw } 


behavior of the transmitted 


rapidly for 


In computing the time 


intensity, Eq. (7) converges 


while Eq. (9) gives rapid « 


2 Aw 


The detailed comparison of the theoretical formulas 
with the experimental results i ite complicated 
Here we only indicate some of the points to be 
considered. 


Only some fraction of the kev radiation is recoil 
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while the remainder is shifted far from resonance 
and decays exponentially. In Figs. 1 and 2 we show the 
time dependence of the transmitted beam for two 
different absorber thicknesses when Aw=0, for the 
pure resonance when 75% 
of the 

The effect of relative motion of source and absorber 
on the time dependence of the transmitted beam is 
shown in Fig. 3 (Aw= 4d) and Fig. 4 (Aw=4)). 

Figure 4 shows the surprising behavior which should 
occur as the source and absorber frequency are separated 
more and more: the intensity oscillates about the 
exponential curve. Thus, at certain times more gamma 
rays are received through the absorber than would have 
arrived if the absorber were absent. The medium 
behaves like a resonant filter and appears to “ring” in 
response to the incident damped oscillation. As Aw is 
increased the oscillations shown in Fig. 4 are shifted 
toward shorter and shorter times so that, for very large 
Aw, the normal exponential decay is approached. 

The transmitted intensity given by Eq. (7) or (9) 
can be written as 


less, 


radiation and for the case 
radiation is recoilless. 


a’ (t) |?= exp(—AL)F (6,0), 


whereA=1 
are more 


r. The deviations from exponential behavior 
easily seen if one plots the product of the 
counting rate with the factor exp(A/). For the emitted 
line this pretest is a constant. For the transmitted line, 


the theory predicts that the product will vary as F(6,f). 
The theory given above assumes that there is a 


single emission (and absorption) line. However, the 
14.4-kev line of Fe*’ has a hyperfine structure of six 
lines.” Since the separation of the hyperfine components 


is large compared to the linewidth, we assume that 


bw = 4/2 
Fic. 3. Effect of 8=+4 
relative motion on 
time dependence of 
transmitted radia 
tion according to 
Eq (7) (S=4, Aw 
=$)). For compari 
son, the straight line 
represents an expo 
nential decay 


Fic. 4. Effect of 
relative motion on 
time dependence of 
transmitted radia- 
tion according to 
Eq. (7) (8=4, Aw 
=4)). For compari 
son, the straight line 
represents an expo 
nential decay 


t/r 


7S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960 
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Fic. 5. Schematic diagram of equipment 
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each emitted hyperfine component is absorbed only in 
the corresponding transition in the absorber. By use 
of the values for the intensities of the hyperfine compo- 
nents, the time dependence of the transmitted radiation 
is found to be 


a’ (t)|*=exp(—dA)[1— f+ fA 48) 


+ §F (38,1) +8F (78,0) J, 


where f is the fraction of gamma rays emitted without 
recoil and @ is the thickness of the absorber expressed in 
mean free paths at the peak of the absorption curve. 
Although in principle 8 is measurable, it is difficult to 
determine it accurately. We have used 8 as a parameter 
in fitting the theoretical formula to the experimental 
data. Equation (10) was evaluated on an IBM-704 
computer for various values of 8 and the other param- 
eters, and the calculated curve giving the best visual 
fit was plotted with the data. One should expect that 8 
would be given by Noof’, where f’ is the fraction of 
Fe? nuclei which can absorb without recoil, N is the 
number of atoms of Fe®’ per cm’, o% 4ark?/(1+a), A 
is the wavelength of the 14.4-kev gamma ray divided 
by 2x, and a is the internal conversion coefficient. 


(10) 


II. EQUIPMENT AND PROCEDURE 


The measurements were mz ade with a source of Co*’ 
25 000 disintegrations of Co*’ per sec) co-plated® with 
Fe** on a thin copper foil and annealed in vacuum at 
800°C. Absorbers consisted of rolled foils of Fe*’ 
(enriched to 75% in Fe®’) or normal Armco iron rolled 
foils annealed at 800°C. The geometric arrangement of 
and detectors is shown schematically 


source, — r, 
} in diameter, was mounted 


1 Fig. 5. The source, in. 
on an extension of the speaker diaphragm which could 
be used to shift the resonant frequency of the source by 
the Doppler effect. The absorber foil (1 in. in diameter) 
was clamped between two Lucite disks mounted § in. 
above the source. The detector for the 14.4-kev gamma 


*S. S. Hanna, J. Heberle, ¢ 
Preston, and D. H. Vincent 


Littlejohn, G. J. Perlow, R. S. 
Phys. Rev. Letters 4, 28 (1900). 
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ray consisted of a Nal(T]) scintillator 1 in. in diameter 
and 0.006 in. thick mounted on a Lucite light pipe 
and an RCA 7265 photomultiplier tube. A second 
NalI(TI) scintillator, 1 in. in diameter and } in. thick, 
served as a detector for the 123-kev gamma ray and 
was mounted } in. from the source on a line making an 
angle of 120° with the line connecting the centers of 
the other detector and the source. 

The speaker coil was driven with a peak-to-peak 
amplitude of 4 in. by the amplified signal coming 
alternately from a triangular wave generator’ and 
from a 40-cps sinusoidal signal. The triangular wave 
caused the source to move with a constant velocity 
either toward or away from the absorber, except during 
the short interval of reversal of direction. This constant 
velocity produced a small constant increase or decrese 
in gamma-ray energy through the Doppler effect. On 
the other hand, the sinusoidal signal, because of its 
much higher frequency, produced a wide range of 
energy shifts; most of the time the gamma rays were 
not resonant nor even nearly resonant with the absorber. 
Other sources of absorption, such as the photoelectric 
effect, would be scarcely affected by the energy shift. 
Thus we observed the effect of both nonresonant and 
resonant absorption for small energy shifts with the 
triangular wave applied to the voice coil and we 
observed the effect of nonresonant absorption alone 
with the sinusoidal voltage applied to the voice coil. 

Because the average geometric arrangement was 
slightly different for the two signals, measurements 
were taken without an absorber, and the sinusoidal 
signal was adjusted slightly to bring the coincidence 
counting rate within 1% of the counting rate with the 
triangular drive. 

It is desirable that the triangular wave of voltage 
should move the source with constant speed. The 
degree to which this condition holds is determined by 
the linearity of speaker movement with current, the 
linearity of the triangular wave voltage, the duration 
of the transient vibration occurring during reversal of 
the direction of motion, and the isolation of the system 
from mechanical vibrations conducted by the air or 
by the building. 

We investigated the movement of the voice coil as a 
function of current and found the relationship to be 
linear within the accuracy of measurement (2%). 
The duration of the transient at the peaks of the 
triangular wave from the generator was known to be 
small. From the observed duration of the transient 
voltage induced by a sudden displacement of the voice 
coil, the effect due to the inertia of the voice coil and 
source holder was estimated to be less than 25 msec. 
At the frequencies we used (<0.2 cps), this corre- 
sponded to less than 1% of the period. 

The transmission of noise to the speaker was greatly 
reduced by mounting the assembly consisting of 


* Model 202A function generator, manufactured by Hewlett 
Packard Company, Palo Alto, California 
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speaker, source, absorber, and detectors in a box lined 
with sound-absorbing material and acoustically isolated 
from the floor. With these prec autions, the observed 
vibration of the voice coil because of acoustic noise 
was less than 0.0004 in. per sec, which should be 
compared to the velocity of 0.0037 in. per sec needed to 
produce a Doppler shift of one resonance width. The 
over-all performance of the system was investigated by 
observing the width of the central dip in transmission. 
This was 20% wider than expected for the thickest 
absorber and 40% wider for the thinnest 

The circuits for measuring the coincidence rate as a 
function of time delay after formation of the 14.4-kev 
state are shown schematically in Fig. 5 and were the 
same (except for slight modifications) as those used 
previously to measure the lifetimes of excited states of 
nuclei.” The output of the time-to-pulse-height con- 
verter was stored in the right half of the 256-channel 
analyzer when the voic driven with the 
triangular wave and in the left half when the voice 
coil was driven with the sinusoidal voltage. During a 
run, the triangular wave and sinusoidal voltages were 
applied alternately for 4-min intervals by a timing 
mechanism, and data were accumulated over a 24-hr 
period. Signals from slow amplifiers and single-channel 
analyzers set on the photopeaks of the two gamma rays 
were required in order to record an event. 

Because of the method of recording data, slow 
drifts were not important. The calibration of the 
time-to-pulse-height converter (as obtained by using 
the data from the sinusoidal run to measure the 
lifetime of the 14.4-kev state of Fe®’) remained constant 
within 1.5% over a period of 1 month. A slow drift of 
the peak channel was also observed (about } channel 
per day). The converter was linear to within 1% in the 
region of interest 


coil was 


IV. RESULTS AND DISCUSSION 


The results of a typical measurement for the thickest 
absorber foil (2.7 mg/cm? of Fe*’, isotopic enrichment 
75%) is shown in Fig. 6. The upper part of the figure 
shows a conventional semilogarithmic plot of the data 
after subtraction of background due to 
coincidences. This background was 


accidental 
determined from 
the counting rate at times preceding the peak shown in 
Fig. 6(a). In general it was less for the part of the run 
in which the source was moved at 
than for the part in which the source was vibrated 
sinusoidally because the counting rate in the 14.4-kev 
detector was less in the former condition. The total 
number of accidental coincidences was 2.5% of the 
total number of true coincidences for the data with 
vibrated source shown in Fig. 6. The steep rise at the 
left side of the figure represents the time resolution of 
the fast circuit; it corresponds to a 


constant velocity 


resolution curve 


 F. J. Lynch and R. E. Holland, Phys. Rev. 114, 825 (1959); 


R. E. Holland and F. J. Lynch, Phys. Rev. 113, 903 (1959 





TIME DEPENDENCE OF 
with a full width at half maximum of 25 mysec. The 
curve obtained with vibrated source shows the expo- 
nential decay with a half-life of 0.10 ysec in agreement 
with previous measurements.’ The curve obtained with 
the stationary source demonstrates the effect we 
expected. 

The lower portion of Fig. 6 shows the same data 
plotted in such a way as to exhibit the deviations from 
exponential decay predicted in Sec. II. Here the 
count in each time channel has been multiplied by e”, 
where A is the decay constant and ¢ is the time, and the 
resulting numbers have been adjusted so that the 
average value of the vibrated data was equal tounity 
after the initial rise. Data in several adjacent channels 
were averaged when the counting rate was low. Vertical 
bars give the standard deviations as calculated from 
the number of counts. The solid curve shown was 
calculated for this absorber from the prescription given 
at the end of Sec. II, with the thickness parameter 
8 adjusted for best fit to the data. This value of 8 was 
twice that expected from the thickness of the absorber. 

Figure 7 gives typical results for a number of runs 
in which the source was moved at constant velocity 
alternately toward and away from the absorber, and 
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VIBRATED 


STATIONARY 
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20 40 60 80 
TIME CHANNEL (|! CHANNEL *9.4 musec) 

Fic. 6. (a) Semilogarithmic plot of delayed time spectra taken 
with source and absorber (2.7 mg/cm? of Fe*’, isotopic abundance 
75%) stationary and with source and absorber vibrated relative 
to one another; (b) Data of Fig. 6(a) replotted with ordinate 
multiplied by e in order to compare with theoretical expression 
given by the solid line 
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data were accumulated without distinguishing the 
direction of motion. This motion of the source produced 
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Z " 1 " ! ———EEE 
0 0 20 BW 40 SO 6 70 80 
TIME CHANNEL (i CHANNEL = 9.4 musec) 
Fic. 7. Time spectra obtained with various energy shifts of the 
emitted gamma ray. The absorber was the same as in Fig. 6 
The energy shift AZ is given in terms of the linewidth deduced 
from the mean life of the state, !=#/r. The dashed curves give 
the time spectra when the source is vibrated; the solid curves 
are the theoretical predictions 
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a shift in energy of the emitted gamma ray. The 
amount of the shift, AZ, is given on the figure in terms 
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TIME CHANNEL (i CHANNEL =9.4 myusec) 


Fic. 8. Time spectra obtained with various energy shifts of th 
emitted gamma ray. The absorber was a rolled foil 
of Fe’, isotopic abundance 75%). The energy shift AE is given 
in terms of the line width deduced fr the mean life of the state, 
['=h/r. The dashed curves give the time spectra when the source 
was vibrated; 


1.27 mg/cm? 
ym 


the solid curves are the theoretical predictions 
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of ['=h/r, the expected full width at half maximum of 
the emitted The data taken with the source 
vibrated has been represe! ted in these figures by the 
light dashed line in order to keep the number of data 
points from becoming so large as to be 
solid curve is as before a the 
II, with the 


used in Fig 


line 


confusing. The 
curve calculated 
according to Sec. ckness parameter 
Similar data for a 
thinner foil (1.27 mg/cm? of Fe*’ in an enriched foil) 
inner foil (0.22 mg/cm 
in Fig. 9 


obtained to ve rify 


the same as that 


is shown in Fig. 8 and for a still t] 
of Fe*’ in a normal isotopic concentration 


Not 
the prediction of the 


shown are data whicl 


were 
theory that the delayed time 
itude of the shift in 


its sign. A run was made 


spectrum depends only on the magn 
gamma-ray energy and not on 
umulated only during travel of 


and the rest 


in which data were ac 


the source in one direction ilt was compared 
with that obtained when data were accumulated during 
travel in both No. difference be 
observed between the two run 


All of the data have beer 


directions could 


theoretical 
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Fic. 9. Time spectra obta 
emitted gamma ray. Absor 
Fe’, natural isotopic abundar t AF is giver 
terms of the linewidth deduced from th ean life of the state, 
I’ =A&/r. The dashed curves give the tir ectra wher 
was vibrated; the solid curves are t 
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predictions 
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expression at the end of Sec. II, the values of parameters 
given in Table I being used. These are all as expected 
except 8; all theoretical curves are plotted for a value 
of 8 twice that obtained from the weight of the absorber 
foil. With this reservation and when allowance is made 
for the effect of finite resolution time, the fit between 
theory and experiment is fairly good. In particular, 
the predicted overshoot was observed; this is most 
noticeable in Fig. 7, where the curves for 51, 7, and 
11¢% show that, at certain times, a higher intensity is 
obtained with the absorber than without it. 

We have chosen to plot the relative transmission as 
1 function of time, using the energy shift AE as a 
parameter to label the various curves. This has the 
a direct estimate of the effect 
of time resolution. One could, of course, plot the trans- 
mission as a function of AE with the time as a param- 
eter. This is done in Fig. 10 which shows the theoretical 
and experimental transmission (relative to that of the 
vibrated condition) vs AE for the times ‘=7/2 and 

tr after the formation of the excited state. Note 
that the apparent half-width at half maximum decreases 
from about 3I° at ‘=7/2 to about 0.71 at ‘=4r. The 
half-width measured without consideration of time was 
ibout 1.61 for this particular absorber (1.27 mg/cm* 
Fee? 

In some cases the dis¢ repanc ies are larger than 
experimental error. A number of possible sources of 
deviation from the theory were investigated. First, 
the theory assumes that no scattered radiation was 
detected. arrangement we 
used in order to keep the coincidence rate high was such 
that any appreciable scattering would have been 
detected. We made a crude check of this by increasing 


the distance from the source to detector from 3 in. to 


2 in. The fact that no change in the time- spectra other 
than the reduced counting rate was observed indicates 
that scattered radiation was not contributing to the 
effect. Second, the source and detector might be 
polarized (because of permanent magnetization or 
by stray magnetic field) and thus change the relative 


intensities and polarizations of the hyperfine lines. To 


advantage of allowing 


However, the geometric 


rase I. Values of parameters used with theory of Sec. II 
to fit data in Figs. 6, 7, 8, and 9. 


Value 


Comment 


0.6 Fraction of 14.4-kev gamma 
rays emitted without recoil 


Fraction of Fe*’ nuclei absorb 
ing without recoil 

Internal conversion coefficient 

Peak absorption cross section 
for no hyperfine splitting 

Thickness parameter of theory. 
(This value is twice the ex- 
pected value.) 

Number of Fe*’ nuclei per cm? 
in absorber. (Obtained from 
weight of foil.) 


15 


1.48 10-34 
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ENERGY DIFFERENCE IN UNITS OF T 


(relative to the vibrated condition) of 
enriched Fe®’ absorber obtained at $7 and 4r after formation of 
the 14.4-kev Ihe solid and dashed curves represent the 
theoretical predictions; the circles the experimental data points 


Fic. 10. Transmission 


state 


polarization of source and detector, 
measurements were made with various 
orientations of the clamped source and absorber. No 
effect larger than the statistical accuracy of 1% was 
found. In another measurement, an upper limit of 5 
gauss put en the local magnetic field, with a 
probable value close to the earth’s field. These two 
make it unlikely that the source or 
absorbers were polarized. Third, because the measured 
linewidths were somewhat greater than they should have 


test for stati 


transmission 


was 


observations 


been, one should perhaps average over a range of energy 
shifts in the region of the nominal displacement AE. 
A series of curves were calculated by averaging the 
curves for a given AE over a Gaussian distribution of 
AE. Although the between theory and 
experiment could be improved in some cases in this 


agreement 


way, it was worse in other cases and no net improvement 
resulted. 
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APPENDIX 


The integral 


2ibw 
, (Al) 


exp 
79 
Ww ——— 1wA 


can be evaluated by completing the contour on a 
semicircle in the upper half of the complex w plane and 
finding the residues of the integrand. Since we’>d, the 
exponent has singularities at w= +-wy’+4iA. It is easily 
that the — wo +4idr 


contains a factor \/wo’, so this term can be neglected. 


shown contribution from w 
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We are then left with 
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Substitution in Eq (A4 yield 


1 
I,=- 7 g Gdw 
2ri #0’ + 40d 
s th wry 
—exp[twe't—4r1] >> ( ) 














1 
= $ Gdw+ Gdw}. (A2) 
Qwil J wo +400 wo’ +4id xX (bt)? J ng (2541! A6) 
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In the second integral we set oe 2! so that We use the generating function (AS) in the first sum 
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For large values of (u , it is convenient to obtain 
rom the formula for generating Bessel functions, a’(t) from the sum of (A3) and (A6; Then we have 
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The neutron total cross sections of 42 elements and isotopes were measured at several energies between 
17 and 29 Mev using monoenergetic neutrons produced by the Livermore variable-energy cyclotron through 


the T(d,n)He* reaction 


Beam contaminations by gamma rays and low-energy “breakup” 


neutrons were 


measured by time-of-flight techniques, and their effects were kept small by suitably high bias on the plastic 


scintillator detector. The accuracy in cross section is typically +1 to 2°; 


The data in this energy region 


have been sparse heretofore. Where comparisons with previous data have been possible, there is substantial 
agreement. When plotted versus energy and mass number, the data form a smooth cross-section surface 
which joins on smoothly to the data at lower energies. The data seem in good agreement with the predictions 


of the optical model of Bjorklund and Fernbach 


INTRODUCTION 


A SERIES of measurements of neutron total cross 
sections of 42 elements and isotopes has been 
made in the neutron energy range 17 to 29 Mev. This 
work is a continuation of similar experiments in the 
7- to 14-Mev region which we published in 1958 in a 
paper' we shall herein refer to as P7-14. The motivation 
for this work was both to provide more and better 
data in a rather sparsely populated region and to help 
test the optical model of the nucleus and evaluate its 
energy-dependent parameters. 


APPARATUS 


Our experiment consists of measuring the transmis- 
sion of monoenergetic neutrons in good geometry, the 
usual method of measuring total cross sections. The 
neutrons are produced by the d—T reaction using 
deuterons supplied by the Livermore 90-inch variable- 
energy cyclotron. The experimental equipment has 
been described in detail in P7-14. The collimated beam 
of deuterons strikes a tritium gas target after passing 
through a thin (9 to 18 mg cm) tantalum entrance 
foil. A beam of neutrons from the gas target is defined 
by the neutron collimator which consists of a hole in 
a rectangular iron block two feet in length imbedded in 
a concrete mass. The transmission sample to be meas- 
ured is positioned on the axis of the collimated neutron 
beam so as to shadow the detector. The positioning of 
the sample is accomplished by a movable, ten-position 
sample carriage. The iron and concrete collimator 
assembly prevents variable in-scattering from other 


* This work was performed under auspices of the U. S. Atomic 
Energy Commission. 

1 A. Bratenahl, J. M. Peterson, and J. P. Stoering, Phys. Rev 
110, 927 (1958). 

* There are many versions of the optical model, which differ 
essentially only in degree of elaboration and in choice of param 
eters. See, e.g., H. A. Bethe, Phys. Rev. 47, 747 (1935); S 
Fernbach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 1352 
(1949); H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys 
Rev. 90, 166 (1953), and Phys. Rev. 96, 448 (1954); and F. E 
Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). We 
shall usually refer to that of Bjorklund and Fernbach, which we 
regard to be the most complete and most successful 


nearby samples and from components of the carriage 
and serves also to reduce the general background. 

Seven new transmission samples, including one 
rare earth, were added to the list reported in P7-14. 
The sample lengths are about 2 mean free paths (at 
14 Mev), as prescribed by a calculation (Appendix II, 
P7-14) showing that for moderate background condi- 
tions this sample length minimizes the total running 
time for a given statistical error. The alignment of the 
detector, transmission sample, collimator, and gas 
target is done optically. The positioning of the samples 
can be controlled remotely with an accuracy of 0.008 in. 
A misalignment of at least 0.050 in. is found to be 
necessary to increase the transmission by 1%. 

The electronic networks for the detector and monitor 
are identical, including temperature-stabilized pre- 
amplifiers and photomultiplier tubes. The detector is 
a cylindrical plastic scintillator } in. in diameter and 
1 in. in length. It is located 30 in. behind the sample 
and 90 in. from the gas target. The monitor is placed 
directly above the exit end of the collimator. It differs 
from the detector only in the shape of the plastic 
scintillator, a }-in. plastic sphere. 


PROCEDURE 


In addition to the neutrons of interest from the 
T(d,n)He* reaction, low-energy neutrons from T(d,np)T 
and T(d,2n)He* breakup modes’ provide an unwanted 
beam contaminant which increases with increasing 
deuteron energy. Another beam contaminant consists of 
gamma rays originating at or near the target. 

The bias settings for the detector and monitor are 
determined by preliminary experiments in which the 
detected beam components are separated by the time- 
of-flight method. The time spectrum in Fig. 1 shows 
the detected components in the nominal 29-Mev 
neutron beam at two bias settings. The peak of the 
breakup neutrons corresponds to an energy of 7.5 Mev. 
The experimental bias for a given energy is chosen by 
examining the ratio of the detected contaminants to the 


*R. K. Smith, L. ranberg, and J. S. Levin, Bull. Am. Phys. 
Soc. 4, 218 (1959) 
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hic. 1. Time-of-flight spectrum of the nominal 29-Mev neutro 
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and detected by a biased plastic scintillator 
the time scale corresponds to the time of the cyclotror 
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detected “good” neutrons as a function of fractional 
bias (Figs. 2 and 3). When the bias is set near 60% of 
the neutron maximum pulse height, the ratio of the 
detected gamma rays to the detected good neutrons is 
less than 0.3% at every energy. Also, at this bias setting 
the ratio of the detected breakup neutrons to detected 
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Fic. 2. Ratios of the number of detected breakup neutrons to 

the number of detected ‘‘good"’ neutrons from the d-T reaction 

as functions of the relative bias on the plastic scintillator for three 


nominal neutron energies 
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good neutrons is about 0.7% at 29 Mev and completely 
negligible at the This con- 
sideration is not Mev since the 
incident deuteron energy is below the threshold energy 
for breakup. The error in total cross section 
ing to a 1% breakup neutron contribution amounts to 
about 0.3% in the 29 Mev. From these 
considerations a low nt of 60% wa 


9 Mev. At 


two lower 


energies 


applicable at 17 


correspond 

worst case at 
fract 

and 

25 Mev the bias level was s a y 


chosen for neutron energies 
1 fractix 
bias of 85% also was | Ov] both a 

of compensating for ele: 

“window” method (see 
means of detecting chan; 
gain. As an 
three 


electronic 
stability, ident 
used at each low bia 
normal cyt lotron beam cu 
detector counting rate 
low bias levels 
One sample run sand 
i for letermination of 


runs furnishes the dat: Cross 


section. Each sample is run severa ach energy 
The background is similarly determined using a copper 
sample 18 in. in lengtl ion i 
10~* at each energy 

The mean deuteron 


a differential range 





TOT Crit 


TT ne 











Fic. 3. Ratios 
number of dete 


bias on the 





NEUTRON TOTAL CROSS SECTIONS AT 17 
Taste I. Total cross sections in the 17- to 29-Mev range 
ot ie o% E, ™% o% 
(barns) (Mev) (barns) (Mev) (barns) 


20.6 


La 
(Mev) 


H 17.8 


Element barns) 


0.560+0.009 


147+0.01 


te 
7 
w 


0.388 40.009 0.34 +001 
0.33140.008 
0.440+0.007 
0.94 +001 
0.97 +0.02 
1.15 +001 
1.32 +0.02 
1.32 +0.01 
1.41 +0.02 
1.61 +0.02 
1.75 +0.02 

+0.02 

+0.02 


0.686+0.008 
+0.02 
+0.02 
+0.01 
+0.01 


20.6 
20.4 
20.4 
20.5 
20.6 


.0+0.01 
15+0.01 
18+0.01 
31+0.01 
46+0.01 


0.513+0.009 
1.01 +001 
105 +001 
1.19 +001 
1.38 +0.01 


Nh Nh bh 
Uuanuwwnu 
Ww a GS Ww Ww 


+0.02 
+0.02 
+).02 
+001 
+0.02 


20.6 
20.8 
20.6 
20.7 
20.7 


5§2+0.03 
69+0.03 
7740.03 
81+0.01 
81+0.02 


w 


+0.02 
+002 
+0.02 
+0.03 
+0.02 
+002 
+002 
+-() 02 
+0.03 
+0.02 
+-0.02 
+0.03 
+003 
+0.02 


Nwwwod 


— 
— 
Cw 


20.8 
20.4 
21.4 
20.4 
21.4 
21.4 
21.4 
21.4 


+0.02 
+0.02 
+0.02 
+0.02 
+0.02 
+0.03 
+0.03 
+0.02 
+0.03 
+0.02 20.5 2.48+0.03 
+0.03 21.4 2.46+0.03 


94+0.03 
11+0.03 
17+0.02 
10+0.03 
17+0.02 
23+0 02 
34+0.03 
31+0.03 


_~ 


+0.03 
+0.03 
+0.03 
+0.03 
+0.03 
+0.02 
+0.03 
+0.03 


ty 
w 
Wwe Ue Ue Ue 


Nm bt he bo te th 
“700 ~7 00 ~73 ~) 


Ww 
wu 


awn 


NM NNN NNN 

NM hh NS NO NY BO OD PN bt ft Bt DN 
ome Ged ome ome mt ome pp 

NM NNN NN Re ee 


SEE 


uw" 
on 
Nm 


+0.03 
+0.03 
+0.02 
+0.03 
+0.04 
+0.03 
+0.03 
+0.04 
+0.03 
+0.04 
+0.03 
+0.03 
+0.04 


+-0.02 
+-0.02 


at tt eh tet pe eh teh eh eet 
OO 100 SSI I SI 1 +100 OO 
= 


ie be Une Ge Gr 
NMNNNN HNN NY 


Nm he 
Sn 
Noe 


+0.03 
+0.05 
+0.03 
+0.04 
+0.04 


2.58+-0.03 
2.65+0.03 
2.69+0.03 
3.3140.04 
3.27+0.03 


+0.03 
56 +0.04 
1 +002 
+0.03 
+ 0.04 
+0.04 
+0.04 
+0.04 
+0.04 
+0.04 


Ann 


— 
anova & 


) 
} 


= 
ons OM UD 


Og Sg Sg S65 
we UD uw 
NM NN th 
— 
ine 

as 

~ = 

So 


2 

3.14 

3.03 

+0.04 3.34 
+0.05 } 
+0.05 
+0.05 
+0.05 
2 +0.05 
+0.05 
+0.05 
+0.06 
+0.07 
+0.06 
+0.06 


3.57+0.04 
3.59+0.04 
3.72+0.04 
3.82+0.04 


—_ 
a 


3.34 
3.46 
3.48 


_ 
~s 


ann 
NM NN RO tO te NS te te 
wWrRRNK RK we 


UuMauUudé UW 


SP > 
wie 
a 


3.85+0.04 
3.96+0.95 
4.53+0.06 
5.28+0.05 
24+0.06 
56+0.06 
70+0.07 


3.53 
3.63 
4.27 
5.04 
4.96 


+-0.03 
+-0.04 
+0.05 
+-0.05 
+-0.06 
+-0.06 
+0.05 


+0.04 
+0.04 
+0.05 
+0.05 
+0.05 
+0.05 
+0.05 
+0.05 
+0.06 
+005 
+006 
+0.05 
+0.06 
+0.06 


wwwwuuw es we 


1 
1 
1 
1 
1 
i 
1 
1 
1 
1 
1 
1 


ee ee ee ee ie» 
bee Go Go Ge Un ie oe 

4 
NM RM NW NO th tO th 
Anne ev 
NNN th 


mu 


+0.06 
7 +0.07 
+-0.06 
+0.07 
+0.07 
+0.07 


70+-0.06 
91+0.06 
&85+0.06 
6.17+0.09 
6.18+0.06 
6.19+0.08 


+0.05 
+007 
+007 
+0.07 
+-0.07 
+-0.07 


wwewa vi 

mun 
hh DN DO tO 
ARAM 
— ot ee ee ND 


SNS ss 


P7-14, and the corresponding neutron energies are RESULTS AND DISCUSSION 
found from the tables of Fowler and Brolley.‘ The 
uncertainty in the mean neutron energy due to un- 
certainties in range measurements varies from +1.5% 
at 17 Mev to about +0.7% at the higher energies. In 
the vicinity of 17 Mev, where the 4-in. gas target is 
filled to one-half atmosphere of tritium, the neutron 


A. Results 


The measured neutron total sections of 42 
elements and isotopes between 17 and 29 Mev are 
tabulated in Table I. Corrections for background, 
in-scattering, and chemical and isotopic composition 


cToss 


energy spread due to gas target thickness is +1.5%, 
and at the higher energies, where one atmosphere of 
tritium is used, it varies from +0.7% to +0.3%. In 
addition, there is an inherent energy spread in the 
deuteron beam from the cyclotron which contributes at 
most +0.3% spread in the neutron energy. 


‘fF. L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
1956 


have been applied. These data are plotted in Fig. 4 
along with other data® going down to 1 Mev. This plot 
shows that the new data represent a smooth extension 


5’ Our older data’ are used between 7 and 14 Mev. Below 7 
Mev various sources were used as referenced in Neutron Cross 
Sections, compiled by D. J. Hughes and R. Schwartz, Brookhaven 
National Laboratory Report BNL-325 (Superintendent of 
Documents, U. S. Government Printing Office, Washington, D. C., 
1958), 2nd ed 
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was approximated as (kR+1)*/8r, where & is the 
neutron wave number and R is the nuclear radius, 
taken as 1.4A! fermis. This recipe was verified to 
hold in the 17- to 29-Mev energy region, as well as the 
7- to 14-Mev region, by comparing it with the ratio 
computed using the measured angular distribution at 
24 Mev of Stuart and co-workers" for iron and bismuth. 
Here the recipe held to within 20% of the measured 
ratio and so it was applied throughout with confidence. 
Because of the rather good geometry employed, the 
in-scattering correction was always quite modest. In the 
worst case (plutonium at 29 Mev) it amounted to only 
1.3% in the final cross section, and in most cases it was 
0.5% or less. 

Random errors from sources other than counting 
statistics are most likely to arise from short-time 
changes in the gain of the electronic system and/or the 
energy of the deuteron beam. These effects were watched 
for by monitoring the reproducibility of the ratio of 
the high to the low bias counts of each detector, which 
is sensitive to both of these effects; no serious drifts 
were found. 

15 r P 


Phys. Soc 


Stuart, J. D 
4, 257 (1959 


Anderson, and C Bull. Am 


Wong 


Systematic errors from sources not already considered 
are difficult to assess. One source is the presence of 
contaminants and voids in the transmission samples. 
extensive chemical 
analyses and x-ray and ultrasonic examination. Mass 
spectroscopy also was employed for analysis of our 
deuterium errors can also be 
detected through internal comparisons of the data. 
Our 7- to 14-Mev data (in P7-14) were consistent with 
the assumption that the cross sections of the medium 
and heavy nuclei vary smoothly, both as functions of 
energy and as functions of mass number, even in the 
neighborhood of magic-number nuclei; this state- 
ment is true also with the 17- to 29-Mev data with one 
exception, that exception being on the plots of cross 
section: versus 


These were guarded against by 


sample. Systematic 


A‘ where the cross sections of vanadium 
and chromium (especially vanadium) consistently dip 
away by about 5% from smooth curves through the 
rest of the data (Fig. 6). Since the principal isotopes of 
vanadium and chromium are both magic in having 
closed shells of 28 neutrons, it is tempting to attribute 
this effect to the closed shells. However, all of the 
other magic nuclei measured (Ca, Ni, Sn, Ce, Pb, and 


Bi) fit nicely onto a smooth curve through the data at 
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Ti*’“*(d,p)Ti*’** Reactions and the 1f;,." and 1f;,.""'2 Configurations* 
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The nuclide Ti*’ was investigated via a high-resolution spectroscopic study of the reaction Ti**(d,p)Ti”’ 
The observed levels, the measured orbital angular momenta of the captured neutrons, and the tentative total 
angular momenta assigned on the basis of relative intensities were as follows: ground state, 0.16 Mev, 1, =3, 

; (0.55 Mev, J*=4-); 1.56 Mev, /,=1, (J*=3-); 1.80 Mev, J,=1, (J*=4-); 2.58 Mev, |, =1; 2.83 

7, l,=1; 3.31 Mev, l,=1, (J*=4 or §-); 3.6€0 Mev, (J,=1, J*=4-); 3.71 Mev, (,=1, J*=4-); and 
3.95 Mev, (/,=1, J*= . Similarly for Ti®: ground state, |,=3, J*=4-; 1.38 Mev, |,=1, J*=4°; 1.72 
Mev, /,=1, (J =4-); 2.44 Mev; 2.49 Mev; 3.17 Mev, (1, =1, J*=4~); and 3.26 Mev, /,=1, (J*=4°). It is 
shown that the ground state of Ti and the ground-state triplet of Ti*’ can be accounted for by pure f7/2* 
configurations, and that most of the observed levels can be associated with 1/;,2""'2p, and 1fr2""'2p, 


configurations 


I. INTRODUCTION 


A STUDY has been made of proton groups from the 
reactions 'Ti‘*(d,p) Ti” and Ti**(d,p)Ti®, induced 
by the 7.8-Mev deuteron beam of the University of 
Michigan cyclotron and analyzed by means of a high- 
resolution magnetic spectrometer’ and nuclear emul- 
sions. Levels up to about 4 Mev in Ti” and 3.3 Mev in 
Ti® were examined with an over-all resolution of 35 kev; 
angular distributions were measured for the more in- 
tense groups. 

The various ways in which a stripping reaction can 
tell us something about the structure of nuclei have been 
reviewed in detail by Macfarlane and French.’ It is 
shown that, although more sophisticated theories of the 
stripping process have been developed,’ it is still ap- 
propriate for spectroscopic purposes to analyze the 
angular distributions of the proton groups in terms of 
the original simple theory of Butler.‘ The magnitude of 
the cross section is then employed? to extract a reduced 
width #. The empirical reduced widths so obtained are 

* Supported in part by the U. S. Atomic Energy Commission’ 
The experimental phase of this work was carried out at the Uni 
versity of Michigan. The work of evaluating and interpreting the 
data was done at the FOM-Instituut voor Plasma-Fysica, The 
Netherlands (L. H. Th. R.) and the University of Rochester 

O. M. B. and M. H. M.). 

+ Now with FOM-Instituut voor Plasma-Fysica, Rijnhuizen, 
Jutphaas, The Netherlands 

t Now with the Department of Physics and Astronomy, Uni 
versity of Rochester, Rochester, New York. 

1D. R. Bach, W. J. Childs, R. W. Hockney, P. V. C. Hough, and 
W. C. Parkinson, Rev. Sci. Instr. 27, 516 (1956). 

*M.H. Macfarlane and J. B. French, U. S. Atomic Energy 
Commission Report NYO-2846, October, 1959 (unpublished); and 
Revs. Modern Phys. (to be published). 

* Discussions of the more refined theories of the stripping 
process, with full lists of references, have been given by W 
Tobocman, Technical Report No. 29, Case Institute of Tech- 
nology, 1956 (unpublished); S. T. Butler, Nuclear Stripping 
Reactions (John Wiley & Sons, Inc., New York, 1957); N. Austern, 
Fast Neutron Physics, edited by J. B. Marion and J. L. Fowler 
(Interscience Publishers, Inc., New York, 1960), Chap. V; C. R 
Lubitz, Ph.D. thesis, University of Michigan, 1960 (unpublished) 

‘S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 


analyzed with the aid of shell model wave functions for 
the nuclear states involved. To do this, & is expressed as 
a product of two factors: 


F = $8,’, (1) 


where § is the spectroscopic factor, depending only on the 
nuclear wave functions, while the single-particle reduced 
width 6 is, essentially, the reduced width for capture 
of a nucleon of the appropriate energy and orbital 
angular momentum by an inert potential well. When 
dealing with reduced widths by means of the simple 
Butler theory, 6? is to be regarded as an empirical 
parameter. 

In the present specific cases of Ti**(d,p)Ti” and 
Ti**(d,p)Ti®, several kinds of information are derived 
from such an analysis. (a) Information is obtained about 
level spectra of Ti and Ti® which, while consistent 
with the results of earlier studies,*~* includes the 
identification of four new levels in Ti*’. (b) Spin assign- 
ments for several states in Ti” and Ti® are made from 
angular distributions and reduced widths of the corre- 
sponding transitions. (c) Studies in the f7,2 shell® leave 
open the possibility that low-lying levels of nuclei in the 
vicinity of A= 50 may be reasonably described by wave 
functions of the configurations /7,.". The reduced widths 
of transitions to the lowest levels (below 1 Mev) of Ti*’ 
and Ti® are pertinent to this question. (d) Transitions 
to higher excited states reveal single-particle neutron 
levels in Ti” and Ti®, their positions, spacings, and the 
manner of their fragmentation by final-state inter 
actions. (See also reference 8.) 

Experimental procedures and results 


energy level 
positions, measured angular distributions, and reduced 


*G. F. Pieper, Phys. Rev. 88, 1299 (1952) 

* J. P. Schiffer, L. L. Lee, and B. Zeidman, Phys. Rev. 115, 427 
1959) 

7G. A. Bartholomew (private communication). 

* J. E. Robertshaw (private communication) 

* J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956) 





om E, = 18 MEV 
TARGET: NATURAL TITANIUM 
EVAPORATED ONTO GOLD LEAF 
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hic. 1. The (d,p) spectrum from a natural titanium target. This spectrum is a composite of erlapping é vectra registeres 
in nuclear emulsions at the image plane ola high resolution magnetic spectrometer KCET or the hig r orti for which the 
ri” and Ti’ / 3 transitions are stronger at 30°, the spectrum is composed from 20 | 


Fic. 2. The 20° (d,p) spectrum from a TiOs, target enriched to 83% in Ti**. The augmentation of peak rresponding to Ti** and the 


diminution of those corresponding to Ti, as compared with Fig. 1, is commensurate with the isotopi mposition of the targets. Suc} 
comparison, together with the examination of the kinematic behavior, led to the identificatio 
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Fic. 3. The (d,p) spectrum at 20° from a TiO; target enriched to 99% in Ti*. The large gap between the ground 
state of Ti” and its first excited state reflects the fact that the f7;:* configuration contains only one state which involves 
no proton excitation (see Sec. IV). While in Fig. 1 the peaks corresponding to Ti*’ and Ti® interfere, here the contribi 
tion from Ti* is reduced to less than 0.5%, so that the peak is essentially due to Ti® alo 





Pit.4e (dp) Tis 
widths—are presented in Secs. II and III of this paper. 
A theoretical analysis of these results, after the fashion 
outlined above, is given in part IV. 


Il. EXPERIMENTAL PROCEDURE 


Targets used in this experiment were obtained by 
evaporating elemental titanium and titanium dioxides 
enriched in Ti* and Ti** onto gold leaf. Since both the 
titanium metal and the dioxide require over 2000°C for 
evaporation, a carbon boat supported in vacuum by 
water-cooled copper electrodes and screened by water- 
cooled shields has been used as crucible. Targets ranged 
in thickness from 100 to 300 ug/cm? and were capable of 
withstanding days of bombardment by the deuteron 
beam (about 1 wa) without sign of wear. 

The known relative abundances of the isotopes in the 
targets (see Table I) provided a direct check and a 
means for identification of peaks in the respective 
spectra. Typical proton spectra obtained with the three 
types of targets are shown in Figs. 1, 2, and 3. Each 
spectrum covers a range of over 4 Mev in proton energy. 
Since at a given magnetic field the high-resolution 
spectrometer’ registers only over a 1.2-Mev wide energy 
interval, each of the Figs. 1, 2, and 3 is a composite of 
six overlapping partial spectra, properly corrected for 
effects of solid angle. 

In addition to identification of the peaks by their 
relative intensity with regard to isotopic composition of 
the targets, all titanium groups have also been identified 
by their kinematic shift with angle and by reference to 
the ubiquitous groups from C"(d,p)C* (ground state) 
and O'*(d,p)O" (ground state). Peaks due to impurities 
have been recognized similarly. To double check on 
weak silicon and sulfur impurity groups, located in the 
neighborhood of the equally weak Ti**(d,p)Ti” ground- 
state group, separate exposures of thin silicon and sulfur 
targets were made and spectra compared as in Fig. 4. 
The fact that the angular distributions of the Si**(d,p)Si® 
(ground state) and the S*(d,p)S*® (ground state) groups 
show /,=0 and /,=2 patterns, respectively, provides an 
additional check on the consistency of the. identifica- 
tions. See Fig. 5. 

The angular variation of the stripping cross sections 
for the stronger levels has been measured in steps of 5°. 
Except where precluded by interference from extraneous 
groups, the angular distributions have been followed 
down to an angle of 10° lab. 

A systematic measurement of absolute Q values for 
the various reactions has not been attempted. However, 
the Q values for Ti**(d,p)Ti® (3.26-Mev level) and 


Paste I. Isotopic composition of targets used in this experiment 
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Fic. 4. Comparison of spectra taken under identical conditions 
off S, Si, and TiO, targets. This juxtaposition served as a double 
check in the identification of the ground state and the 0.55-Mev 
state in Ti*’; it helped in making a positive identification of the 
Si” and S* impurity groups in the Ti(d,p)Ti® spectrum. 


Ti*(d,p)Ti” (3.95-Mev level) have been determined 
with respect to the C"(d,p)C™ (ground state) proton 
group.” It was possible to make these determinations 
without a very precise knowledge of the energy Ez, of the 
deuteron beam because 0E,/dEq is equal to 0.99 for 
Ti® (3.26-Mev) and Ti (3.95-Mev), while it is equal to 
0.96 for C* (ground state). This means that for an 
uncertainty as large as 100 kev in beam energy, the 

“R. A. Douglas, J. W. Broer, R. Chiba, D. F. Herring, and 
E. A. Silverstein, Phys. Rev. 104, 1059 (1956). 
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iy) > Taste II. Assignm< 
Ti Ti (4, p) Ti”? Ti® and relative 


0.16 
E, = 7.8MEV 


Excitation 
energy 


(Mev 
Pi**(d,p)Ti” 


0 69 +0 
0.16 53 +0 
0.55)" 14 +0 
| 1.56 13 +0 
1.80* R90 +() 
2.58 11 +0 
283 $86 +0 
3.31 338 +0 
3.60* 09 +0 
3.71% +0 
3.95+0.03 7 +() 





li’ (d,p)Ti® 


+0) 
54 +0 
20 +0 
16 +0 
48 +0 
3 43 
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Si (Fig. 4) and by its kinematic behavior, which is the 
Same as for the unn t } ! j . 0.16-Mev 
group. set Fig. 5 

Noteworthy is the ex t relation betwee 
8 = 50° results and the ¥ ray spectra’ fron . ny ri®. All 
levels in Ti ", except the 2 ' vhich probably 
Hp can be identified with th level seen by 
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Fic. 5. Kinematic identification, by reference to the stronger and Robertshaw®*), have experiments. 


unmistakable Ti‘? (0.16 Mev) group, of the ground-state and the 
0.55-Mev groups of Ti Note that while Si® (ground state) and ° P 1 ° 

S* (ground state) peaks shift with angle relative to the Ti” (0.16 the basis of our level an Valu minations 
Mev) group, the energy separation between the Ti? peaks remains described in Sec. IT and the 

the same. The fact that the angular distributions of the Si?8(d, p)Si® , ; 

ground state) and the Si®(d,p)S® (ground state) show |, =0 and of level spacings by Bart 


Reaction Q values listed ir rhe vere computed on 


l,=2 patterns, respectively, provides an additional check on the Angular distributior hay beer tained for the 


consistency of the identifications 0.16-, 1.56-, 1.80-Mev levels, and partial angular dis- 
tributions for the 2.58-, 1 tl 
uncertainty in the Q value will be only 3 kev. Results of in Ti*’, all shown in g ll the above angular 
these measurements are listed in Table II distributions are best fitted ith a theoretical Butler 
curve corresponding to neutron captures with /,=1, 
Ill. EXPERIMENTAL RESULTS except for the 0.16-Mev state where a reasonable fit is 
obtained only with / 
Angular distributior 
transitions leading to 
ties at @= 20° (see Figs. 1, 2, and 3) are summarized in Mev and 1.72-Me. 
Table IT. This table contains four previously unreported 
levels in Ti*’, at (0.55), 1.80, 3.60, and 3.71 Mev. and 
one new level in Ti® at 2.44 Mev. The very weak 
ground-state transition Ti‘*(d,p)Ti? (ground state) is 
reported here for the first time. The identification of this 


The results of identification of spectral peaks and of 
the measurement of their energies and relative intensi- 


partial angular distributi 
Mev level in Ti*® is also 
fit with Butler curves is ur 


SC. R 
: 3 - Strip ping 
peak has been made by reference to groups from S and __ published 





Pit*.*8(d,p) Ti*? 


[ase III. Summary of data obtained from the 
Ti**(d,p)Ti*® reaction. 





Excita 
tion Relative Relative 
Mev) (2I +1) F 


(<0.06) (a) (b) 
1 

(<0.04) 
1.6 


Remarks 


> 


0 
0.16 


0.55 


) 


~ 


3 
5 
8 


ere eakereeesewmeet-seree | 


1.3 
0.8 
(0.9) (d) 
(2.0) d) 
(4.2) d) 


PRAMmnanaun 


pb td fd oh Pm ee te ome Cod Cd Cd 


1 
1 
2 
a 
3 
3 
3 
3 


* All reduced widths are expressed as multiples of @:.s? (0.16 Mev) 
he measured relative cross section at 6:8» =20° indicates @ (relative 

< 0.06 for a possible 1, =3 transition 

¢ The measured relative cross section at @is,) =20° indicates @ (relative) 
< 0.04 

4 Reduced widths are calculated for assumed |, =1 transitions, the differ 
ential cross section having been measured at only two angles, #1.» = 20° and 
Gish = 35°. The intensity ratio at these angles is consistent with either l. =1 
or ln =2. See Sec. IV for further discussion, leading to selection of i, =1 


experimental distributions in Fig. 7, the fourth, on 
account of its incompleteness, allows for fits with either 
l,=1orl,=2. It is shown in Sec. IV, however, that the 
1,=1 assignment is to be preferred on theoretical 
grounds. 

The information on Ti* contained in Figs. 2 and 6 is 
epitomized in Table III in a form suitable for inter- 
pretation which follows in Sec. IV. Table IV is a similar 
epitome of information on Ti* contained in Figs. 3 and 7 


IV. DISCUSSION OF RESULTS 


The notation and techniques to be used in this section 
follow those described by Macfarlane and French.* In 
particular, the symbol 


[W(Jo)aj ly (2 
is used to denote the result of coupling an antisymmetri: 


TABLE IV. Summary of data obtained from the 
Ti* (d,p)Ti® reaction 


Relative Relative 
(27 +1) © 


8 1 
14 3 
6.0 1 


Remarks 


~~ Ww 


HOM x 


2.9 1.5 
6.0 3.0 


wwnn ee 
N= & > 


a 


e cross section has been measured at 20° and 40° lab 
urge cross section at @is» =20° suggests an /, <1 transition. The 
ith has been extracted on this assumption, see Sec. IV 


6. Angular distributions in the Ti**(d,p)Ti® reaction, 
leading to the 0.16, 1.56, 1.80, 2.58, 2.83, and 3.31-Mev states in 
Ti’. Although only partial data are available for the angular 
distribution corresponding to the 2.58, 2.83, and 3.31-Mev states, 
an assignment of i to the captured neutron is unambiguous 
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(n—1)-particle state W(JoMo) and a single-particle 
state g(jm) to a total angular momentum J, and then 
antisymmetrizing the resulting function in all n par- 
ticles. We shall use this “‘weak coupling” approach only 
when W(J»M>) involves no significant contributions 
from nucleons equivalent to /, sin he idea of weak 
coupling loses much of its special character when applied 
to equivalent nucleons. Specifically, the final anti 
symmetrization of the function 


vj" 


will, in general, introduce terms wherein the first »— 
nucleons are coupled to spins other than Jo. 

In describing the lowest states of the Ti isotopes we 
shall adopt wave functions be longing to the appropriate , 
configuration 1 /7;2". We shall, further, treat neutrons 
and protons on a separate footing, on the assumption 
that the corresponding angular momenta J, and J, are 
good quantum numbers. The approximations involved 
are discussed in Sec. V 


States of Ti‘ 


For the wave functions of the lowest states of Ti? we 
therefore take the symbol shown in Fig. 8(b), where a 
circular arc denotes antisymmetry and the two /; 
protons are in their lowest state, with /,=0. The ap- 
propriateness of this description seems to be borne out 
by the observed spectrum of Ti*’; three levels are found 
below 0.55 Mev, the next known excited state being 
1 Mev higher, at 1.56 Mev. The spins of the ground 
state and first excited state are known to be $~ and 3-, 
respectively. It is therefor probable that the 0.55-Mev 
second excited state has /*= 


Stripping transitions to }~ and }~ levels in Ti’ must 


involve py and f/f; nucleons, respectively. Since the main 
2p, components do not begin to appear until 1.56 Mev 
and the main 1/; contributions lie above 4 Mev, the 
transitions to the ground (}~) and second excited (3 
states of Ti’ are j forbidde n. The fact that no stripping 


is observed in either case supports the assumption of 


pure 1 7/27 wave functions. 

The observed upper limit on the reduced width of a 
possible /,=3 ground-state transition sets a corre- 
sponding upper limit on the 1 /y admixture in the ground- 
state wave function, in fact, if 


Vv (Ti, ground state) =a¥(3)+6L¥(Ti®)2z1/; 


where ¥($) is given by Eq. (3), it is clear that stripping 
from Ti** can proceed only to the 1/; part of the wave 
function. The reduced width is simply 6@?(1/) and 


2 B. H. if lowers Proc Re Vv. Soe I lor A212, 248 1952 


Fic. 7. Angular distributions in the Ti“ (d,p)Ti® reaction leading 
to the 0-, 1.38-, 1.72-, and 3.26-Mev states in Ti®. Because of 
interference with the strong C"(d,p)C™ group, the angular distri- 
bution corresponding to the 3.26-Mev state could not be completed 
at forward angles. While both /, = 1 and J, =2 assignments are n¢ 
inconsistent with this partial angular distributic l,=1 is pre 
ferred on theoretical grounds (see Sec. IV 





Fic. 8. Symbolic notation delineating (a) the Ti® ground-state 
wave function, (b) the ground-state triplet of the Ti” wave 
functions, with J =#, §, and j 


this, according to Table ILI, is no greater than 0.06 of 
the /,=3 reduced width of the first excited state. Since 
the S value of the latter transition is 4 (see below), we 
have 


8707 (1/)/40F (1) < 0.06, 


whence §*<0.03. In other words, the 1 fy admixture in 
the Ti‘? ground state is at most 3% (in intensity). 

Proceeding in the same fashion, we find that the 2p, 
admixture in the $~ second excited state of Ti’ is no 
greater than 4%. In this case, we need to know the ratio 
6.°(2p)/@P(1f) of single-particle reduced widths. The 
value 2 used here is that obtained from a number of 
experiments? in the region of mass number 20< A <70 
and is satisfactorily consistent with the value 1.7 
derived [Eq. (5), below | from the results of the present 
experiment. 

Above the low-lying states of fz.’ we encounter a 
succession of levels populated by /,=1 transitions. The 
first five of these transitions are clearly identified as 
l,=1 by their angular distributions; the three highest, 
to levels at 3.60, 3.71, and 3.95 Mev in Ti*’, were ob- 
served at only two angles (04 ,=20° and 35°). The 
intensity ratio at these two angles is consistent with 
1,=1 or with /,=2 in each case. Since the lowest 2d, 
components of any consequence are seen™ at 4.76 Mev 
in Ca“ and at 4.3 Mev in Ti®, we regard /,, = 2 as unlikely 
and therefore tentatively assign /,=1 to the transitions 
in question and extract reduced widths on this basis. 

If the weakly populated level at 3.31 Mev is ignored, 
for the moment, there is a clearly discernible break in 
the succession of /, = 1 levels between 2.83 and 3.60 Mev 
We might therefore suggest that the four /,=1 transi- 
tions below 2.83 Mev involve 2, nucleons and proceed 
to fragments" of the single-particle state 


[W(Ti*)£2 py], 


the three highest transitions involving 2p, and selecting 
components of 


CW (Ti"*)£2py J. 


3 J. R. Holt and T 
A66, 565 (1953). 

4 Since we are treating the Ti** and Ti ground states on the 
basis of pure f+." configurations, we may use the weak-coupling 
approach, mentioned at the beginning of Sec. IV pP =| 
levels in Ti” and Ti* 


N. Marsham, Proc. Phys. Soc. (Londor 


to discuss 
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If this interpretation were correct, the total 2p, and 29, 
intensities [>-(2/+1)@] would be in the ratio of the 
corresponding statistical factors (2/+1), which in this 
case is 2. The observed ratio is in tolerable agreement 
with this prediction, being 1.8 or 1.5 according as the 
3.31-Mev level is assigned spin }~ or } 

Using the fact that the /, 


3 transition to the first 
excited state of Ti‘? has $= 4 and again summing over 
all /,=1 transitions, we have 


> (23 +1) (l=1) 


46.7 (2p) +2607 (2p) 


846,7(1/) 


(27 +1)62(0.16 Mev, /=3) 


360? (2p) 
=————-, (4) 
267 (1f) 


The observed value of this ratio is found, from Table IT], 
to be 2.5, whence (4) yields 


6:2(2p)/O2(1f) 1.7, (5) 


in satisfactory agreement with other estimates.” 

The mean positions of the single-particle 2p, and 2p, 
states can be estimated roughly by weighting the energy 
of each observed fragment according to its reduced- 
width amplitude. The resulting p-doublet splitting is 


E(2p,)— E(2p4) ~1.7 Mev, (6) 


the spin of the 3.31-Mev state being of no importance. 
Agreement with other observed p-doublet splittings in 
the mass region'® 20< A < 50 is excellent. 

We therefore conclude that the Ti levels at 1.56, 
1.80, 2.58, and 2.83 Mev probably have spin $-, while 
the levels at 3.60, 3.71, and 3.95 Mev probably have spin 
4~. The 3.31-Mev level may have J*=4~ or 3-. 


States of Ti** 


Since the configuration /7;2’= f7,2' of identical nu- 
cleons contains only one state, the symbol in Fig. 8(a) 
represents the only state of /7;:° which involves no 
proton excitation. Since ( /7/:*)2 lies about 1.5 Mev above 
(f7/2)o, we expect Ti® to have a well-isolated {- ground 
state; this is indeed found to be the case. 

Representing the lowest j~ states of Ti” and Ti® by 
symbols of Fig. 8, and using similar wave functions for 
the ground states of Ti** and Ti**, we find, for the re- 
spective /,=3 transitions, 

$(Ti*, 0.16 Mev) =}, : 

(7) 
$(Ti®, ground state) =} 

The corresponding ratio of empirical reduced widths 
obtained from the present experiment is 


(Ti, 0.16 Mev) /@(Ti*®, ground state) =2.2+0.7, 
in good agreement with the ratio 2 given by Eq. (7). 


' R. H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 
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The /,=1 transitions to the levels at 1.38 and 1.72 
Mev clearly exhaust the major portion of the 2), single- 
particle state. If we proceed as we did in writing down 
Eq. (4) and use the second of Eqs. (7), the observed 
reduced widths of the first three levels of Ti” yield 


6? (2p) /O2(1f) = 1.3, (8) 


a considerably smaller ratio than is found elsewhere. 
(Compare reference 6.) 
The associated strong /, 
the 3.26-Mev level contains a large fragment of 
[W(Ti**)£2p, |. The nearby 3.17-Mev level, for which no 
angular distribution is available, probably does so as 
well. In contrast to the situation in Ti’, the total 2p, 
intensity in Ti® is rather less than half the 2p; intensity. 


1 transition indicates that 


This circumstance suggests that sizeable 2p, fragments 
may lie above the highest energy attained in the present 
experiment. Nevertheless, in view of the wide gap be- 
tween 1.72 and 3.17 Mev devoid of any strong transi- 
can assign spin }~ to the 1.38- and 1.72-Mev 
to the 3.26 and probably also to the 
3.17-Mev level, with some confidence. 

sx hiffer, Lee R and Ze idman,* who studied gross struc- 
ture in the proton spectra from Ti**(d,p)Ti*®, found 
results consistent with those pre sented here, where the 


Lions, we 


levels and spin } 


two experiments overlap. In particular, they identified 
1 fy components around 2.5 Mev in Ti®. Levels observed 
at 2.44 and 2.49 Mev in this study may contain such 
components since comparison of 20° and 40° data for 
these transitions show definitely that /+ 1. 

The density of known levels of Ti and Ti® up to 
about 3 Mev is noticeably less than in the corre- 
sponding'* energy range in Ca“, Ca, and Ca®. It is 
likely that other, as yet unknown, levels, excited very 
weekly in (d,p) reactions, actually exist in the relevant 
ee”. 
lar polarization of + 
Ti 


and 3 


parts of the spectra of Ti’ and 


A study 


capture of polarized neutrons by 


’ of circu rays from the 


has been in- 
terpreted'?'® as indicating spins of 3 
tively, for the 1.38-Mev and 1.72-Mev levels of Ti*. 
angular 


1 
2 to 


respec- 


Similar assignments have been based on y-¥ 
correlation measurements.” The assignment of J 
the 1.72-Mev level of Ti® is in conflict with our inter- 
pretation of the 
sistency of stripping data and since the circular polariza- 


stripping data. In view of the con- 


tion and y-y correlation measurements are very delicate, 
we have decided to treat the stripping results on their 
own merits; we assign /,= 1 to the 3.26-Mev level and a 
probable spin of 5 to the 1.72-Mev level in Ti 

The implications of assigning a spin of 4~ instead of 3 
to the 1.72-Mev 


If we keep the 

C.K. Bockelman and W. W 
1957). C. K. Bockelman, C. M 
Buechner, R. D. Sharp, and A . 
1957); W. R. Cobb and D. B. Guthe, Phys 
7G. Trumpy, Nuclear Phys. 2, 664 (1957 
SL. W. Fagg and S. S. Hanna, Revs. Modern Phys. 31, 711 

1959) 
”% J. W. Knowles, G. Manning, G. A 
Campion, Phys. Rev. 114, 1065 (1959 


level are twofold. (a 
Buechner, Phys 
Braams, C. P 
Phys 


Rev 


Rev. 107, 1366 
Browne, W. W 
Rev 107 176 
107, 181 (1957 


operduto 


Bartholomew. and P J 


BILANIUK, 


AND MACFARLA? 


assignment for the 3.26-Mev st f l.=1 and of 


negative parity, we are fai henomenon of 


gross-structure peaks it spectrum, 
separated by 1.7 Mev, both corresponding to /,=1 
capture, but neither belonging to 2p; or 2p, single- 
particle states. It is cl 
incompatible with th rk of fer, Lee, 


two 


terpretation 1s 
and 


Zeidman,® wherein each gross-structure peak is identi 


fied with just one single-parti tate. Any alternative 


explanation for the observed consistent® gross structure 


is hard to conceive b he 3.2 ev level might Nave 


positive parity and the trai involve /,=2 
rather than /,=1 captur possibility is 


by the fact that al 1it' na f 1eén 5 been 


iggested 
en- 
countered in distingui tripping 
experiments iterons on 
nuclei with A>40 € present in- 
stance, however, the / 2 assignment would lead to a 
2p-doublet splitting of « 340 
1.5 to 2 Mev in nearby 1 ( , Ca®*, Ca 
and would 
smaller than that 


quietingly low 


nparison with 
Ca” 
mply markedly 


uready dis- 


V. CONCLUDING REMARKS 


Instead of regarding ne as different 


particles, we might have used t otopic spin formal- 
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ism. If all possib! 
and proton groups are taken into ; nt, the 


excited states ol t! parate n¢ 
two ap 
proaches are, of course, equivalen owever, we do not 
wish to carry out an extensive calculation of 
levels and wave funct 
tions to provide 


ene rey 
approxima- 
riptions of 
those few states of / * which lie lowest in e1 rg The 
approximations which 
representations are, in get 

ment of neutrons and pr 

such as in Fig. 8. With the 


} 
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with the smallest possible isot 


symplectic symmetry 
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similar wave functions of 
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two-body interaction betw 
form a calculation of energ) 
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being good quantum numbers than is 7, the 


large 


errors 
involved in our treatment of the very lowest levels are 
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probably small 


we again obtain the § values of Ex 
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Soc London) 75. 95 (1960 
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[Ti** +s 


transitions of interest, in spite of the fact that the wave 
functions involved are not identical. 

In Sec. IV we were able to set upper limits on 1 /; and 
2px ontributions to the states represented by the symbol 
of Fig. 8(b), with J= 3 and §, respectively. The small- 
ness of these upper limits and the good agreement 
between the observed ratio of /,=3 reduced widths in 
Ti and Ti® and the predictions of our simple model 
suggest that the lowest states of the Ti isotopes may be 
described quite well by pure 1/7,2" wave functions. 
There are, however, certain kinds of admixtures about 
which the experiments under consideration give no 
direct information. It is worthwhile to list the more 
important of these admixtures together with suggested 
ways of investigating them experimentally. (a) (2p;*)o 
and (1 /,?)o admixtures in the Ti** and Ti** ground states. 
The presence of sizable components of this kind would 
be revealed by /,=1 and /, =3 transitions to known 2p, 
and 1/; single-particle states in Ti** and Ti in the 
appropriate (d,t) or (p,d) pickup reactions. (b) Excita- 
tion of particles from 1d; and 2s, shells in the ground 
states of the Ti isotopes. Such admixtures again lend 
themselves to investigation by the appropriate pickup 
reaction; they might be seen through weak /,=0 and 
/,,= 2 transitions, of which the former are more likely to 
be observable. 

A final summary of the present work is given in 
graphical form in Fig. 9, in which energy level diagrams 
of Ti’ and Ti® are shown as they are now known. The 
levels at (0.55), 1.80, 3.60, and 3.71 Mev in Ti*’ have 
not been previously reported. The very weak ground- 
state transition in Ti**(d,p)Ti* has been identified here 
for the first time, consequently, the p, single-particle 
state reported until now®”™ as lying at 1.40 Mev is 
placed at an excitation of 1.56 Mev. 

It is clear that experimental studies of (d,t) or (p,d) 
reactions on the Ti isotopes would be profitable. Apart 
from the points mentioned above, the Ti‘’(d,t)Ti* re- 
action would be particularly interesting because it 
involves the anomalous” ground-state of Ti” as target, 
and accordingly [together with Ti’ (d,p)Ti*] provides 
an excellent way of probing its structure. Absolute 
cross-section measurements in both stripping and pickup 
reactions would also be valuable. There is some evi- 
dence? that 6?(1f) and @;?(2p) decrease by a factor of 
two or four between A=40 and A=55. In view of the 
strategic position of the Ti isotopes, the absolute (d,p) 
cross section would provide valuable insight into the 
manner in which this decrease takes place. Comparison 


= LL. L. Lee and W. Rall, Phys. Rev. 99, 1384 (1955). 

= The word “anomalous” in this context is, perhaps, something 
of a misnomer. The lowest §~ and §~ states in Ca® and Ca* lie 
within a few hundred kilovolts of each other. It is clearly not 
difficult to produce the inversion of order which is observed in Ti*’, 
Mn®™, and Mn*™ and which seems to be a feature of the configura- 
tion fr2° of identical nucleons. D. Kurath [Phys. Rev. 91, 1430 
(1953) ] and B. H. Flowers [ Phil. Mag. 45, 329 (1954) ] have shown 
that an inversion of order in the lowest §~ and }~ states of such 
configurations can be produced by an effective two-body inter 
action of suitable range and exchange dependence 
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Fic. 9. Energy level diagrams for Ti’ and Ti*. Levels at (0.55), 
1.80, 3.60, and 3.71 Mev in Ti” and at 2.44 Mev in Ti® have not 
been reported previously. Known spins, and those assigned in 
Sec. IV of this paper, are shown next to the corresponding levels 


of the (d,p) and (d,t) cross sections would yield a 
determination of the empirical normalization factor in 
the (d,t) differential cross section.” Existing determi- 
nations of this normalization factor?®* are obtained 
entirely from reactions on light nuclei (A <25). Since 
many (d,/) experiments”®”’ are now being undertaken on 
nuclei with A> 50, it is desirable 
determinations to heavier nuclei. 


to extend these 
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INTRODUCTION EXPERIMENTAL CONSIDERATIONS 


ci electronic structure of an atom must change The two vacancies in tl | are filled primarily 
to adapt to the m dified potential field when the by the emission of 1 >A YX \ ) ements witl 
nuclear charge cl uring radioactive decay. atomic number gre 
Although usually the electronic rearrangement is minor _ it possible to mea 

and only small amounts of energy are involved,' there coincidence cou 
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atom.’ An especially high, being li 
interesting ¢ that of A-electron excitation during _ transitions 
K capture, which produ in 1 with a completely — sensitivity is 
vacant A shell bility of occurrence of this resolving time 
phenomenon wi leu by Primakoff and Porter® problems of 
in 1953. Since ‘! vel tions of the various X-ray coincid 
manifestatior ( | have been reported : the process ol inte 
The result th lore accurate measurements, those in such a simple ma 
on Ar®’,G ,and t dicate that t e theory ource of coin¢ 
This apparent consideration n 
wever, for in some of | emission or whic] 
determinations only part of the effects were ob excited 
erved and the the was used to estimate the internal « 
total electron excitation probability between tl 
The theoretical calculati are independent of the bremsstrah] 
poorly known nuclear transition probabilities and can also be 
depend only on elect c wave functions. The results radiation: 
are especially sensitive t fects of electron-electron producing 
correlation in the init tate of the two A electrons is emitted 
‘Thus more accurate irements may lead ‘ quantum 
better knowledge of t ect Ol atomic structure comparable to the probab 
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Atomic Energ mn. It is described in greater detail in be one which can be pri 
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SOURCE PREPARATION AND PURITY 


lo obtain Cs, BaCOy, was irradiated in the Brook 
haven reactor. The irradiated barium was purified by 
repeated precipitation as BaCl,, with special attention 
paid to removal of cesium. After about two weeks the 
Cs which had been produced from the decay of 12-day 
Ba" was separated from the barium by a similar 
precipitation procedure. The cesium was further purified 
by a procedure described by Hyde," which utilizes 
coprecipitation of cesium silicotungstate with silico- 
tungstic exchange separation using 
preparations of Cs’ were 
were practically carrier-free. Initially, 
sources were mounted between two layers of 0.00025 


acid and an ion 


Dowex 50. Two separate 
made. Bot! 
inch Mylar film stretched across a 14-inch diameter 
hole in an aluminum plate. Later, sources were mounted 
as shown in Fig. + 
Since almost any radioactive contaminant would be 
source of coincident radiation, it was essential to 
establish clearly the radiochemical purity of the Cs™ 
X-ray and gamma-ray spectra of both preparations 
were measured both shortly after purification and about 
ten half-lives later. Careful analysis of these spectra 
indicated no radiation was present except the xenon K 
x ray and internal bremsstrahlung associated with the 
Cs™ electron-capture decay. The upper limit measured 
for radioactive impurities was much too small to account 
for the observed x-ray coincidence effect. By use of 
several samples with different amounts of cesium, it 
was possible to follow the decay of the Cs™ activity for 
very long periods, fourteen half-lives for the first 
preparation and twenty-four half-lives for the second 
lhe decay curves showed no deviation from straight 
lines. The average value for the half-life obtained from 
six individual determinations is 9.69+0.05 days. This 
lue is in accord with previously reported values and 
; a smaller uncertainty 
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Fic. 1. Details of the source mount and detector arrangement 
» maintain clarity, the aluminum foil cover of the photo 
ultiplier tube and the aluminum absorbers between the source 
ind the detectors have not been shown 
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For calibration purposes to be explained later, I'** 
was used as a convenient source of effectively coincident 
x rays. It decays primarily by K-electron capture 
followed by a 35-kev transition which, to a large extent, 
is internally converted in the A shell''*"; thus a con- 
siderable fraction of the decay events leads to emission 
of two K x rays. The I was obtained by neutron 
irradiation of gaseous xenon to which a small amount 
of elemental iodine had added as a carrier 
Kighteen-hour Xe"® is formed by neutron capture in 
Xe'™ and decays to 60-day I. After irradiation the 
iodine was dissolved in dilute ammonia. The solution 
was placed in contact with a thin copper foil and acidi 
fied with sulfuric acid 


been 


rhe iodine then reacted with 
the copper to produce an adherent deposit of cuprous 


iodide."® 


THE COINCIDENCE SCINTILLATION 
SPECTROMETER 


Che coincidence spectrometer used for these measure 
ments is shown schematically in Fig. 2. The detectors 
are Nal(Tl) crystals, area and 2 mm thick, 
coupled to RCA-6342 photomultiplier tubes. Descrip 
tions of similar fa 


$ cm?’ 1n 


circuits and 
discussion of the pulse-clipping technique are available 
in the literature Phe re 


slow coincidence 


olving time and the coinci 


G. Friedlander and Orr, Phys. Rev 
*F. K. McGowan, Phys. Rev. 93, 163 (1954 
P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955 
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dence emciency of the over-all circuit are directly 


ivior of the fast double coinci 
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dence unit. The essential 


6BNO 


pulse 


compone nt 


coincidence gate tube, gives a small 


whenever either of its control grids receives an 
input pulse and gives a much larger output pulse when 
both 
necessary to ust 
Lhe 
coincidence counting efficiency for the circuit of about 


90%, 


grids receive pulses simultaneously. Thus it is 
pulse-height discrimination on the 
output. optimum discriminator setting gives a 
and a resolving time of ten millimicroseconds for 
30-kev x ray 


The 


lree: 


slower components ol the circuit are prac tically 
the fas 
component for which the electronic efficiency must be 


measured quite simply by the 


t double coincidence circuit is the only 


loss 
determined. This wa 
use of 1 as a source of effectively coincident x rays. 
The coincidence counting rate of the over-all circuit 
was measured with and without the requirement of an 
st double coincidence circuit. 


output pulse from the fa 


The ratio of these two ce unting rates gave dire uy the 
the fa 


rates were low enough tl 


circuit, since the single counting 


eihciency ol 
it the accidental coincidence 
counting rate 


was negligible even with the long coinci- 


dence resolution time of the slow circuit 


ANALYSIS OF THE DATA 


the 


The quantity determined in this investigation, 


probability per A capture of excitation of the other K 
electron, is equal to the number of decays per unit 
time which produce two K-shell vacancies, Dex, divided 
by the A-capture de iy rate, Dr. This probability, 
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K-ELECTRON EXCITATION 
in the measurement. In order to facilitate analysis of 
the gross coincidence data, the measurements were 
made with the pulse-height discriminator on one 
detector set to pass only the x-ray peak and the dis- 
criminator on the second detector set to pass a much 
wider energy band. Whenever all the coincidence 
requirements were met, the pulse from the second 
detector was registered in a 100-channel analyzer. With 
these same conditions, the natural background of the 
system was measured by counting without a source; 
and the accidental coincidence background was meas- 
ured by separating the two detectors and counting with 
two sources, one at each detector. A typical spectrum, 
from which the natural and accidental backgrounds 
have been subtracted, is shown in Fig. 3. Although the 
x-ray peak is clearly evident, it is apparent that there 
are other types of coincident events. 

The continuum at energies above the x-ray peak has 
a shape consistent with that expected for internal 


bremsstrahlung,” if a correction is applied for the 


decreasing efficiency of the thin crystals at the higher 
energies. The relative magnitude of this continuum is 
also in agreement with theory, within the rather large 
limit of uncertainty due to the small number of counts 
observed. Since the correction was small, the simple 


shape of the internal bremsstrahlung originally calcu- 
lated by Morrison and Schiff” was used to extrapolate 
under the x-ray peak. The spectrum of interna] brems- 
strahlung in coincidence with A x rays has already been 
measured” for Cs'*!, so this effect was not investigated 
further. 

Several effects contributed to the rise at the low- 
energy end of the spectrum. One was true coincidences 
between ZL x rays and K x rays from the same atom 
This contribution was removed in later runs by the 
use of sufficient aluminum on each side of the source to 
absorb the L x rays. Another source of spurious coinci- 
dences was scattering of a single K x ray in one crystal 
with the scattered x ray being detected in the second 
crystal. This deposits about 3 kev in the first crystal 
and 27 kev in the second. This effect was markedly 
reduced in later runs, but not entirely eliminated, by 
mounting the sources in a hole in a copper baffle which 
partly shielded the crystals from each other, as shown 
in Fig. 1. A third source of the rise at the low-energy 
end of the spectrum was an inherent malfunction of the 
coincidence circuitry. One final small correction had to 
be made after the resolution of the observed pulse- 
height spectrum was complete; this was the subtraction 
of events in which an x ray was observed in the display 
crystal, but internal bremsstrahlung or the tail of the 
low-energy rise fell within the channel on the other 
detector. 

* P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940) 

21 R. J. Glauber and P. C. Martin, Phys. Rev. 104, 158 (1956); 
P. C. Martin and R. J. Glauber, Phys. Rev. 109, 1307 (1958) 

2 A. Michalowicz, Compt. rend. 242, 108 (1956). 


%M. H. Biavati, S. Nassiff, and C. S. Wu, Bull. Am. Phys 
Soc. 4, 278 (1959 
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CAPTURE 


EXPERIMENTAL RESULTS 


The first series of complete measurements was made 
with sources and detectors placed in only approximately 
reproducible positions, and the source strength was 
varied over quite a wide range. The quantity measured 
as Pi) varied from run to run, increasing roughly 
linearly with increasing source strength. This functional 
behavior indicated the presence of an unaccounted-for 
source of accidental coincidences. Supplementary 
experiments confirmed this explanation and led to the 
conclusion that the origin of these accidental coinci- 
dences was the scattering effect mentioned previously. 
When this scattering occurred, the fast coincidence 
requirements could be met and the over-all resolving 
time was thus increased to two microseconds, the time 
necessary for pulse-height discrimination. If within this 
time an unrelated x ray fell into the detector which 
received the 3 kev initially, the circuit registered a 
spurious coincidence event: 27 kev in one detector and 
33 kev in the other. In accord with this interpretation, 
the quantity measured as Py) for each determination 
was plotted versus the activity of the source. A least- 
squares analysis was used to extrapolate to zero source 
strength to obtain a true measurement of Py) for the 
entire series. The result is P.2)= (2.940.7)«K10~°. The 
results of the individual determinations in this series, 
designated by Roman letters, are given in the first 
half of Table I and are shown plotted versus the source 


Pas_e I. Summary of the individual determinations of Pi 
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rate time 
Net (104 (2r) 
Duration x-x (10-* 
(min) sec) 


441 993 
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555 785 
340 2861 
1227 5666 
1902 1119 
1045 363 
3600 124 
1075 1480 
1747 3104 
1906 1711 


Coinci- 
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effici- 
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(¢ o)} 10°P 


91 7.74 
90 5.74 
89 5.09 
89 4.92 
91 8.92 
91 4.91 
90 3.24 
9” 3.68 
91 4.29 
91 6.39 
90 5.16 


counts 


counts min) 
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408 588 
441 636 
575 733 
510 654 
935 736 
951 342 
1384 419 
1260 322 
746 205 
711 173 
2685 382 
3370 77 
3470 161 


KY (2.5240.38) 
88 (2.90 4-0.37) 
89 (2.97+0.31) 
90 (2.65+0.27) 
ae (2.7540.27) 
&Y (2.50+0.00) 
88 (2.4440.25) 
81 (3.144-0.28) 
RR (1.25+0.43) 

(1.994+0.50) 
80 (2.40+0.25) 
80 (2.44+0.26) 
79 (2.98+0.32) 


Nw HF ANN wONNNNNY 


SNA WSUUOUUNUNS MN 





trengthn in 
large devi 
drifting in 
ome idence 
positions ol 
lo obtain 
determination 
mounted as sh« 
scattering effect 
lime ws mea 
order to minimize eff 
elf was reduced by 
The source an 
duced for ea 
be cires tiv comp 


} 


wh daesignat 


excitation 
those of P 
essentially b 
ipproximation 
excitation effect 
computing the 
states for the wu 
Porter obt Lined 


not excited 


(creek letter 


LARK AND 


for the comparatively 
Oo run were the errati 
resolving time of the fast 
e variations in the relative 
d ce tectors 
result, another series of 
th generally weaker source 
order to reduce the x-ray 
econd series the resolving 
before and after each run in 
ts drifting, and the drifting 
| voltage stabilization. 
ions were carefully repro- 
n so that the results would 
Values obtained in this series, 
scatter relatively 
and the slope of the line is 
that of the earlier series, 
on to zero source strength 
a value for P (2) of 
he individual determi- 
and shown in Fig. 4 


from the two series 


oncerning electron 


ing A capture are 


These calculations are 
" 


idden perturbation 
ulations of electron 
| cay —a By 

| and final Is 
Primakoff and 


eiectron is 


M 


gave the probability 
either bound or « 
proce S 


Here Z is tl 
is the effective ni 
electron. Gamma, 
ing and electron-el 
0.50. This subtractie 
ness arguments whl 
two-electron atom 
that for a re 
reduced by 
occupied orbit 
the value of thi 
calculating the overlap 
the initially occupied 
For Cs™ these ile 
x10-° | 
two-thir 
Calculation of the 
and the continuum 
the probability 
from the atom, 


This can be c 
of the lower limi 
excitation 
Porter obtain 
distribution « 
The use 
for these calcul 
criterion given | 


ay 


Eq. (4)] or 4.110 
1s]. 


on ¢ omp ete 


in initia 


lir 


nated by 


varaing 





K-ELECTRON EX( 

order of magnitude larger than the K binding energy, 
so the uncertainty due to failure of the approximation 
is of the order of 10%. The unappraised adequacy of 
the wave functions is the primary source of uncertainty 
in the results of the calculations. 


SUMMARY OF PREVIOUS EXPERIMENTAL RESULTS 


The existence of eight published measurements of 
electron excitation effects accompanying A capture 
encourages an attempt to summarize these results and 
compare them with the theory. However, about half of 
the determinations contribute very little to the com 
parison because of the large uncertainty in the results. 
The summary is also made difficult by the fact that 
most of the experiments were restricted to energy 
ranges which included only part of the events in which 
K capture was accompanied by K-electron excitation. 
rhus these individual experiments can be compared 
vith the theoretical predictions for the measured energy 
ranges, but they cannot be directly compared with each 
other. In order to summarize the results graphically in 
Fig. 5 it was necessary to use the theory to calculate 
the total of Py) or Pe; 
quantities which was actually determined. 

Soltysik’s beta-ray spectrometer measurement’ of 
the ejected electrons from Be’ samples gave a result 
about forty times larger than the magnitude predicted 
by the theory for the momentum range measured. 
The observed shape of the spectrum was 
different from that predicted. 

Porter and Hotz were able only to estimate an upper 
limit for P ¢; 
of electrons ejected in the decay of Fe**. For energies 
greater than approximately 30 kev, they concluded 
than 0.6X10-* electron was ejected per 
disintegration. The theory predicts 3.6X10~® electron 


from the portion of these 


also quite 


from their cloud-chamber measurement' 


that less 


per disintegration for this energy range. Accordingly, 
in Fig. 5 an experimental upper limit is shown as 
one-sixth the theoretical value of Pj). 

Charpak’s attempt to determine P.2) for Fe by 
measuring coincident radiations with two proportional 
counters® gave the result P,2)= (3.8+1.7)«10~*. This 
uncertainty estimate was based on statistical consider 
When systematic errors were included, 
the uncertainty became larger than the measured value 
itself. 

Three measurements have been reported in which an 
electron-capturing nuclide was added to the gas filling 
a proportional counter and the pulse-height spectrum 
was analyzed in the vicinity of twice the A binding 
energy. Miskel and Perlman® were able to measure 
pulses corresponding to an energy range which in- 
cluded 73% of the theoretically predicted electron ex- 
citation and ejection effects in Ar’. They observed 
(3.9+0.7)XK10 excitation event per K-electron 
capture. Wolfsberg later calculated™® that 18° of the 


, 
aione. 


ations 


”M. Wolfsberg, Phys. Rev. 96, 1712 (1954 
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© MEASUREMENTS OF P (e} 
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ATOMIC NUMBER (z) 

Fic. 5. A summary of the measurements which have been 
reported of Pi», the total probability per A capture of excitation 
of the other K electr ind Pres, the probability per X capture 
of ejection of the second A electron from the atom. The two 
results for Ar®’ have been slightly off-set horizontally for clarity 
Most of the values shown were not directly determined, but were 
calculated from the measured results by use of the theory; the 
individual results can not all be directly compared with each 
other without recourse to The uncertainty shown for each 
measurement is that estimated by the original authors. The 
solid curves are the theoretical values of Pi2, and Pry given by 
Eqs. (4) and (5) of this paper [Eqs. (15) and (17) of Primakoff 
and Porter |] with y equal to 0.50. The dashed curve is P;), multi 
plied by two-thirds, the correction factor estimated by Primakofi 
and Porter to acc« of the occupied bound electron 


tates 


theory 


nt for etiects 


effects observed by Miskel and Perlman were due to 
L-electron excitation accompanying K capture and 
K-electron accompanying LZ capture. An 
estimate of Pi, from this experiment is then 
(3.9+0.7) 10-* & 0.82/0.73 = (4.44+0.8)X10-. The 
theoretical value of Ps) for argon is® 5.8 10™. 

Kiser and Johnston reported’ P 2) = (3.70.9) K 10~* 
for Ar’. They gave no details of the analysis, but this 
number has apparently not been corrected for the 

fects discussed by Wolfsberg. In the work of Kiser 
and Johnston, especially the thesis, we have found 
several numerical mistakes, misinterpretations of the 
calculations of Primakoff and Porter and of Wolfsberg, 
regarding previous experimental 


excitation 


and misstatements 
work. 

The data from Langevin’s measurement*® on Ge”! 
were analyzed to obtain values for both Pa) and P%@). 
The experimental (1.33+0.14)K10™ and 
(0.78+0.07)K10~, respectively, compare favorably 
with the theoretical values of 1.83 10~ and 0.81 10~. 
However, the experimental results should be reduced 
somewhat to account for the effects of L excitation in 
K capture and K excitation in L capture, Over the 
region where it is distinguishable, the shape of the 
ejected electron spectrum agrees well with the theory. 


values, 


” The theoretical value of P;2, uncorrected for effects of occupied 
comparisons because of the uncertainty 
regarding the magnitude of the correction 


states is used in these 
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Daniel, Schupp, and Jensen have recently reported the calculations 


an investigation of the electron excitation effects in t 


} 
decay of Cs". They found fair agreement with the comparison. The 


ie it is essential to 


theoretical P,.;, over limited electron momentum ‘Traces of radi 
range and measured Py) a 5.0+1.0)K10~°, where effects can caus« 
theory predict 6.2 10 However, their sources were properly identified 
contaminated by an unidentified beta emitter to be more a 
The lack of ambiguity in the present measurement Despite thi i 
on Cs’ js apparent Irom the simplicity of Eq. (3 the theoretical 
Che probability per A capture of production of an two-thirds, the: 
atom with two A-shell vacancies is given by directly and Porter to 
measured counting rat ind the easily determined bound states, the 
coincidence counting efficiency. The value of Pi) thus generally better 
obtained is independent of any theoretical consider- excitation probab 
ations. The uncertainty quoted is based on statistical atomic number ji 
analysi of many measurements, and it is consistent present measureme! 
with careful estimates made of the uncertainties of the to be lower than 
individual measurement The purity of the sources’ effect cannot be « 
The result, Py. (2.5+0.2 would instead incr 
x 10 a lower by a factor of about two than both the could perhap be « 


previous measurement and the theoretical value occupied electroni 


was clearly demonstrated 
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The ranges and relative yields of Sr® and Pd 


? fragme 
were determined by a radiochemical recoil-catching technique 
11 Mev the three-humped mass-yield curve becomes predominantly 


1960 


nts from the fission of Ra®* by 11- to 22-Mev protons 
The relative yield data indicate that above 


“symmetric” and perhaps somewhat 


narrower. An apparent fission threshold of ~10.4 Mev was observed. The curve of total fission yield vs 


»? 


energy has the same slope between 13 and 22 Mev as has been reported for the fast-neutron-induced fission 


of radium. The ranges in mg Au/cm? at 11 an 


I. INTRODUCTION 


EVERAL studies have shown that in general, as 

one increases the kinetic energy of a particle 
incident on a high-Z*/A nucleus, the mass-yield curve 
for fission changes gradually from a _ two-humped, 
asymmetric configuration to a one-humped, symmetric 
one. Furthermore, as one chooses successively lighter 
targets at the same relatively low excitation energy, 
the light asymmetric hump tends to move away from 
the heavy asymmetric hump. It might be expected 
then, that if a target could be chosen which has a high 
enough Z*/A to fission asymmetrically at a relatively 
low energy, yet is light enough so that its asymmetric 
humps are well-separated, the mass-yield curves within 
some small region of incident-particle energy might 
display the contribution of symmetric fission as a 
separate peak lying between the asymmetric humps 
The fission of Ra*** by 11-Mev protons has been found 
by Jensen and Fairhail' to exhibit such a three-humped 
mass-yield curve, in which the symmetric and asym- 
metric peak yields are roughly equal. The same authors* 
have recently observed a three-humped mass-yield 
curve for 14.5-Mev deuterons on radium. Some pre- 
liminary data® indicate that the photofission of Ra™* 
by 23-Mev bremsstrahlung may also be consistent with 
a three-humped mass-yield curve. 

Although the shapes of these curves can in some ways 
be correlated with well-established trends in fission 
asymmetry, studies of the fission of radium as a function 
of energy might be expected to shed light on the 
mechanism or mechanisms involved. 

Measurements of the peak symmetric and asym- 
metric yields alone can indicate changes in the shape 
of the mass-yield curve, while the measurement of 

* Much of this work was done under a Research Participation 
contract with the Oak Ridge Institute of Nuclear Studies and 
under a subcontract with the Electronuclear Research Division 
of Oak Ridge National Laboratory, operated for the U. S. Atomi 
Energy Commission by the Union Carbide Nuclear Corporation 

+ Present address: Department of Chemistry, University of 
Pittsburgh, Pittsburgh 13, Pennsylvania. 

'R. C. Jensen and R. W. Fairhall, Phys. Rev. 109, 942 (1958 

?R. C. Jensen and R. W. Fairhall, Phys. Rev. 118, 771 (1960 

*R. B. Duffield, R. A. Schmitt, and R. A. Sharp, Proceedings 
of the Second United Nations International Conference on the 


Peaceful Uses of Atomic Energy, Geneva, 1958 (United Nations, 
Geneva, 1958), Vol. 15, p. 202 


20 Mev, 
Pd"; 9.1+1.0 and 9.2+0.3, corresponding to an avera 


11.2+0.9 and 
ge total kinetic energy of 162410 Mev 


respectively, are, Sr® 10.8+0.2; 


fragment ranges can, in principle, give information on 
the energetics of the fission process. Sr*' and Pd", the 
principal light asymmetric and symmetric fragments, 
respectively, were chosen as the subjects of the present 
experiments 


Il. EXPERIMENTAL METHOD 


The ranges and relative yields of Sr and Pd'” 
fragments were determined by a stacked foil experiment, 
with radiochemical separation of the recoiling fission 
fragments from Au or Al absorbers and recoil catchers. 
The radium target‘ is shown in Fig. 1. It consists of a 
2,g-in. disk of 5-mil Ag foil with an active coating, 
approximately 1 in. square, on each face. The active 
coating is composed of three layers of gold: a half- 
micron undercoating, a 1.5-micron target layer loaded 
with about a milligram of RaSO,, and a half-micron 
protective overcoating to minimize emanation. The 
1-mil Al foil masks, which were placed next to the target 
faces in all runs, limited the observed recoils to those 
arising only from the central half-inch diameter area 
of each active coating. Radioautographs of the target 
faces showed no obvious inhomogeneities in radium 
distribution over the active layers. 

The target recoil-catcher foils stacked 


and were 


Au OVERCOATING (~0.5y) 
RoSO, in Au (~1.5 p) 
Au UNDERCOATING (~0,5y) 
Aq BACKING (0.005") 


(MAGWIFIED) 


ALIGNMENT WOTCH 


Aq BACKING 
ACTIVE 


FOIL 
AREA 


AREA PRODUCING 
OBSERVED RECOLS 


iG. 1. Radium-loaded target foil 


* Prepared to specifications by the U. S. Radium Corporation. 
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absorber). 

Al “integral catcher,” 
were determined. After 
had been determin 

the 
employed to defi 
integral experims 
Douthett-Templet 
targets of intermed 
III B, below. The 


be determined fri 


‘integral”’ ¢ 


PROTONS 





foils a and b. The eff 

were studied sin 

Ts on either 

absorber. As in t} 

the thick “integral 

bac kward hemi pl 
The activities of 

} 


} 
nou;©rs 


together in the cylindrical, 2S-aluminum holder which mately forty 
is shown exploded in Fig. 2. A target foil, a mask, and Sr and Pd activitie 
two catchers are shown in place in the holder. The respectively, after 


copper spacing rings prevented any damaging contact of some extended ¢ 


between the fragile Au foils. The thin Ta diaphragm comparison time 

was included to minimize the spread of radioactivity about 90% Sr° 

should the Ra targets melt in the beam. Temperature _ self-absorption 

measurements showed, however, that the cooling water thicknesses varie 

circulating through the annular channel shown in Fig. fluctuations were p 

2 kept the maximum temperature of the foils below duplicate integral 

70°C during the bombardments. The loaded holder counting correcti 
was bombarded wi }-inch collimated beam of 22- experimental resu 
lev proton r about two hours in the evacuated Several possi! 
t-inch il beam pipe of the ORNL 86-inch 

cyclotr he irradiations were monitored roughly by 

integrating the ton current incident on the thick 

back wall » target holder. Beam intensities were 


After a cooling period of 10 or 12 hours, the Au or 
Al recoil-catchers w dissolved in aqua regia. After 
the addition holdback carriers for Sr and Pd, the 
gold was rem | by extraction into isoamyl acetate 
An initial precipitation of palladium dimethylglyoxime 
DMG) was 1 d separate Pd from Sr. The 
Pd was then isolated in pure form by a series of suc 
cessive DMG scavenging precipitations, while the 
Sr fraction was purified by several precipitations from 
fuming HNO by scavenging with Fe(OH); and 
BaCrQO,. The latter was effective in removing Ra con 
tamination. The il precipitates of Pd(DMG)> and 
SrCOs; were mounted on cardboard under Mylar and 
counted by methane-flow proportional counters 
Both differential and integral range experiments were Fic. 3. Explode 
and integral ra 
: ; 3 0.001-i1 
experiment. Fission fragments recoiling from the target Au/cm? 


done. Fig. 3(a) shows the arrangement for a differential 


in the forward hemisphere penetrated a series of thin 
Au absorbers, from each of which the desired fragments 
were separated and counted to determine the differential 


range curve (counts/ min per mg/cm vs mg/cm 
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investigated. Neutron-induced fission effects were 
sought by irradiating a target behind an Al absorber 
which was just thick enough to stop all protons 
Catchers on either side of the target showed no de 
tectable Sr or Pd activity after the standard cooling 
period and chemistry. A similar experiment with a 
ilver foil showed no Pd activity 
Ag'"(n,p)Pd reaction, assuring that the silver foil 
target-backing was substantially inert during the fission 
Interference from the fission of Au was investi 
stack of 


Au absorbers and separating a 


target from the 


runs 


gated by irradiating a eight standard 
0.000 031-in. thick) 
single Sr fraction from the entire stack. 


counts/min. above background were found, indicating 


Only a few 


hat Au interference in the normal runs was roughly 
0.1°%, which is less than the experimental error. A set 
of thicker (0.00010-in.) Au foils from the same supplier,® 
however, were found to produce significant amounts of 
both Sr and Pd activities from reactions of impurities 
These foils were not used in the Ra runs. As a final 
check for interfering activities, a dummy 
identical to the fission targets except that it contained 
no RaSO, in the middle Au layer, was irradiated in the 
same way as for a fission run. No Sr or Pd activities 


target, 


were detectable in adjacent Al catchers 
The 0.000 031-inch (1.7 mg/cm*) Au 
recoil catchers were obtained as 4X4 in. square sheets 
Measurements showed their areas to be reproducible 
to an average deviation of 0.2%. The thickness of each 


foils used as 


foil used in the experiments was therefore determined 
by weighing, which gave the thickness to a precision 


of +0.003 mg/cm?*. Each catcher was prepared for use 
l he foil area 
, the area which could conceivably 


by gluing it tautly onto a Cu spacer ring 
inside the ring, i.e 
receive recoils during the run, constituted 16°7 of the 
weighed sheet. It was assumed, and roughly substan- 
tiated by visual checks for pinholes and thin spots, 
that this 169% was of the same average thickness as 
the whole weighed sheet 

The energy of the incident proton beam during the 
experiments was 22.4+0.6 Mev.’ This nominal value 
was used in computing the mean proton energy at any 
point in the target stack from the range-energy dat: 
of Aron, Hoffman, and Williams* and Bichsel.* Loss of 
protons by scattering during traversal of absorbers wa 
issumed to be negligible. 


III. TREATMENT OF DATA 
A. Relative Yields 


The relative yields of Sr”, Pd"?, and total fissio1 
were determined as a function of proton energy by 
counting the backward-hemisphere 


* Hastings and Company, Inc., Philadelphia, Pennsylvania 

J. L. Need (private communication ) 

*W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Report AECU-663, 1949 (unpublished 

*H. Bichsel, Phys. Rev. 112, 1089 (1958 


recoils in the 
“integral catchers” described above. Because of possible 
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variations in center-of-mass motion and in fission 
anisotropy with proton energy, the backward-hemi- 
sphere yield of a given fragment may not remain 
strictly proportional to the total yield as the proton 
energy is varied. Even if one assumes completely in 
momentum transfer from the proton to the 
Ra**® target, however, the ratio 7 of the fissioning 
nucleus velocity to the velocity of a fragment in the 
c.m. system is only of the order of 0.018. Moreover, n 
can be expected to remain fairly constant over the small 
range of proton energies used in the present work. Only 

serious energy dependence of the shape of the c.m 


elastic 


angular distribution, then, could prevent the measured 
yields from being proportional to the true yields of 
Sr® or Pd"? over the investigated energy interval. The 
validity of the total fission yield data will be discussed 
IV A, below 


In See 


B. Ranges 


Ihe thickness of the fission fragment recoil sources 
i.e., the Ra-Au targets) in the present experiments 
was some 20 to 30°), of the fragment ranges. The usual 
thin- or thick-source range treatments do not, therefore, 
apply. We shall intermediate-thickness 
as it applies first to the differential range meas 


urements and then 


consider the 
case 
to the integral, or two-foil, method 
In the following derivations, an isotropic c.m. angular 
distribution and n=0 are assumed for simplicity. The 
existence of an 7 of <0.018 would affect the results less 
than the experimental! error, while the equations are 
relatively insensitive to anisotropy 

Consider a plane source of thickness nR, where 
O0<n<l, R into a large, 
adjacent absorber of the same material and of thickness 
t [Fig. 4(a) ]. Of all the 
depth x in the s 
in completely penetrating the absorber is proportional 


emitting recoils of range 
recoils which originate at a 
yuurce, the fraction V (>?) which succeed 
to the fractional solid angle subtended by the cone 

arccos| ({-+-x) R |. That is, V(>0) 
is proportional to the integral of sin#d@ from 0 to 
(t+2x)/R | for ; r. This function is then 
be integrated over x in the two distinct regions of / 


Region I), and 


R—t arooosl(t+z 
V(>1 kf f 


for R(i—n) <1<R (Region 11), where & is a constant 
depending on cross section, target mass and density, 
beam intensity, and numerical factors. Integration of 
Eas. (1) and (2) yields 


whose half-angle @ 


arccos| given 


t+2z)/R 


sinOd6dx (1) 


sinfd6d x 


Vi>/ knR(i—n/2—1t/R) 
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straggling effects in the vicinity of | Thus the 
first absorber is entirely within Region I and the second 
absorber covers the rest of Regior ind all of Region 
II. The number 1, of fragments ending their ranges in 
the first absorber is given by I 


The number .V, of 
absorber is simply 
penetrate beyond 


Finally, combinati 
that 4,=nR, yield 

R 
lhe range, therefore 
of activities found in 
{, and fp are known 


| 


C. Source and Overcoating Thickness 
Determinations 


The source 


LI 


} 


ured by a met! 


! 
} 


absorption behavio 
Ra target itself 
masking each 
effective during 
number ot alp! 
various t] 


lhe number d fragments topped 
element di at any depth in the absorber 


tained by differentiating Eqs. (3) and (4) 


6 


S 5 and ju 
differential range curve, is 10) and 
ality, the sl arp breaks at determined pl 
rounded off by range strag energetic al 

gling, will be seen in the experimental curve shown abscissa 

below 4(b) for a 


and lempleton effects of rar 


can be modified for irce of intermediate thickness then be det 


by the followi consideratio1 ig hows the plot. The o 
experimental situation, in which a source of thickness ence betv 
t,=nR with an overcoating of thickness tf) emits frag range of 
ments into two adjacent abs hicknesses {, and = source and 


ty The thie kness fe IS ( that lo+ia< R 1 nN), chamber 
while ¢, is infinitely thick to the fragments. [In practice, various pressu 


fo+i/, must be thin enough so that it includes no range of any absorbe 
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then converted to equivalent thicknesses of Au by the 
application of well-known stopping-power data.*® 
Ra”® and its daughters emit several groups of alpha 
particles. Fortunately, however, the most penetrating 
group, from Po** (RaC’) at 7.680 Mev, is well separated 
in energy from the others and could therefore be used 
as the subject of the range measurements. 

An experimental, background-corrected alpha-par 
ticle absorption curve for one of the target faces is 
shown in Fig. 5, in which the first drop-off corresponds 
to absorption of the unresolved low-energy alpha 
particles. From the absorption curve ¢, and fo 
determined graphically and converted to Au equivalent. 
The alpha absorption method was checked with a thin 
Cm** source, whose measured range agreed with the 
value of reference 10 to within 1.4%. 


IV. RESULTS AND DISCUSSION 
A. Relative Yields 


If the angular anistropy of fission in the system of the 


fissioning nucleus is small and/or symmetric about 90°, 
and if 7 is indeed negligible as indicated above, then 
one may assume that the numbers of forward- and 
backward-hemisphere fragments are equal 
experimental error. The recoil direction may then be 
disregarded in the yield experiments, and differences 
may be ascribed solely to differences in energy of the 
protons incident on each target face. This assumption 
is supported by the fact that the yields determined in 
this way fall, within experimental error, on smooth 


within 


curves when plotted against proton energy regardless 
of whether they are forward or backward yields. 


The relative yields were determined by counting the 


RES 


Fic. 5. Absorption of alpha particles from one of the 
he first drop-off corresponds to the unresolved ranges of 
low-energy alphas fror a™* and its daughters. The secor 
off gives the residual range of the 7.68-Mev Po alphz 
The source thickness ¢, is obtained graphically, as sho 
overcoating thickness f) is obtained by subtracting R 
the known range R’ of the Po* alpha particle 
H. A. Bethe and J 
iby E 


Ashkin, in Experimental Nuclear Physic 
Segré (John Wiley & Sons, Inc., New York 


were 


1953), 


PROTONS 


13.6 Mev 


To 


TOTAL FISSION 


YIELO RELATIVE 





PROTON ENERGY, Mev 


yields of Sr“, Pd", and total fission as a 
function of proton energy 


6. Relative 


appropriate activities found in foils 7C,, a:4+6;, Co, 
and d.+ 0, of Fig. 3(b). The foil thicknesses in the stack 
were such that the nominal incident proton energies at 
the target faces feeding these catchers were 22.1, 20.3, 
13.6, and 11.0 Mev, respectively. The activities were 
corrected for the different amounts of Ra in the target 
faces, as determined by alpha counting. They were also 
corrected for the thickness parameters of their respec- 
tive target faces by substituting for R, 4, and nR in 
Eq. (3) the measured values of R, to, and 4,, respectively. 

The corrected yields are given in Table I and are 
plotted in Fig. 6. The yield of each fragment is nor- 
malized to unity at 13.6 Mev. It is apparent that the 
symmetric fission yield, typified by Pd", rises faster 
with proton energy than does the asymmetric or Sr” 
yield. Since the symmetric and asymmetric peaks have 
been found! to be of approximately the same height at 
11 Mev, symmetric fission evidently predominates at 

rase I. Relative 

Proton energy in 


11.0 13.6 20 22.1 


0.15+0.01 1.00 
0.13+0.01 


4.26+0.35 
7.534-0.79 
3.49+0.26 


3.90+0.17 
1.00 6.33+0.38 
1.00 


the 13.6-Me process. Errors are standard 
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ase Il. Rang 1 energies of tragn duplicate integral runs at ea | tol ry Dhes« 


results were averaged witl ose two or three 
Proton ener differential runs made at t higher proton energy. 
Agreement between the differential and integral runs 
was good. The average rang nd their standard 
deviations are given in ipie I range is pro 
portional to the two-thirds power of the fragment 
kinetic energy, and if proportion tants of 0.50 
and 0.49 range in mg 1/cm*, ‘rgies in Mev 
are used for Sr® and j'!2. respectivel he ranges 
higher energies, as might be expected from fission correspond to the energies si 1 in ; ined 
systemat The symmetric and asymmetri peak sarge tandard deviation 7a ; ev range values 
heights differ appreciably only above ~14 Mev. The result Irom the small = 
possibility that the Sr*'! and Pd" curves cross over ment losses inherent in re 
kinetic energy preci 


| 


below 14 Mev, reflecting an asymmetric, two-humped , 
three-halves-power depende 


mass yield curve at lower energies, appears unlikely 
From the values in 7] 


energy E, (both fragment 
for 20 \lev pr LOT n 
experimental errot 


from the present dat The question of whether the 
mass-yield curve at 22 Mev is still triple-humped or 
has evolved into a single peak remains to be answered 
by the determination of valley yield 


° ssioning ni ay 
lhe dashed curve in Fig. 6 was obtained by cou Hssioning nuci 


total fission activity from the catcher foils wi o correlate a wide varie 
Fragment kinetic energit 

in such fission parameter 

tortion energies, are not \ 


chemical eparation These yields have been corrected 
for the amounts of Ra in the targets but not for fo, / . 
and R, since the range behavior of gross fission frag 


ment was not investigated. Since the / a a and R must be measured x0 | —_— 
corrections were small 6% for Sr* and Pd ’ order i“ show the effect 
however, the general trend of the total fission yield mechanism. Therefore 
curve is probably correct. Its relatively slow rise with show no large changes 

‘ energy as the proton energy 


increasing proton energy indicates that the mass-vyield 


bei: 2 : tortion enerey and/or ti 
curve may become narrower at higher energies. The rtion energy and , 


lope of the curve of total fission yield Vs energy he ming nucieu re 
1 e 3 ¢ ») \Mlev is the sa »as has Ee our . 7 == ‘. — 
tween 13.6 and 22.1 Lev e same as h been found ACKNOWLEDGMENTS 
for the fast-neutron-induced fission of Ra®*, All three 
yield curves show n apparent fission threshold at 
about 10.4 Mev with some ot 

Need and the 

" noing the 

B. Ranges es 

of Sr*! and Pd!" fragments were computed 


results of three to five 


ear PI 
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A method for computing the imaginary part of the Delbriick scat 
lerived by Kessler, has been developed 
significance of the calculation with regard t 


ering amplitude based on an expressio! 
energies of 2.62 and 6.14 Mev. The 


some pos sible 


and applied for gamma-ray 


» available experimental results is discussed and 


further developments are outlined 


[ penetce: was apparently the first to point out 
that quantum electrodynamics predicts that th 
interaction of electromagnetic radiation with the nuclear 
Coulomb field can contribute to the elastic scattering of 
gamma rays by nuclei. The process is describable, 
lowest order, as the production of an electron-positron 
pair in the field of the nucleus followed by pair annihila 
tion ; it can be treated as a special case of the scattering 
of light by light,” with two of the photons being virtual 
The effect is of fundamental interest since it is a direct 
demonstration of the polarization of the vacuum sur 
rounding the nuclear charge.* Current evidence for the 
existence of the vacuum polarization consists largely of 
the 27-Mc/sec correction to the Lamb shift (Uehling 
effect), a small correction to the low-energy p-p scat 
tering,’ and the energy levels of mu-mesic atoms.® It is 
therefore somewhat indirect. 

The calculation of the Delbriick scattering amplituds 
is extremely difficult and has not yet been carried out in 
all generality. Considerable simplifications occur for the 
strictly forward scattering which has been worked out 
by Rohrlich and Gluckstern® and by Toll.? An approxi- 
mate treatment for momentum transfer small compared 
to mc and energies high compared to mc’, where m is the 
electron mass, has also been given by Toll’ and by Bethe 
and Rohrlich.* The corrections to be expects d because 


of the use of the Born approximation and the neglect of 


electron 


screening in the calculation of forward scat- 
been estimated by Rohrlich.’ All these 
limited 


since most experiments" have been done 


tering have 


calculations are unfortunately of somewhat 


usefulness, 


* Work 


nerg 
Energy 


performed under the auspices of the U. S. Atomi 
Commission 
t Now with Westingh 
Pennsylvania 
‘M. Delbriick, Z. Physik 84, 144 (1933 
*R. Karplus and M. Neuman, Phys. Rev. 80, 380 
excellent treatment in J. M. Jauch and F. Rohrlich, 
ry of Photons and Electrons (Addison Wesley Publishing 
npany, Inc., Reading, Massachusetts, 1955), Chaps. 13 and 15 
S. Schweber, H. A. Bethe, and F. de Hoffmann, Mesons and 
is (Row, Peterson and Company, Evanston, Illinois, 1956), 
\ I, Sec. 21e and 22d 
‘M. DeWitt and L. Durand III, Phys. Rev. 111, 1597 (1958 
J. Rainwater, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957 . Vol. 7, p. 1 
§ F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952 
7J. S. Toll, thesis, Princeton University, 1952 (unpublished 
®H. A. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952 
*F. Rohrlich, Phys. Rev. 108, 169 (1957). 


See, for example, P. B. Moon, Proc. Phys. Soc 


ise Atomic Power Division, Pittsburgh, 


1950). See 


also the 


463, 


London 


with gamma rays of a few Mev energy and with scat 
tering angles of around 20°. The single exception ap 
pears to be the work of Moffat and Stringfellow" who 
observed the small-angle scattering of 87-Mev gamma 
rays and obtained results inconsistent with the 
approximate theory of Bethe and Rohrlich.* An addi- 
tional difficulty in the interpretation of the experimental 
results arises from the fact that coherent contributions 
to the elastic scattering also come from nuclear Thomson 
scattering, nuclear resonance scattering,” and Rayleigh 
scattering from the atomic electrons." The last effect is 
below a few Mev. 


not 


the dominant one at energies 

rhe present calculations are based on the recent work 
of Kessler,‘ who was able to express the imaginary part 
of the scattering amplitude in the form of a five 
dimensional integral. The imaginary part of the scat- 
tering amplitude arises, within the formalism of ‘“old- 
fashioned” perturbation theory, from those transitions 
in which energy is conserved in the intermediate state. 
It is thus closely related to the cross section for pair 
preduction ; in fact, for forward scattering the relation 
is trivial, being merely given by the “optical theorem.” 
Kessler’s work, therefore, may be regarded as a gener- 
alization of the optical theorem to finite scattering 
angles. The analytical evaluation of Kessler’s integral 
does not appear to be feasible, but a few numerical re 
sults were obtained by Kessler by use of the Monte 
Carlo method. 

The calculation of the real part of the scattering 
amplitude for finite would be ex- 
tremely difficult and has not so far been attempted. 
However, it is already known* that for energies large 
compared to mc? and momentum transfers of the order 
of mc or larger the imaginary part is large compared to 
the real part. For energies greater than 10 Mev the 


scattering angles 


imaginary part is dominant even for zero momentum 
transfer. 


The analytical work of Kessler has been verified and 
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Bernstein and A. K. Mann, Phys. Rev 
Eberhard, L. Goldzahl, and E. Hara, J. phys 
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A254, 242 (1960) 
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26 


0.160 0.124 0.078 
0.119 0.078 0.031 


ome further numer approxi 


method used was that of ind nae 1uSSIal 1ui leads to a formula 
rature. A program for 1 was wri he tering amplituds 
IBM-704 


Che scattering amplitud were computed in uni 
Za rT al Ke | ( wi r the cla ( r 
radiu The amplitud for gamma-ray polar 


paralle ind perpendicula o the cattering plane art 


denoted by a (para) and a perp), respectively. In order 
I per] I ; 


ilitate comparison with the approximate theory of 


Bethe and Rohrlich, the amplitudes for small mo 
mentum transfer were computed for fixed momentun 


tier +} 


transfer rather than for fixed sca lering angles In 


connection, it is convenient to detine 6 mm hw. where n Table III 


1 Aw the gamma-ray Comparis 


m i } la I t ron and 
energy theory of ] 


for gamma-ray ener predicts resul 
in Tables I and II, at 2.62 Mev 
6.14 Mev, the 


orrect to one or alg yield Value 
0 agree with tl dicular polar 
and Gluckstern.* Th Bethe-Rohrli 
perpendicular polarization polarization 
tude, within the li : Rohrlich’s 
comput cattering 
ba ( lentary sym! consider: n I lieving th: 
magnitude of 
essentially corre 
conclude, therefore 


Delbriick scatt 


particular 
tering Wl 

ior unpolariz 
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polarization obtaina 
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part ol the differentia section for Delbriick 


scattering,”’ defined by 


CTOSS 


da /dQ=4[ a 


para)+a?(perp) |(aZ)*r? 


mately e 


experimental value.'® This agreement 
innot be regarded as very significant, however, since 
he magnitudes and relative phases of the Rayleigh and 
lear-resonance scattering amplitudes are not known 

It remains to discuss the errors arising from the use of 
he Born approximation and the neglect of electron 
the 


Hig! er order corrections 


0.29 mb/sr, which is com- 


ic mnmroy 
] ipprox 


parable 


creening in computation of the above results 
to the amplitudes might be 
exper ted to be of relative magnitude (aZ)? so that 
might become appreciable at the high values of Z that 
re required to make Delbriick scattering easily ob 


However, Rohrlich® has shown that, for lead, 


they 


s¢ rvable 
nclusion of Coulomb corrections increases the imagi 

iry part of the forward-scattering amplitude by about 
25°) at 2.62 Mev and has negligible effect at 6.14 Mev 
The 
Poll 


sidered in this paper. The above estimates are strictly 


effects of electron scre ening have been estimated by 


and appear to be negligible for the energies con 


valid only for forward scattering but may reasonably be 
expected to apply also for small angles. 

rhe presently available computer program is not to 
suitable for calculations for higher gamma-ray energies, 
since the number of points at which the integrand must 
be evaluated in order to get a reasonably accurate result 
becomes rather large and the amount of computing time 
required becomes excessive 


TERING AMPLITUDE 


The reason for this may be qualitatively understood 
follows. The five-dimensional integration is over the 
the the 


and azimuthal angles of the momentum vectors of 


intermediate state, i.e., 


variables des ribin; 


| 


polar 


the « 


lectron and positron and the ene rgy of one of these 


pa 1 es 
harply 


At high energies the integrand function be- 
come “peaked” within small subspaces of the 
five-dimensional space so it is necessary to use a finer 
grid in the numerical quadrature. Some of this peaking 
arises from the emission of the pair into very small 
forward angles'*; but this was dealt with by suitably 
dividing up the region of integration. The really trouble 
ome peaks were apparently associated with the strong 
angular correlation of electrons with positrons at high 
energies. No simple way of dealing with this could be 
found 

It is felt that further progress along these lines might 
be made by employing more sophisticated methods of 
If the imaginary part of the 
cattering amplitude could be computed at high energies 


also, 


numerical quadrature 


it would probably be possible to compute the real 
part with the aid of the dispersion relations for fixed 
momentum transfer 
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7It should be noted that the factor [(2J;+1 2J;+1)} is 
not incorporated in ®,,* in part I 

*M. E. Rose, Elementary Theory of Angular Momentum (Joh 
Wiley & Sons, Inc., New York; Chapman & Hall, Ltd., Londor 
1957), Chap. VI and Appendix I 
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VI. COUPLING CONSTANTS 


Recent experiments show that the Fermi interaction 
differs somewhat from that proposed by Feynman and 
Gell-Mann? insofar as the V and A contributions are 
not equal. There might also be other slight deviations 
from this theory.® For the study of double 8 decay 
with two (anti)neutrinos, the assumption Cy=Cy’, 
C4=C,' with arbitrary Cy, C4 and all other coupling 
constants vanishing is sufficient. Then one has to 
replace 1 and @ by (2*Cy/G)1 and —(2'*C,4/G)e, 
respectively. 
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Fic. 1. Experimental arrange 
ment for one-meter-diameter liquid 
scintillator. Not all of the shielding 
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method. ' However, it is applic able only to those 
nuclides which have a radioactive end product with a 
half-life. 

Two types of observations can be based on the third 
effect—the prompt capture gamma radiation. One 
method involves the use of spectrometers” to study 
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the spectra of gamma radiation. Important information 
about nuclear energy levels can be obtained, as well as 
practical information of use in shielding calculations. 
It is not generally practical to determine capture cross 
sections by these methods. The other type of obser- 
vation will be the subject of this paper. It involves 
absorption of nearly all the gamma radiation regardless 
of spectrum in a gamma-ray detector so that essentially 
every capture event may be detected, and the radiative 
capture cross section thus determined.** 


Il. EXPERIMENTAL PROCEDURE 
A. General 


A method for the measurement of capture cross 
sections by detection of the capture gamma radiation 
has been developed at Los Alamos.** In these experi- 
ments the capture sample is placed at the center of a 
large liquid scintillator, as in Fig. 1. Ideally, the 
scintillator should be large enough to absorb all gamma 
radiation emitted at its center, so that the pulse height 
would correspond to the sum of the energies of all the 
gamma rays. This total energy is equal to the binding 
energy of a neutron in the residual nucleus, plus the 
kinetic energy of the incident neutron. A collimated 
beam of neutrons is directed along the axis of the 
scintillator through a cylindrical channel, passing 
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Fic. 2. Schematic arrangement of electronic equipment used in 


obtaining time distributions of scintillator pulses. 


through the sample at the center of the detector. The 
neutron beam is pulsed so that the neutrons which 
strike the sample arrive in bursts, the duration of 
which can be varied between 2 and 1010-8 sec. The 
time between bursts varies from ? usec to 100 usec. 
Pulses in the scintillator which are caused by prompt 
gamma rays due to capture are essentially coincident 
with the arrival of the beam pulse at the sample. Other 
pulses are also produced by scattering, the only inter- 
action other than capture which is produced in most 
materials by neutrons of than 1 Mev. 
Although elastic scattering of a neutron by the sample 


energy less 
leads to a delayed pulse from neutron capture in the 
hydrogen of the solution, such scattering provides only 
a small prompt pulse produced by recoil protons during 
the slowing down of the neutron in the solution. An 
inelastic scattering can produce a prompt scintillator 
pulse due both to gamma radiation and recoil protons, 
but the sum cannot exceed the neutron energy. If the 
electronic equipment is required to respond only to 
prompt pulses which correspond to more than 1 Mev 
of gamma radiation, all scattering events for 1-Mev 
neutrons will be ignored, except for random coinci- 
dences. 

he arrangement of neutron source, 
collimator, scintillator, and some of the shielding. The 


Figure 1 shows t 


collimator provides a narrow beam of neutrons which 
passes through the axial tube of the liquid scintillator. 
The neutron beam diameter is 1.9 cm at the sample 
position; the axial opening is 7.0 cm in diameter. The 
scintillator tank which is shown is a cylinder 1 meter 
in diameter and 1 meter long, with a white painted 
interior. The detectors are 28 photomultipliers 5 inches 
in diameter (DuMont 6364), all the 
cylindrical surface of the tank with outputs in parallel. 


mounted on 


The gains of the photomultiplier tubes are equalized 
by adjustment of individual voltage dividers. The 


AND 
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stabilized high voltage for the tubes is monitored 
continuously by a differential voltmeter, allowing the 
voltage to be maintained at 1600+1 volts. The liquid 
scintillator solution is triethylbenzene and terphenyl, 
with POPOP as a wavelength shifter. The terpheny! 
and POPOP constitute 0.3% and 0.01% of the solution 
by weight. The scintillator tank is shielded by 10 or 
15 cm of lead and at least 30 cm of boron-loaded 
paraffin (not shown 
A capture sample is 

thin disks, 3.8 cm in diameter and spa 
apart for a length of 11 cm in a li 
A similar set of polyethylene disks 

scattering only, is mounted in the same 
identical frame, with no sample, is 

The 


chosen to provide a sample whi 


on all sides except the rear. 
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made in the form of a row of 


ed at least 3 mm 
ght aluminum frame 
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ited both by the mean free 
path of primary neutrons and by the need to minimize 


sec ondary effects such as t I qauction 


arrangement of 
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dimensions and are 
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of capture by 
scattered neutrons 
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llator pulse. A 


and t 
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amplitude is proportional to 
the synchronizing pulse 
Los Alamos Model 2A 
lyzer then records the time distrib 
pulses. 

In order to s¢ 
heights which will be acceptable for analysis, a 
Alamos Model 260 amplifier is used to deliver scintil- 
lator pulses to a discrimi uit which selects the 
desired pulse-height interval. A gating pulse from this 


Oo 


ana- 
of s intillator 


lect tl ingé of scintillator pulse 


Los 
itor cir 


circuit is used to gate on the 100-channel pulse-he ight 
analyzer, which thus records the time distribution of 
those scintillator pulses whose heights lie in the selected 
interval. The purpose of thi tion of acceptable 


pulse heights is to exclude various sorts of background 


pulses. These include the effe iral radioactivity, 
producing a considerable counting r about 
1 Mev, 2.2-Mev pulses produced by delayed capture of 


scintillator 


ite below 


scattered neutrons in the hydrogen of the 
solution, and the very large pulses produced by cosmic 
radiation. In order to exclude these background pulses, 
and particularly the effects of scattered neutrons, a 
discriminator interval of 3 to 12 Mev was used for 
most of the data. 

Figure 3 shows a typical set of such data, with the 


prompt peak due to capture gamma rays from tantalum 
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CAPTURE CROSS 


superimposed on a background of random pulses in the 
scintillator. The time interval displayed in the figure 
is approximately 1 usec. Also shown is the time distri- 
bution of pulses observed with a polyethylene [ (CH). | 
scatterer in place. In both distributions, and also for 
the case of no sample, a small peak appears just before 
“prompt” time. These pulses are ascribed to gamma 
rays from prompt neutron capture in the collimator 
near the neutron source, and from proton reactions in 
or near the Van de Graaff target. There is also a very 
small peak at prompt time for the blank run, and a 
somewhat larger peak for polyethylene (not noticeable 
in Fig. 3), followed by a slightly increased counting 
rate for a fraction of a microsecond. These effects are 
believed due to fast capture of scattered neutrons in 
construction materials of the scintillator tank and in 
the solution. 

The number of prompt counts for any sample which 
are due to random coincidence may be determined by 
extrapolating the constant background rate before 
prompt time into the prompt peak region. The remain- 
ing counts are not accidental, but are associated with 
the beam pulse. The amount of polyethylene is adjusted 
for each capture sample so as to simulate the scattering 
effect of the sample, which can readily be determined 
by the increase in random background when the 
(nonradioactive) sample is introduced. Thus the poly- 
ethylene data should give the number of prompt pulses, 
after random background subtraction, which are not 
due to capture in the sample. Prompt capture in the 
polyethylene itself should be completely negligible. 


B. Capture-Pulse-Height Data 


Determination of the total number of captures which 
occurred in the run requires knowledge of the detector 


efficiency. This is nearly 100% when extrapolated to 
zero bias. If the capture gamma radiation is emitted in 
several quanta, some of the energy is virtually certain 
to be absorbed in the scintillator, although it is also 
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Fic. 3. Typical pulse-time distributions obtained for Ta capture 
sample and polyethylene scatterer. The time range is about 
1 psec 


SECTIONS FOR 


FAST NEUTRONS 


NEUTRONS LiguiD 
+ @eecveeeel SCINTILLATOR 


— 
‘ : 
MODEL 260 


AMPLIFIER 
(SLOW) 








| OISTRIBUTED 
AMPLIFIER 
(Fast) 


— ‘a. 
pees ——s 
Time TO 


LSE HEIGHT 
CONVERTER 


ae 1 4 


[ “BACK GROUND” 

SINGLE CHANNEL 
PULSE HEIGHT 
ANALYZER 


—— 


| BACKGROUND 
| GATE 
+ 














soni 
*prompr” 
| SINGLE CHANNEL 
| PULSE HEIGHT | 
| ANALYZER | 
_ — 


| 


: 


A 


PROMPT GATE 


, 
| 
| 
2 


f 
00 CHANNEL 
PULSE MEIGMT + 
ANALYZER 





SIGNAL INPUT 


Fic. 4. Schematic arrangement of electronic equipment for 
measuring pulse-height distributions of capture pulses. 


almost certain that some of the radiation will escape. 
The pulse-height distribution is therefore a continuous 
one, varying from zero energy to a maximum given by 
the binding energy of the neutron plus its kinetic 
energy. An extrapolation must be made in order to 
account for the small fraction of pulses which lie below 
the lowest permissible bias setting. For each element 
and one energy (400 kev) a set of runs was made in 
which the distribution of pulse heights produced by 
capture gamma radiation was determined. 

The arrangement of electronic circuits used in this 
part of the experiment is shown in Fig. 4. The time-to- 
pulse-height conversion is done exactly as previously 
described; the chief difference from Fig. 2 is that the 
converter output is now used as gate pulses to trigger 
the pulse-height analysis of the liquid scintillator out- 
put. Only those scintillator pulses are analyzed which 
occur at the proper times, corresponding to prompt 
events for captures, or to earlier events for background 
determination. 

An additional necessary complication is that the 
background pulse-height distribution must be taken, 
for each sample, essentially simultaneously with the 
data on prompt pulses. It is desirable that these two 
distributions be taken over the same time interval 
because of the variation of background with neutron 
flux and with time, and because of possible gain changes 
in the circuits. This precaution is especially important 
for the lower energy pulses, corresponding to 1 to 3 Mev 
of gamma radiation, since the background of 2.2-Mev 
pulses may be comparable to the number of sample 
capture pulses in this region. For this reason, the 
100-channel pulse-height analyzer was modified so as 
to act somewhat like two 50-channel analyzers. The 
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Fic. 5. Capture pulse-height distributions obtained for Ag in 
48-cm and one-meter detectors. Background has been subtracted. 
Ihe arrows indicate expected total gamma-ray energy for 400-kev 
neutrons 


same analyzing circuit analyzed pulses occurring both 
at prompt time and earlier, but separate gate inputs 
and information storage areas were necessary. 

make that prompt and 
background pulse-height distributions corresponded to 


It was necessary to sure 


length and were recorded with 
equal eflicienc vy. so that the 


time intervals of equal 
background distribution 
method for 


data periodically with a 


subtracted. The basic 
take 
random pulses replacing the 


time-correlated neutron source. Finally, prompt pulse- 


could be corre: tly 


ensuring this was to 
radioactive source of 
height distributions were taken for the polyethylene 
scatterer in order to subtract the effects of scattered 
neutrons from the capture sample distribution. 

By this method distributions were 
obtained for every element studied, for the pulse-height 
interval from 1 to 12 Mev. The energy calibration of 
pulse heights was performed daily by the use of a 
Pu-Be neutron 
Co” 1.17- 


pulse height 


pulse-height 


and 4.4-Mev gamma source, and of a 
and 1.33-Mev gamma-ray The 
butions for capture in Ag and Cd 
5 and 6, as measured in both 48-cm 
100-cm scintillators 


source. 
distri 
are shown in Figs 
The 48-cm diameter scintil- 
ribed in an earlier paper.®* It is 
obvious that the larger scintillator absorbs more of the 
gamma-ray energy and produces a better pulse-height 
distribution. However, in either case, the distributions 


and 
lator has been ce 


obtained, extrapolated to zero pulse height, allow 
calculation with reasonable accuracy of the fraction of 
all capture would be accepted by the 
discriminator (single-channel pulse-height analyzer of 
Fig. 2) when set for the 3 


pulses which 


to 12-Mev interval. 

Also indicated in Figs. 5 and 6 are the expected total 
gamma-ray energies, which are equal to the tabulated 
neutron binding energies” plus the 400-kev kinetic 


energy of the incident neutron. In cases, such as Cd, 


@ A. H. Wapstra, Handbuch der Ph) 
1958), Vol. 38/1, pp. 1-37 


Springer-Verlag, Berlin, 


i> AMD 
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in which considerably different binding energies are 
found among the naturally abundant isotopes, two or 
more peaks are obviously present in the pulse-height 
distribution. 

The background pulse-height distribution which has 
been subtracted from these distributions is similar to 
that shown in Fig. 7, 
larger pulses are present when neutrons are being 
scattered by a sample. The number of such pulses varies 
from sample to sample and is kept at the level which 
permits the best accuracy in the capture pulse-height 
distribution. The main background in the 3- to 12-Mev 
region is presumably due to neutron capture in the 


except that more 2.2 Mev and 


iron of the scintillator tank, although there may also 
be some effect due to capture in the lead shielding 
Neutrons produced by cosmic rays are largely re- 
sponsible for the capture pulses shown in Fig. 7. Cosmic 
rays also produce numerous pulses of several hundred 
Mev in the scintillator tank. The natural radioactivity 
of K*® is presumably responsible for the pulses of about 
1.46 Mev; the glass in the photomultipliers should 
contribute several hundred counts per second from this 
source.* 

From all sources ef constant background the 1-meter 
scintillator has about 1100 « 
1 Mev in height, 500 per 
per second above 10 Mev 
not very troublesome; for instance, 
have only 0.015% chance of containing a background 
pulse between 3 and 12 Mev the effect of 
scattered neutrons will normally increase 
by a factor of 2 or more 

Figure 8 shows all of the capt 
butions for the 1-meter scintill which have 
obtained with 
usually requires a capture 
20 mb in this experime 


ounts per second above 
second above 3 Mev, and 350 
Background at this rate is 


st] 
gate will 


a l-use 


However 


these rates 


ire pulse-height distri- 
been 
which 


cross section greater than 


] 


reasonable statistical accuracy, 


nt In general, the distributions 


Fic. 6. Capture pulse-height distributions obtained for Cd in 
48 cm and one-meter detectors. Background has been subtracted 
The arrows indicate expected total gamma-ray energy for 400-kev 
neutrons. 


*# FE. C. Andersor 
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are similar, with the exception of the exact positions of 
the peaks (which depend on the binding energy) and 
the fraction of counts below 1 or 2 Mev. This last 
factor should depend strongly on the effective multi- 
plicity of the gamma rays emitted upon neutron 
capture. If, in an appreciable fraction of captures, 
nearly all the energy is emitted in a single high-energy 
gamma ray, it would be expected that in these cases 
only a fraction of the gamma-ray energy would be 
deposited in the scintillator, giving a broad pulse-height 
distribution. On the other hand, captures accompanied 
by many gamma rays of small energy in cascade should 
produce sharper pulse-height distributions with very 
few low-energy pulses, as may be readily calculated 
from the known cross sections for gamma-ray inter- 
actions. Examples of such high multiplicity are evi- 
dently Mo, Cd, and U™*, as seen in Fig. 8. However, 
the U** events are mostly fission, not capture. It is 
known that fission usually results in many low-energy 
gamma rays*** (total energy averaging about 8+1 
Mev, multiplicity about 8). The fact that the total 
energy of fission gamma rays varies from event to 
event accounts for the unusually large range of pulse 
heights for this case. 

In the cases of Mo and Cd capture there is not 
sufficient information from other sources to verify the 
prediction of high effective multiplicity, based on the 
low percentage of small pulses. Although the spectrum 
produced by thermal capture in Cd" is well known,” ™ 
this isotope should account for only a minor portion of 
the captures which occur in Cd for fast neutrons. A 
similar situation holds for Mo neutron capture. How- 
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Fic. 7. Typical scintillator background pulse-height distribution 
for no pulsed neutron flux. The arrows indicate total gamma-ray 
energy for thermal] capture of background neutrons in Fe and 
H', and for K® radioactivity in the photomultiplier tubes. 

“F.C. Maienschein, R. W. Peelle, W. Zobel, and T. A. Love, 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Emergy, Geneva, 1958 (United 
Nations, Geneva, 1958), Vol. 15, p. 366. 

* A. B. Smith, P. R. Fields, and A. M. Friedman, Phys. Rev 
104, 699 (1956). 

“H. R. Bowman and S. G. Thompson, Proceedings of the 
Second United Nations International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Vol. 15, p. 212. 
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Fic. 8. Pulse-height distributions for capture events” in*16 
elements in the one-meter scintillator. For U™, both fission and 
capture events are included. Background has been subtracted. 
Below 1 Mev the distributions represent extrapolations, not data. 


ever, thermal neutron capture in Au (100% Au'”) is 
known to produce many high-energy transitions (30% 
within 1 Mev of the ground-state transition energy) 
and to have a high average energy for capture gamma 
rays. This agrees with the pulse-height distribution 
observed for fast capture in Au. A similar though less 
well-defined situation exists for all of the heavy nuclides 
(A> 180) represented in Fig. 8. This is in contrast to 
the generally lower-energy capture gamma rays from 
the medium-weight elements investigated. In the case 
of Nb (100% Nb™) about 2% of thermal captures 
produce gamma rays within 1 Mev of the binding 
energy, and in the case of In (95.8% In""*) about 1.4%, 
with obvious results on the pulse-height distribution. 
The 100% abundant isotope Rh’, on the other hand, 
produces gamma rays within 1 Mev of the binding 
energy in about 5% of all thermal neutron captures, 
with the pulse-height distribution agreeing. It would 
be expected from Fig. 8 that I” capture produces 
more than the usual number of high-energy transitions, 
and this remark has recently been verified.” 

Thus, to the extent that capture gamma-ray spectra 

“ H. Knoepfel, P. Scherrer, aud P. Stoll, Z. Physik 156, 293 
(1959), report that 6.4% of thermal neutron captures in I” 
produce quanta with energy within 1 Mev of the binding energy, 
and 12.6% are within 1.21 Mev. 
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are known in detail, the statements made above about 
the relation between pulse-height distribution and the 
gamma spectra are verified. This is also true of the 
total binding energies, which correspond 
400 kev neutron kinetic energy) with the positions of 
the peaks in Figs. 5, 6, and 8. The only apparent 
3 for which the pe ak is about 1 Mev too 
low, but thi pee 


after adding 


exception is [ 
with reduced 
statistical accuracy because of radioactivity. Thus the 
pulse-height 


trum is obtained 


distributions can give information, or 
verification, on neutron binding energies, and even on 

sections of with 
In the cases of Mo, Ru, Cd, 
Sn, and W, it may be determined readily that isotopes 
with both high and low 


the relative capture cro isotopes 


different binding energi¢ 
binding ene rgies have similar 
capture cross section 

The pulse-height distributions discussed above allow 
the determination of that fraction of all capture pulses 
which is accepted by tne 
the 3- to 12-Mev interval 


possible to determine the 


discriminator when set for 
With this information it is 
1umber of capture events in 
in the detector. 


the sample which iused a pulse 


C. Total Escape of Capture Gamma Radiation 


It is possible that some capture events would be 
I I 

missed entirely because none of the capture gamma rays 

with the 


interact scintillator. This is only likely for 


those captures in which all of the available energy is 
In order to obtain a 
measure of the efficiency of the scintillator, all measure- 


released Ina single gamma Tray 


ments were made on each element with two scintillators. 
ind 48 cm long, 
with a 6.4-cm-diameter axial hole; the other is 1 meter 
in diameter and lengt! 


One scintillator is 49 cm in diameter 
with a 7.0-cm aperture. The 
probability that a single 6-Mev gamma ray will escape 
from the 1-meter detector without undergoing Compton 
scattering or other interaction is about 34%, approxi- 
mately the square of the 58° probability of this 
in the 48 For 1-Mev gamma 
rays the corresponding figures are 6°% and 24%, with 
still lower escape probabilities for lower energies. For 


occurrences m detector 


more than one gamma ray emitted per capture these 
For the 1-meter 
probability for total escape of two 
is 4% 


rays it is 0.3° lhe loss would be even less for unequal 


losses art greatly reduced, however 
scintillator the 
3-Mev gamma rays , and for three 2-Mev gamma 
division of the energy between the several gamma rays, 


as can be easily determined. Also, a gamma ray which 
has undergone a single Compton scattering has a high 
probability 


scintillator 


depositing additional energy in the 
energy. Thus a 


capture gamma-ray multiplicity of 3 or more leads to 


because of its reduced 


an efficiency greater than 99°% for the production of a 


scintillator pulse in the 1-meter detector. It is also 
evident that the probability of a small pulse 
than 1 


probability that a single quantum may carry nearly 


> I 
Say ie€ss 


Mev—is more or less proportional to the 
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all of the energy released by capture, since events of 
high gamma-ray multiplicity produce few such pulses. 

Since the pulse-height measurements described are 
not easily extended below 1 Mev, it is necessary to 


assume that an measured distri- 
bution below 
results for the fraction 
1-Mev bias. Simple 
spectrum indicat 
correct. 
Knowledge of the relativ I lencies f the 
scintillators for detecting pture giv some iniorma- 


extra] 
this value will g asonably correct 
missed at 
numerical s of the pulse 


that this ; umption is reasonably 
two 


tion as to the fraction of captu vents missed entirely 
by the scintillators. If 
sample resulted in gamma rays of a single 
multiplicity—say 
readily verified that the 
having just twice tl limensior a smaller 


pture events Irom a given 
| energy and 


three Z Vv gamma Trays it is 
spherical tank 
tank 
would be given by 
smaller tank. Furt! 
is 1+4 in such a case, 
is precisely given by 
different for a spread 
$-Mev and 2-Mev 
different for variation in the multiplicity of 
rays. Thus, if 10% of 
gamma ray and the res 


and qui 
gamma 
in a single 
produced many 
gamma rays in cascade, vi losses would 
be due to the 10° of 
such a case the ratio of 


captures. In 


t ti 
Wo ScIntli 


lators would give littl 
efficiencies. However, if it 
entirely due to 6- or 7-Mev 
encies 1+4 can be show1 
accuracy, to an efi 
This relation 
approximately corre 
The experimental 
capture 
Table I for all elen 
sections of more t! 


} 
does 
events in 


radioactive background 
to similar ratios, 
ratios include corr¢ 
biases, and the err 
tainty in this « 

are arranged in « 

in agreement wit! 

data and other inf 
multiplicity. It is 
highest 
are detected with 
100° 
reasonable that Mo, Cd 
next nearest to 1.0, all 


pulses see Fig 8 


average 


essentially 


with the largest ratios 
low-energy puls 
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The weighted average of all the ratios of efficiencies 
in Table I is 1.10=1+46, excluding the obviously 
exceptional cases (see Fig. 8) of U™*, Mo, and Cd. 
The arguments given above then indicate that the 
average efficiency of the 1-meter scintillator for de- 
tecting capture should lie somewhere between approxi 
mately 1—6 and 1—6, or between 90% and 99%, 
depending on the multiplicity of the capture gamma- 
ray spectra involved. Because of the complicated and 
to some extent unknown nature of these matters, an 
arbitrary average efficiency of 95 +5% has been adopted 
for the correction of all 1-meter scintillator data, except 
that for U**®, Mo, and Cd. For these last three cases 
the efficiency has been taken as 100%. 


D. Scattering Correction 


Knowledge of the efficiencies for detecting captures, 
of the sample thicknesses, and of the relative numbers 
of captures detected in various samples, is not quite 
enough to permit the calculation of capture cross 
sections relative to a standard. An additional correction 
is necessary for the effects of scattering and attenuation 
of the neutron beam within the sample. True absorption 
of the neutron beam, by capture or fission, is very small 
for all samples used, and no correction has been made 
for it. In no case does it reduce the average flux by as 
much as 1%, and the effect is usually much less. 

The effect which must be corrected for is the change 
in average path length due to scattering of neutrons 
The neutron beam is attenuated by scattering in 
passage through the samples, but in many scattering 
events the thickness of sample traversed by a neutron 
is increased by the scattering. The analysis made is 
based on the assumption that scattering is isotropic, 
but it is estimated that the actual anisotropy of scat- 
tering will not appreciably change the result. In 
particular, the predominantly forward nature of scat- 
tering should not affect the average path length of 
scattered neutrons. 

For a neutron scattered from the center of one face 
of a cylindrical disk of radius r and thickness /, assuming 
isotropy and no further interactions, the average path 


TABLE I. Ratio of the number of 400-kev captures producing 
yulses in the 1-meter scintillator, extrapolated to zero pulse 
Peight to the number produced in the 48-cm scintillator, for 
identical irradiations. In the case of U** most of the pulses are 
produced by fission rather than by capture. These ratios are 


related to gamma-ray multiplicity (see text). 


Element Ratio Element Ratio 


Rb 1.07+0.14 Sn 
Nb 1.04+0.13 Sb 
Mo 0.99+0.10 
Ru 1.06+0.10 
Rh 1.09+0.13 
Ag 1.11+0.13 
Cd 1.03+0.10 
In 1.05+0.12 


1.15+0.15 
1.08+-0.13 
1.18+0.15 
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through the disk after scattering may easily be calcu- 
lated to be 


l= (1/4) In(1+9*/#)+ (7/2) tan“ (t/r), (1) 


l= (t/2)[1+In(9/t) }. (2) 


Che approximate expression is valid for <r, which 
is true for this experiment. By a simple extension of 
this calculation for neutrons scattered from points 
uniformly distributed along the axis of the disk, the 
average path length after scattering is given by 


l= (1/2) (3/2)+In(r/t) ], (3) 
also valid for tr. 

The assumption of no secondary interactions cannot 
be accurate in the present experiment, since the radii 
of the disks are about the same as the mean free paths 
for interaction of the neutrons in the sample materials. 
For this reason a cutoff has been put on the radius used 
in Eq. (3), on the assumption that a neutron scattered 
nearly parallel to the disk surfaces, which undergoes a 
second scattering within the disk, will usually leave the 
disk without further appreciable travel. This cutoff 
procedure involves the substitution, for r in Eq. (3), 
of AL1—exp(—r/A)], the mean free path length for 
maximum path length 7; A is the mean free path for 
infinite medium (r=). This cutoff reduces the value 
of l from Eq. (3) by perhaps 10%, so that it is not a 
large effect under the conditions of this experiment, 
since ordinarily most neutrons are not scattered at all. 

In many cases most of the path length of scattered 
neutrons is in disks other than the one in which scat- 
tering occurred. This is always the case for many 
closely spaced disks. For an isotropic neutron source on 
the axis of a sample disk, but at a distance s from the 
disk, 
differentiating Eq. (1) 


the average path length is readily found by 
to be 


l~ (1/4) Inf 1+ (7?/s?)). (4) 


This equation is valid for <s, which is always the case 
in the present experiment. Using these equations, the 
average path length for scattered neutrons has been 
calculated for scatterings in each of the disks of every 
sample, and averaged throughout each sample. 

All of the equations above assume that the scattering 
In actuality the neutron flux is 
approximately uniform over a 1.9-cm diameter in the 
centers of the 3.80-cm diameter disks, but this would 
make no appreciable difference in the average path of 
scattered neutrons. Similar considerations have been 
given by Schmitt for the somewhat different geometry 
used in capture experiments at Oak Ridge National 
Laboratory,” in which a single large disk of diameter 
up to 15 cm was used. 

The mean free paths \ used in the present calculations 


occurs on the axis 


“HH. W. Schmitt, Oak Ridge National Laboratory Report 
ORNL-2883, January, 1960 (unpublished). 
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TasLe II. Neutron capture cross sections in millibarns, normalized to the capture-plus-fission cross section of U®*. Neutron energy 
spreads are indicated; uncertainties in cross sections are discussed in the text. The capture cross section of U™* is from reference 35 
Neutron energy 

(kev) 5+ 250+40 400+90 800 + 66 1000 


Ca ss 0.9+ 0.5 ’ 
Ti 5.3 40+ 1.0 3.9 3.7 
Cr 5.5 40+ 1.5 


Fe 
Ni 
Cu 


Zn 
Rb 
Y 


iat 
Nb 


are calculated from the actual amount of scattering the uncertainties in scattering 


produced by each sample, as determined from the compared to other sources of error 


background counts; these values agree well with 


published cross-section data.” Samples scattering about Ill. RESULTS 


10% of the neutrons passing through them were used The measurements and corrections described above 
for all elements having capture cross sections larger are sufficient to determine the 
than about 80 mb, with the exception of I (for which a captures which occur in th 
Nal sample giving about 26% scattering was used). rapid and repeated interchange of samples it is possible 


For scattering of about 10% the path-length correction to ensure ihat all samples are 


absolute numbers of 


» various samples used. By 


exposed to the same 


factor used (ratio to path for no scattering) varied neutron flux. Thus relative capture 


cross sections may 


from 0.98+0.02 for 20 disks to 1.02+0.02 for three be determined. and all cross sections may be put on a! 
disks absolute basis if one absolute cross section is well 


~ , : . Ths ots cptetcts th - “4 
For elements with capture cross sections in the range known. The standard which has been chosen is the 


14 to 80 mb, samples scattering about 20% of the SS section lor capture plus fission in U®®, since this 
, , is more accurately known than any of the capt 
neutron flux were used, with the exception of Rb (for 'S MOFE ac y known than any « + the capture 
cross sections, and since captures and fissions are both 
| 


which a RbF sample scattering about 66% was used). ; : 
detected with the same efficiency, nearly 100% 


For these samples, path length correction factors ranged 


from 0.96 +0.03 for 10 disks to 1.00+0.03 for four disks. 
is 


The resulting absolute cross sections are given in 
Table II. Also tabulated are the cross sections of the 


For those elements with cross sections less than 14 standard, U™5, as derived from fission cross-section 


mb, samples scattering up to 66% were used, with data summarized by Allen and Henkel,” as w 
correction factors as low as 0.76+0.05. It is estimated 


as by 


©W. D. Allen and R. L. Henkel, Progress in Nuclear Energ 


that for every element investigated in this experiment (Pergamon Press, New York, 1958), Ser. I, Vol. 2 


1 
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Hughes and Schwartz,” and from the data on a=o,/o, 
reported by Diven, Terrell, and Hemmendinger.* 

The estimated standard deviations given in Table II 
include uncertainties in extrapolation of the pulse- 
height distributions to zero pulse height, in the scintil- 
lator efficiency at zero pulse height as estimated from 
ratios of counts in two scintillator tanks, in the scat- 
tering correction, and statistical uncertainties. Only in 
the cases of very small cross sections, where background 
levels limited counting accuracy, were statistics im- 
portant. 

Measurements were made at seven neutron energies 
from 175 to 1000 kev, with energy spreads approxi- 
mately equal to the energy steps. The uncertainties in 
cross sections are given only at 400 kev because the 
pulse-height data, associated with the most uncertain 
correction, were taken only at that energy. At other 
energies the capture pulse-height distribution and the 
scattering correction are presumably little changed, 
and the uncertainties in measured cross sections relative 
to the 400-kev value are due mostly to statistical errors 
and various instrumental factors. It is estimated, 
partly on the basis of reproducibility of data, that the 
relative errors in these cross sections, disregarding 
normalization at 400 kev, are approximately 7°) or 
1 mb, whichever is greater. 

Figures 9 and 10 show these results as functions of 
energy in the cases where measurements were made at 
more than one energy, with relative standard deviations 
as discussed above. Figure 11 shows the 400-kev cross 


sections as functions of the average mass A of the 
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Fis. 9. Neutron capture cross sections for 11 elements as 
functions of neutron energy. Relative standard deviations of the 
cross sections and neutron energy spreads are indicated. For 
absolute standard deviations, see Table IT. 
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Fic. 10. Neutron capture cross sections for 11 elements as 
functions of neutron energy. Relative standard deviations of the 
cross sections and neutron energy spreads are indicated. For 
absolute standard deviations, see Table II 


target elements. The curve is included merely to guide 
the eye and is without theoretical significance. 


IV. DISCUSSION 


In this section it will be shown that the measured 
capture cross sections are in general agreement with 
the predictions of resonance theory, without attempting 
to consider details of the level structure of each nucleus. 
The level densities will be assumed to be those of the 
Fermi gas model, with excitation measured from the 
effective ground of Hurwitz Bethe. No 
attempt will be made to achieve precision greater than 


state and 
a factor of two in these general considerations. It is 
hoped that these ideas will be useful where information 
needed for a precise calculation is incomplete, as is 
usually the case. 

The neutron capture cross section in the vicinity of 
a single isolated 
theory™* as 


resonance is given by resonance 


_ (21+ 1)eh gl Ty 
a(n,y)=>_ ' (5) 
t (E—E,)*+T?/4 
* H. Feshbach, D. ¢ Weisskopf, Phys. Rev 
71, 145 (1947). 
J. M. Blatt and V. | 


Peaslee, and V. I 


J Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), pp. 379 ff. 

# A. G. W. Cameron, U.S. Atomic Energy Commission Report 
TID-7547 (Office of Technical Services, Department of Commerce, 
Washington, 1957), pp. 68-71 

*L. Dresner, U. 5. Atomic Energy Commission Report TID 
7547 (Office of Technical Services, Department of Commerce, 
Washington, 1957), pp. 71-76. 

“A. M. Lane As J. E. Lynn, 
A70, 557 (1957) 

FE. R. Rae, B. Margolis, and E. S. Troubetzkoy, Phys. Rev 
112, 492 (1958) 


Proc. Phys. Soc. (London) 
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In this equation /, A, and / are the kinetic energy, 
reduced wavelength, and angular momentum of the 
incident neutron, /, is the resonance energy, and I, 
r',, and I’,,, are the total, radiation, and partial neutron 
widths of the level. The statistical weighting factor g 


is defined here by 


g= (2J+1)e/2(27+1) (2/+1 (6 


and is the probability that the neutron spin s 
angular momentum / will the 
spin J a compound nucleus spin J. 
It should be noted that in this paper the factor (2/+-1) 


} and 


combine with target 


nucleus to form 


is included in g, so that }>y g=1 and g is the absolute, 


not relative, probability. The factor ¢ is the number of 


channel spins (resultants of J and s) which can yield 
the value of J in question; it was introduced by Hauser 
and Feshbach.** If the 


by combining /, /, and s, then e¢ 


value of J cannot be obtained 
0. For /=0 or J=0 
the weighting factor « can only be 0 or 1; in general 
it can be 0, 1, or 2 

For well-se parated levels 
lap) the average of Eq 


without appreciable over- 
5) over many resonances is 


(a(n,y))=>. ) 


/ 


12 2/+-1)x?X? eI ash 4, r 1, ( 


in which w, is the density of levels (per unit energy) 
which can be excited by a given / value, and the 
quantity within brackets is averaged over these levels. 

The product (g 
of J. For /=0, levels of two different values of J may 
be excited, for 7>0, and the value of (g),43; for /=1, 
four different J values are involved, for J>1, and 
(g)»=<}. In general, unless />>/, the number of possible 
J values for given / is approximately the inverse of 
g)1, so that (g)xw; is nearly independent of /. All these 


‘6 W. Hauser and H 


x; 1S to a large extent independent 


Feshbach, Phys. Rev. 87, 366 (1952). 
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approximate relations woul xact if the level 


density were independent of J. This ment follows 
from the simple observation or given 1, n 
different values of J may be produced, each corr 
sponding to an equal number of levels, the weighted 
average (g);= 1/n. However, it is usually ass 

the level density is proportional to (2/+1 
gives the higher J values, and | 
more weight in the average 


(2J+1) weighting would mak 


imed that 
, and this 
larger g 
values of J the 


no ditterence 


val 1€éS 


g),, and even for small values o 
not have a large effect 
simplicity, the pos ible 
density will not be 

have an obvious effect o1 

The s-wave contribution 

should vary as E~4 
predicted by theory*' to vary 
when I',o>>1',, the s-wave contribution should vary as 
E~', It is apparent from Figs. 9 and 10 that neither of 


iit 
these slope s isin general correct for t v-hundred-kev 
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having high capture cross secti 
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slope is less, particularly for low 
results have been obtained by otner gro 1 
both s- and p-wave contributions 
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It would be expected that | igl 

For 7=0, for example, the q 
(2J+1) level density factor, are 
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they are 1:19/15:43/25. For large 
independent of /. 
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and for /=1 
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greater importance, resulting in less slope, for those 
nuclides having neutron widths relatively large com- 
pared to radiation widths. Nuclear theory would 
predict,” on the basis of an inverse relation between 
level widths and densities, that this would be the case 
for those nuclides having unusually low level densities 
and hence low capture cross sections. This is in agree- 
ment with the general correlation of slopes and cross 
sections seen in Figs. 9 and 10, and has been pointed 
out also by Johnsrud et al.”’ 

The number of terms in Eq. (7) which make large 
contributions to the capture cross section increases 
with neutron energy because of the more rapid increase 
with energy of I',, than I',. So long as several different 
! values do not yield comparable neutron widths for 
the same level, and inelastic scattering may be neg- 
lected, which requires that the energy be limited, the 
partial neutron width then becomes nearly equal to 
the total level width. In this situation the factor 
[.J',/"! +, with increasing neutron energy. This 
“saturation” means that for these / values the neutron 
width or strength function is no longer of much signifi 
cance. For the region of a few hundred kev, s- and 
p-wave neutrons should account for most of the capture 
cross section, and both contributions should be nearly 
saturated, so that the capture cross section may be 
written as 


ao (ny) 2H? AX 1 ,) eet OP A% BT 5) pry. (8) 


Thus, neglecting inelastic scattering, the capture 
cross section in this region is more or less proportional 
to the product of the radiation width and level density. 
This last conclusion is, of course, not a new one.'*** 
A similar argument can be made for the region of a 
few kev, where the cross section is mostly due to 
s-wave neutrons. 

The radiation width is known to be of the order of 
0.1 ev for a wide range of nuclides, for low-energy 
neutron capture. It is expected to increase with exci- 
tation energy, but this should not be an important 
effect for a few hundred kev. Weisskopf has estimated 
on a semiclassical basis that the electric-dipole radiation 
width should be the dominant factor, and that it should 
be proportional to £*R?, in which E is the gamma-ray 
transition energy and R is the nuclear radius. It appears 
that most initial capture gamma transitions are of the 
E, type.” The transition energy, on the basis of the 
usual Fermi gas model of level densities, should be 
given by a small factor (about 2) times the nuclear 
temperature* T=(E,/a)'. Here E, is the effective 
excitation energy as used by Hurwitz and Bethe,” 

* H. A. Bethe, Phys. Rev. 57, 1125 (1940). 

me B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 
SL. V. Groshey, A. M. Demidov, V. N. Lutsenko, and V. I 
Pelekhov, Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), Vol. 15, p. 138. 


*! A similar conclusion may be obtained from reference 00 
®@ H. Hurwitz, Jr., and H. A. Bethe, Phys. Rev. 81, 898 (1951) 
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1G. 12. Radiation widths known to 15% uncertainty or better, 
from the compilation of Stolovy and Harvey. The curve is 
theoretical, with coefficient arbitrarily chosen to fit the data 


measured from an effective ground state, lying above 
the actual ground state for even-even or magic-number 
compound nuclides. The nuclear temperature coeffi- 
cient™-® is given by both theory and experiment as 


a=A, 10. (9) 


Hence, on the basis of these estimates, 


r,>const.7°*R*=const.£3"PeA2%a-4? 


const. E,/*7,7A-*®. (10) 

The factors ro and A are, as usual, the nuclear radius 
constant and the nuclear mass number. 

According to this the radiation width should vary 
more or less as A~*/®, neglecting the variation of E,. 
Perhaps surprisingly, this rough estimate fits the general 
trend of I',, as seen in Fig. 12, rather well. The data 
shown are a portion of those summarized by Stolovy 
and Harvey,” chosen on the basis of 15% or less 
uncertainty in radiation width. There are apparently 
systematic deviations from the smooth curve of Fig. 12 
(the coefficient 0.006 is arbitrarily chosen to fit the 
data) which are not connected with evenness or oddness 
and not necessarily with magic numbers. However, the 
crude theoretical curve fits the data as well as any 
other suggested.*~ On the basis of this theory it 
would be expected that I, would be little changed by 
a few hundred kev change in incident neutron energy. 

The most widely variable factor in the capture cross 
section, the level density, should be proportional to 
xp! 2(aE.)4). « ling he degener: ‘ermi gac 
exp|2(aE,)*}, according to the degenerate Fermi gas 

“@J. M. B. Lang and K. J. Le Couteur, Proc. Phys. Soc. 
(London) A67, 586 (1954); K. J. Le Couteur and D. W. Lang, 
Nuclear Phys. 13, 32 (1959) 

“T. D. Newton, Can. J. Phys. 34, 804 (1956). 

“ J. Terrell, Phys. Rev. 113, 527 (1959). 

* A. Stolovy and J. A. Harvey, Phys. Rev. 108, 353 (1957) 

* J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951), 

* D. J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 


@ J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956) 
” A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 
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ideas of Hurwit 
surface which is the same 
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| numbers have 
trong effects on the ground state and low-lying excited 


etiect 


basic idea is that pairing anc 


magi 
states, but littl on higher levels; the de nsity of 
the latter should not, then, depend very much on the 
actual position of the ground state, which is lowered 
by several Mev for magic-number or even-even nuclides. 

Phus the capture cross section should depend strongly 
on the ground-state mass of the target nucleus, not of 
the compound nucleus. Magic-number and even-even 
target nuclides should yield unusually low effective 
excitations, level densities, and capture cross sections. 
That this is apparently correct 
elsewhere, 


has been pointed out 
Fig. 11, at 
magic-number target nuclides. The general 


8.62 and is evident in least for 


trend of 


cross sections with given by the exponential 


level-density formula, with allowance for decreasing 


binding energy for heavier elements 
In order to put the ideas of Hurwitz and Bethe, and 
of the Fermi gas model of the nucleus, on a more 


quantitative basis, effective excitations produc ed by 


' Reference 51, p. 371 
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72 A. G. W. Cameron, Chalk River Project Report CRP-690 
Ontario, Canada, 1957 (unpublished ar Phys. 35, 1021 
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CAPTURE 
the experimental masses of the initial nucleus, captured 
neutron, and final nucleus, and the calculated “‘refer- 
ence” mass of the final nucleus as described above. It 
should be emphasized that the effective excitation 
calculated in this way requires no experimental knowl- 
edge of the mass of the final nucleus nor of the binding 
energy of the captured neutron. This procedure results 
in negative effective excitations for the magic elements 
Pb and Bi, so that they cannot be shown in the figure. 
It would be expected, however, that negative effective 
excitations would correspond to very low levei densities 
and very small capture cross sections, and these expec- 
tations are correct for Pb and Bi. 

The correlation of capture cross with 
AE,*)', as seen in Fig. 13, is reasonably good. The use 
of an effective excitation energy accounts for most of 
the differences between magic-number and nonmagic- 
number nuclides and for the even-odd effects. For mest 
nuclides the points fall within roughly a factor of 2 of 
the heavy straight line, which is quite arbitrarily drawn. 
The principal exceptions are the heaviest nuclides; it is 
possible that the mass surface used is not suitable in 
this region. The less variable factor I'y has not been 
included here, for simplicity; if o(n,y)/T, is plotted 
against (AE,*)! the points fall more nearly on a line 
having the slope approximately predicted by theory, 
given by aA/10. The theoretical slope is even more 
closely attained by including the a?F? factor which is 
usually®:'™. included in the denominator of the level 
density expression. However, these methods produce no 
better correlation than the simpler method of Fig. 13, 
and this figure may be of value in predicting an unknown 


sections 


” H. A. Bethe, Phys. Rev. 50, 332 (1936). 


CROSS SECTIONS 


FOR FAST NEUTRONS 569 
capture cross section without precise knowledge of 
neutron strength functions and level densities. 

The correlation shown in Fig. 13 should work fairly 
well, because for neutrons of a few hundred kev both 
s- and p-wave contributions should be nearly saturated, 
and thus more or less independent of neutron strength 
functions. It is not expected to be highly accurate 
because of the omission of variations of radiation width 
(see Fig. 12), d-wave and higher contributions, the 
possible (2J+1) level density factor, and inelastic 
scattering. 


V. CONCLUSIONS 


The capture cross sections of a number of elements 
have been measured for neutrons in the energy range 
175 to 1000 kev. The absolute cross sections have been 
determined by comparison with the known capture- 
plus-fission cross section of U™*, together with correc- 
tions for escape of capture gamma-radiation from the 
scintillator and for scattering of neutrons in the capture 
samples. The results appear to fit quantitatively, 
reasonably well, the predictions of resonance theory, 
together with the usual Fermi gas level densities and 
the Hurwitz-Bethe idea of depression of the ground 
state by magic-number and even-odd effects. 
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Parity conservation in strong strange-particle producing interactions is not yet experimentally settled 
We describe below a search for evidence of parity nonconservation in K-He interactions. To search for such 


evidence we measure the expectation value of the pseudoscalar P,-@,. This quantity is direct} 


obtained 


from the decay-pion angular distribution in the A rest frame. The observed angular distribution i 


An analysis of 485 A 
parity nonconservation in K-He* reactions. 


HIS report is part of a continuing study of K 
interactions in helium,'? obtained in an exposure 

of the Duke University helium chamber to a low-energy 
K~ beam at Berkeley.’ We describe below a search for 
evidence of parity nonconservation in K-He interactions. 
Parity conservation in strong, strange-particle pro- 
ducing interactions is a subject of much theoretical 
interest,’ which is not yet experimentally settled, except 
in the case of “‘direct’”’ A produc tion, i.e., +p— A° 
+K.° In fact, a compilation of cloud chamber results® 
shows evidence of a strong forward-backward asym- 
metry in the A-decay angular distribution, in contrast 
to the forward-backward symmetry present in the decay 
distribution of A’s made in hydrogen.* However, the 
cloud chamber sample consists of both direct A’s and 
those made by = conversion, i.e., 
in which a © is made in a primary interaction and sub- 
sequently interacts with a nucleon inside the nucleus to 
produce a A. It has been speculated,® therefore, that the 


in r 


the two-step process 


* This work was supported by the Office of Naval Research, 
Office of Scientific Research, and the National Science Foundation 
t On leave of absence from the Istituto di Fisica, Bologna, Italy. 

1M. M. Biock, W. Fairbank, E. Harth, T. Kikuchi, C. M 
Meltzer, and J. Leitner, Proceedings of the International Conference 
on High-Energy Accelerators and Instrumentation, CERN, 1959 
(European Organization for Nuclear Research, CERN, 1959), 
p. 461 

2J. Leitner, E 
Kikuchi, F. Anderson 
Soc. 4, 25 (1959 

* Horwitz, Murray, Ross, and Tripp, University of California 
Radiation Laboratory Report UCRL-8269, 1958 (unpublished) 

4G. Feinberg, Phys. Rev. 108, 898 (1957); V. Soloviev, Nuclear 
Phvs. 6, 618 (1958); A. Pais, Phys. Rev. Letters 1, 418 (1958). 

'R. A. Salmeron and A. Zichichi, Nuovo cimento Il, 1461 
(1959). This reference gives a compilation of published data. 

*F. S. Crawford, Jr., M. L. Good, F. T. Solmitz, and M. L. 
Stevenson, Phys. Rev. Letters 1, 209 (1958); J. Steinberger, 
1958 Annual International Conference on High-Energy Physics at 
CERN, edited by B. Ferretti (CERN Scientific Information 
Service, Geneva, 1958), p. 147 


Harth, M. Block, B. Brucker, C. Meltzer, T 
\. Pevsner, and H. Cohn, Bull. Am. Phys 


producing interactions gives a(P,-@,)= +0.04+0.08. Thus, we find no e 


~-conversion process might be responsible for the ap- 
parent longitudinal polarization 

Since the E-conversion process is responsible for the 
majority of A’s produced in He,? we have a large sta- 
tistical sample (~500 events) for our study. We find 
no evidence of parity nonconservation 

In order to detect parity nonconservation in any re- 
action it is necessary to observe a nonzero expectation 
In this experiment 
we measure the expectation value of the psuedoscalar 
P,-o,, where P,, A momentum and spin, 
respectively. This quantity is directly obtained from a 
measurement of f(@), the decay-pion angular distribu- 
tion in the A rest frame. Since the spin of the A is }, 
f(@) can be written in the form’ 


value of a psuedoscalar observabl 


o, are the 


{(@ (1+aP, cosé)dQ, (1 


where a is the well-known asymmetry parameter,* and 
P, is the component of the polarization (averaged over 
the range of dynamical variables describing the A) along 
the axis from which @ is measured. Since the magnitude 
of @ is’ greater than 0.7, if the axis of quantization is 
chosen to be the A momentum direction, ahy observed 
asymmetry in {(@) would be indicative of a longitudinal 
polarization which could only result from parity non- 
conservation in the A-production process. 

The sample chosen for analysis in this experiment 
contains about 1750 K--He interactions of which about 

™T. D. Lee and C. N. Yang, Elementary Particles and the 
Weak Interactions (unpublished notes at Bookhaven National 
Laboratory ). 

*F. S. Crawford, Jr., M 
E. M. Lyman, M. L 


Cresti, M. L. Good, K. Gottstein, 
Stevenson, and H. K. Ticho, Phys 
108, 1102 (1957); F. Eisler, R. Plano, A. Prodell, N 
Schwartz, J. Steinberger, P. Bassi, V. Borelli, G. Puppi, G 
Tanaka, P. Woloschek, V. Zoboli, M. Conversi, P. Franzini, I 
Mannelli, R. Santangelo, V. Silvestrini, G. L. Brown, D. A. Glaser 
G. Graves, and M. L. Perl, Phys. Rev. 108, 1353 (1957 
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Fic. 1. The decay angular distribution of neutral hyperon 
events from all K~ interactions (482 events). 


1150 are due to K~ absorptions at rest. These events 
of about 25% charged D’s and 75% neutral 
hyperons (of which about 50% decay by the visible 
x~+ p mode). It is not possible in all cases to distinguish 
A production events from 2° production events on the 
basis of kinematics; the sample reported on here con- 
tains secondary A’s from 2° decay along with direct and 
converted A’s. However, the fraction of =°—-A+y7 
events which emerge from all K~ interactions can be 
obtained from the charge independence relation: 
fro= 4 (fer+ fe-)-~13%. Since 75% of all K interactions 
produce a neutral hyperon (¥°), the fraction of >°’s 
present in the group of all neutral hyperons is only 
~17%. 

The decay-pion angular distribution of all Y° events, 
rom all K interactions, is shown in Fig. 1. The spec- 
trum shows no evidence of asymmetry.” A maximum 
likelihood fit of Eq. (1) to the data gives 


consist 


es 3\! 
aP,=— ¥ coséi+ (~) = +0.04+0.08. 
N N 


i=] 


For the sake of comparison we have separated Y's 
which are made in K~ absorptions from rest. The A- 
decay angular distribution for these events is shown in 
Fig. 2. The best-fit asymmetry parameter is aP, (K at 


* The number of events appearing in Figs. 1 and 2 are less than 
what one would expect from the above production figures because 
certain selection criteria have been applied to the raw data in 
order to reduce biases of various kinds. 

© The distribution of Fig. 1 is slightly inconsistent with isotropy, 
indicating a bias against extremely forward or backward pions 
These biases are understood. No corrections have been made to 
the raw data of Fig. 1, since these biases cannot contribute to 
any asymmetry in cosé 
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Fic. 2. The A-decay angular distribution of neutral hyperons 
from K~ absorptions at rest (347 events). 


rest) = +0.03+0.09. Thus the angular distributions of 
A’s emerging from K~-He‘ interactions, both at rest 
and in flight, show no asymmetry. 

The A’s studied here are made in various types of 
fundamental K-nucleon and K-two-nucleon interac- 
tions, both of the direct and Z-conversion variety. An 
estimate of the relative importance of these reactions 
has been given previously.’ A detailed analysis of all K 
absorptions at rest will be presented in a forthcoming 
publication. The preliminary results of this analysis 
show that about 50% of all Ys emerging from K ab- 
sorptions at rest are due to the 2-conversion process. 

Because this number is so large, if we assume that the 
direct A’s have a symmetric angular distribution, we 
must conclude that the symmetry present in the total 
data is the result of symmetry in the 2-conversion re- 
action. Ignoring the insignificant effect" of the 2's, we 
can estimate the asymmetry parameter due to the 
>-conversion events alone 


aP,(2-conversion)=(1/0.5 \[aP, (total) }=0.08+0.15. 


Thus we find no evidence of parity nonconservation in 
K~-He interactions,” and in particular, in the Z-con- 
version process. 
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" Furthermore, it has been shown by RK. Gatto (private com 
munication) that the magnitude of the polarization ef secondary 
A’s from 2° + A++ decay, averaged over the A® decay angle, is 
only 4 of the original 2° polarization. Thus, no matter what a 
is contributed by the Z°’s included in the total spectrum, it will 
be completely dominated by that due to the A’s. 

% Note added in proof—We wish to point out that the A’s 
emitted from K-He interactions have an average momentum of 
the order of 300 Mev/c. Our result, therefore, does not preclude 
the possibility of the existence of pronounced asymmetries _at 
higher energies, owing to an unusual energy dependence of aP 
Such asymmetries (for A’s up to ~1 Bev/c) have been recently 
reported by Soleviev et al., at the 1960 Rochester Conference. 
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rhe momentum imparted to nuclei in the cascade process has been calculated with the a the results 
of a recent Monte Carlo calculation. Results are presented for 0.46-1.84 Bev protons incident on Ru'® 
Bi, and U™*, The forward and transverse components of momentum of the residual nucleus exhibit a 
wide range of possible values and are, on the average, approximately equal. The average vard component 
of momentum increases linearly with the excitation energy of the residual nucleus. The relatio vet 
these two quantities leads to considerably lower values of the average excita é issociate 
experimentally determined values of the forward component of momentum tha ela sed pr 


ously. The calculated momentum values are in most cases consistent with experimental re 


I. INTRODUCTION 


ae HE initial interaction of a high-energy proton 

with a complex nucleus is generally considered to 
consist of an intranuclear cascade initiated by successive 
interactions of the incident proton with single nucleons. 
As a result of this initial number of 
prompt particles are emitted and the residual nucleus 
is left with varying amounts of excitation energy and 
momentum. The cascade process is suited to 
calculations employing the Monte Carlo technique. A 
comprehensive Monte Carlo ca 


interaction a 


well 
cade calculation has 
been performed recently.’ This calculation gives infor- 
mation on the emitted particles and on the identity 
and excitation energy of the residual nucleus for several 
target nuclei at a number of bombarding energies. 
include data on the momentum 
imparted to the struck nucleus, although this quantity 


is in principle obtainable in this calculation. 


rhe results do not 


In recent years a number of experiments that provide 
information on the momentum imparted to the struck 
nucleus in the cascade process, or that depend for their 
interpretation on a knowledge of this quantity, have 
been performed. The recoil properties of fission frag- 
ments produced in been 


fission have 


investigated both radiochemically* : 


high-energy 


and in nuclear 


emulsions.’~* In these studies the average forward 


* Research performe: S. Atomic 


ler the auspices of the U 
Energy Commission 


'N. Metropolis, R. Bivins, M. Storm, A. Turkevich, J. M 
Miller, and G. Friedlander, Phys. Rev. 110, 185 (1958); N 
Metropolis, R. Bivins, M. Storm, J. M. Miller, G. Friedlander, 
and A. Turkevich, Phys. Rev. 110, 204 (1958) 

?\N. Sugarman, M. Campos, and K. Wielgoz, Phys. Rev. 101, 
388 (1956 

*N. T. Porile and N. Sugarman, Phys. Rev. 107, 1410 (1957 

*N. T. Porile, Phys. Rev. 108, 1526 (1957 


5C. Baltzinger, University of California Radiation Laboratory 
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7™N. A. Perfilov, N.S. Ivanova, O. V. Lozhkin, V. I. Ostroumov, 


and V. P. Shamov, Proceedings of the Conference of the Academy 
of Sciences U.S.S.R. om the Peaceful Uses of Atomic Energy, 
July 1, 1955 (Akademia Nauk S.S.S.R., Moscow, 1955), p. 55 
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process residual nuclei was 
been based on attempts to relate the measured momenta 
to the excitation energy imparted to 
and then to compare the 
from The re 
and excitation energy has usua 


the struck nucleus, 


latter with values obtained 
calculations. ‘lation between momentum 


lly been obtained on the 
basis of highly simplified models for the cascade process, 
and consequently is of dubious value 
calculation of the momentum-excitation energy relation 
for 0.46-Bev protons on bismuth® based on the recent 
Monte Carlo calculations' reveals this, in fact, 
the case. A number of experiments with emulsions have 
yielded information on the momentum imparted to the 
residual nuclei” 
latter." In 
combined effect of the cascade 
esses. A comparison with a « 


\ preliminary 


to be 


and on the angular distribution of the 
measure the 
poration proc 


| 


these cases the experiments 
ind ev 
ilculation based solely on 
the cascade process would be of help in unraveling the 
effects of the two processes 

In view of the large number of experiments related to 
the momentum imparted to nuclei in the cascade 


process it was felt that a calculation of this quantity 


was desirable. The present work is an extension of the 
recent Monte Carlo calculation.' The 
latter are used for a forward 


component of momentum of the residual nucleus, as 


results of the 


1 


determination of the 
well as for an approximate determination of the trans- 
verse component of momentum. In addition, the calcu- 
lated momentum values may be related to the previ 
ously calculated excitation energies, so that a relation 
between imparted momentum and excitation energy 
based on a more sophisticated model becomes available 
for the interpretation of experimental data. The calcu- 


lation has been carried out for | Bi®™, and Ru™ 
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targets at energies of 0.46, 0.94, and 1.84 Bev. The 
details of the present calculation are described in Sec. 
II. The results are given in Sec. III and the comparison 
with experimental data is presented in Sec. IV 


II. THE CALCULATION 


The momentum imparted to the residual nucleus in 
the cascade process was calculated by use of the output 
data of the Monte Carlo cascade calculation.’ The 
energies of the emitted cascade particles, i.e., neutrons, 
protons, and pions, are given for each cascade. The 
component of momentum in the direction of the incident 
proton, px, as well as py, one of the two perpendicular 
components of momentum, may be obtained for each 
cascade particle from listed values of the two direction 
cosines and the energy of the emitted particle. The 
values for the corresponding components of momentum 
of the struck nucleus are then obtained straightfor- 
wardly from the conservation of linear momentum of 
the system. The component of momentum in the 
direction of the incident proton, Pr, is referred to as 
the forward component of momentum in this paper 
and it includes those cases where the nucleus recoils 
backwards. The absolute value of the third direction 
cosine for each cascade particle may, of course, be 
from the other two direction cosines. The 
Monte Carlo calculations have unfortunately not kept 
track of the sign of this third direction cosine, so that 
while the magnitude of pz may be calculated for each 
cascade particle it is impossible to determine its sign. 
Since in general there is more than one cascade particle 
per interaction, it is impossible to determine the 
resulting value of Pz for the struck nucleus. 

The value of the transverse component of momentum 
of the struck nucleus was obtained in the 
calculation under the assumption that the sign of pz 
for each particle emitted in the cascade had an equal 
probability of being positive or negative. The actual 
sign of pz was obtained in each case by the choice of a 
random number. The total transverse component of 
momentum of the struck nucleus, P,, was then obtained 
through the vectorial addition of Py and Pz. This 
procedure is based on the assumption that any corre 
lations among the emitted cascade particles can be 
approximated by a random distribution. A test of this 
assumption is possible in the case of the Al*’(p,3pm) 
reaction. This reaction has been extensively investigated 
by the Monte Carlo technique’ with the purpose of 
obtaining information on the momentum of the residual 
nucleus,” and the results take account of the correla- 
tions among the outgoing particles. This calculation 
was performed for bombarding energies of 0.36 and 
1.84 Bev and includes cascades which lead to Na™ 
directly or which can lead to this product by subsequent 
evaporation. The momentum calculation was repeated 
for these cascades by use of the procedure developed 


obtained 


present 
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for the present study. The resulting values of the 
transverse component of momentum, /,, are consider- 
ably different in many cases from the values obtained 
in the more exact calculation, but the over-all agree- 
ment in the angular distribution of the recoils and in 
the distribution and average value of the transverse 
momentum is fairly good. While this comparison 
applies only to a limited variety of cascades, it seems 
reasonable to assume that the agreement for cascades 
involving the emission of more than four nucleons 
should be at least as good. Whatever the deficiencies of 
the present calculation of the transverse component of 
momentum may be, the latter appears to be the best 
procedure for obtaining any information about this 
quantity from the recent Monte Carlo calculations. 
While it is true that Py may be calculated exactly, it 
should be pointed out that the y axis does not remain 
constant from cascade to cascade, but is randomly 
oriented in the YZ plane. The Monte Carlo calculation 
thus does not give any explicit information on the 
projection of the transverse momentum in the XY 
plane. 

The the and transverse 
components of momentum of the struck nucleus was 
performed for an over-all total of approximately 6000 
cascades with the aid of an IB M-704 computer. Various 
collating routines were also programmed in order to 
facilitate interpretation of the data. The results of the 
present calculation depend, of course, on the assump- 
tions made in the Monte Carlo cascade calculation 
Several of these assumptions are of particular impor 
tance in this respect. First, the Monte Carlo calculation 
does not take account of the possible emission of alpha 
particles or other complex particles during the intra- 
nuclear The momentum imparted to the 
residual nucleus would depend strongly on the emission 
of such heavy particles. Some evidence on the emission 
of cascade alpha particles from silver and bromine 
nuclei has been obtained in recent emulsion studies.” 


calculation of forward 


Cast ade. 


It appears that the emission of cascade alpha particles 
may take place in a few percent of the interactions for 
a bombarding energy of 660 Mev. The forward emission 
of alpha particles and other fragments in the cascade 
process would in general lead to lower values for the 
forward component of momentum of the struck nucleus 
than those calculated in the present work. 

The Monte Carlo cascade calculation gives the 
energies of the incident and emitted nucleons inside the 
potential well of the nucleus. The corresponding values 
in the laboratory system are obtained by subtraction 
of the total nuclear potential energy. This procedure 
neglects the possible energy and momentum acquired 
by the struck nucleus as a result of the sudden effect of 
the nuclear potential on the incident and emitted 
nucleons as they traverse the nuclear boundary. There 
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" : , ; is some question as to whether this type of nuclear 
recoil is a real effect since it would involve the reaction 
of the nucleus as a whole in a time con parable to the 
nuclear transit time. The magnitude of any nuclear 
recoil due to this effect would furthermore be of 


uncertain magnitude because of uncertainty principle 
considerations. An approximate calculation indicates 


10 } that the net effect of any nuclear recoil due to this 


source would lead to somewhat larger values of the 
_ forward component of momentum than those given in 
the present work 

}, lhe direction cosines obtained in the Monte Carlo 


calculation have an absolute error of about 0.02. This 


06 


04 


value includes both random and systematic effects and 
02 leads to a variable error in the momentum values 








oleae ae obtained in the present calculation. This error is in 
general largest for cascades involving a small transfer 
ee 

18 | of momentum to the struck nucleus. In these cases the 
rT? error in the momentum \ 1¢ n mount to about 
16 td , { 2% of the momentum of the incident proton. There is 
PA no other numerical uncertainty of mparable magni- 

14} ; 6 mM (b | : . | } Ts , 
J | | tude in the input information used in the present 


calculation. 
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101 : | Ill. RESULTS 

es . | . | A. Forward Momentum of Struck Nucleus 
| | The distribution of forward momenta is given for 
. ise 4 ° : . ' 
; = uranium and ruthenium targets for the three bombard- 


e 
04+ : f | ing energies under consideration in Fig. 1. The out 


ry standing feature of these spectra is the wide range in 
O2F j iL, values of the forward momentum ji 


RACTION OF EVENTS /O.i « P. 
7 


mentum imparted to the 
a ae a ae struck nuclei. This range may be divided into three 
separate regions. The first region consists of forward 
— Ce ee ee momentum values ranging between ZeTO and the 
momentum corresponding to compound nucleus for- 
22+ : | mation, P.,. This region includes over 80% of the 
ili events and the most probable forward momentum 
20 iA generally occurs between one and three tenths of the 

Cc 


beccce- 


momentum corresponding to compound nucleus for- 
mation. 





The second region consists of negative values of the 
forward momentum, corresponding to backward motion 
of the struck nucleus. These ev 


j 
- 


ur when 
forward momentum of the cascade particles is greater 
than the momentum of the incident proton, and they 
reflect the internal motion of the nucleons in the target 
nucleus. Recoil in the backward direction occurs in 
about 5 to 13% of the interactions, being most probable 


for ruthenium and least probable for uranium. No clear 


o 
@ 
— eee 2 


° 
n 


trend with bombarding energy is discernible. The 

- - s - o ° 
04} magnitude of the forward momentum for events of this 
type is on the average about 7% of the momentum 


corresponding to compound nucleus formation. An 





Fic. 1. Distribution functions for the forward component of 
momentum for bombarding energies of (a) 0.46 Bev. (b) 0.94 Bev 
and (c) 1.84 Bev. Solid lines—U™ target ashe ine—Ru!? 
target. The forward component of momentur given in terms 
of the momentum of a compound eus 
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examination of the cascades leading to these particular 
events shows that they very often involve the emission 
of one nucleon of much greater energy than that of 
the other emitted nucleons and that the number of 
internal collisions is small. These observations are 
particularly true at the lower bombarding energies. 
Cascades with these characteristics are more common 
for the lighter nuclei since the incident proton has to 
traverse through less nuclear matter and thus has a 
greater probability for making only a small number of 
collisions. These observations explain the observed 
trend with mass number of the fraction of events in 
question. The possible occurrence of nuclear recoil due 
to the discontinuity in potential at the nuclear boundary 
would have the greatest effect on this particular group 
of interactions, leading to a decrease in the number of 
such events. 

The momentum distributions in Fig. 1 indicate that 
in a small fraction of times the struck nucleus receives 
more forward momentum than would correspond to 
compound-nucleus formation. The probability for the 
occurrence of such events decreases with increasing 
energy and decreasing target mass number, and ranges 
from 0.05 to 0.01 for uranium, and from 0.02 to 0.01 
for ruthenium. On the average events of this type 
involve the transfer of approximately 10% more 
momentum than corresponds to compound nucleus 
formation. Events of this type occur when the net 
forward momentum of the cascade particles is negative. 
This process is the result of complicated cascades 
involving large numbers of internal collisions prior to 
the emission of all the cascade particles. The variation 
with mass number of the probability for the occurrence 
of these events then follows from the greater volume 
available for this large number of collisions in a heavy 
nucleus. The variation with energy may also be under- 
stood on this basis, since it takes a greater number of 
collisions to reverse the direction of a 1.8-Bev proton 
than of a 0.5-Bev proton. 

The average forward momentum imparted to the 
struck nucleus is given as a function of the bombarding 
energy in Fig. 2 for different target nuclei. It is seen 
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Fic. 2. Variation of the average forward component of mo- 


mentum with bombarding energy. The magnitude of the statistical 
error is given for bismuth 
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Fic. 3. Distribution functions for the transverse component of 
ymentum. P, is expressed in units of the compound nucleus 


momentum, Solid « bismuth, 1.84 Bev; Dashed curve 


bismuth, 0.46 Bev 


urve 


that the transferred increases with the 
mass of the target similar to that of 
the average excitation energy of the residual nucleus, 
and is due to the decreasing probability for the escape 
of cascade particles as the size of the nucleus increases. 
The average forward momentum imparted to the 
struck nucleus constitutes only a small fraction of the 
momentum of the incident proton and this fraction 


decreases with increasing bombarding energy. 


momentum 
This variation is 


B. Perpendicular Momentum of the Struck Nucleus 


The spectra of the perpendicular component of 
momentum imparted to the struck nucleus show similar 
features for all the cases studied. The curves for bismuth 
at 0.46 and 1.84 Bev are plotted in Fig. 3. It is inter- 
that substantial transfers of transverse 
momentum occur in the cascade process. As in the 
case of the forward component of momentum, a wide 
range of values is possible. Very large transfers of 
transverse momentum appear to be less probable than 
very large transfers of forward momentum. The most 
probable and average values of the transverse momen- 
tum are about equal in magnitude to the corresponding 
values of the forward momentum for all the cases under 
consideration. 

Although the average values of the two components 
of momentum are of similar magnitude, the value of P; 
is, for a given cascade, only slightly dependent on the 
value of Py. As a result there is a striking change in 
the value of P,/P » as the forward momentum increases, 
as shown in Fig. 4. The curve is representative of all 
the targets and bombarding energies studied and the 
vertical bars indicate the range of values for different 
targets and bombarding energies. It is seen that the 
value of P,/P,r shows a rapid increase as the forward 
momentum approaches zero, while at Pr=0.2X Pes 
the curve begins to level off and only decreases relatively 
lowly thereafter 


esting to see 
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hic. 4. Variation of the ratio of transverse and forward compo 
nents of momentum with the forward component of momentum 
rhe curve applies to all targets 


the indicated limits of error 


ind bombarding energies within 


C. Relation Between the Forward Component of 
Momentum and the Excitation Energy 
of the Struck Nucleus 


The relationship between the forward component of 
momentum imparted to the struck nucleus and the 
residual excitation energy may be investigated in order 
to facilitate the interpretation of recoil studies. Al- 
though, strictly speaking, the quantity obtained in 
recoil studies is the velocity of the struck nucleus 
rather than its momentum, there is practically no 
difference between these two quantities in their vari- 
ation with the excitation energy because of the small 
percentage variation in the mass of the residual nucleus. 
lhe probability for the occurrence of different P»— E* 
pairs is given as a contour plot in Fig. 5 for 0.94-Bev 
protons on bismuth and is typical of all the cases 
studied. The following features of this plot may be 
noted. First, the most probable value of the excitation 
energy increases as the forward component of momen 
ttm increases. Second, large momentum transfers are 
seen to be more probable than large excitation energy 
transfers. While cascades with Pr/P., of 0.8 thus still 
occur nearly 0.2 times as often as the most probable 
cascades, the corresponding cascades with E* Boa” of 
0.8 occur less than 0.001 times as often as the most 
probable events. This fact may seen in a 
comparison of the average forward momentum and the 
average excitation energy of the struck nucleus. The 
ratio of these two quantities, each expressed in terms 


also be 


of the corresponding value for a compound nucleus, is 
about 1.5 for ruthenium, and 1.3 and 
uranium, almost independently of bombarding energy. 
that the 
emission of nucleons in a direction perpendicular to 
that of the incident the 
forward does 


for bismuth 
These observations are related to the fact 


little effect on 
struck nucleus but 


proton has 
momentum of the 
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lower the residual excitation energy. Third, the rela- 


tionship between forward momentum and excitation is 
not unique. For a given value of the forward momentum 
energies 

to 0.2 


of excitation 
For Pr/P., of 0.1 
75% of the events thus have excitation energies within 
for k*/] of 0.1-0.2, 
the same percentage of events has forward m 


there is a fairly wide spread 
associated with this value 
a 240-Mev interval. Similarly, 
mentum 
values within a 350 Mev/c interva 

The measurement of the recoil propert 
nuclide has made possible the determination of the 
average forward component of momentum of the struck 
nucleus for processes leading to the formation of the 
nuclide in question. This kind of 
obtained so far primarily for fission products. It is 


1es ol a given 


information has been 


possible to obtain a value for the excitation 


associated with the measured 


energy 
from either 
a plot of the average excitation energy vs forward 
momentum or of the average forward momentum vs 
Neither plo correct in 
view of the fact that a giv sion pri ct arises Irom 
residual 
excitation energy value 1€ present results are 


excitation energy. entirely 


nuclei having a range momentum and 


given 


in a plot of the vari: average forward 


momentum with he method 
for correcting the latter for the 


associated with a giver 


excitation energy, since 


range ol raiues 

| is been disci 

a previous work.'* The given for 

targets and bombarding energies in Fig. 6. The curves 
} >» hea . li, ' 


product 
results are several 
were obtained in each case 

energy range into ten equal 


average forward momentum for eacl 
that Pp increases practi 


Fic. 5. Contour t of the probabilit f occurrence of given 
E*—Pr pairs for 0.94 Bev pr he excitation 
energy and forward mon IT yf the corre 
sponding values for compound nucleus formation. The relative 
probability for the urrence of ever! within the various 
contours is indicated 
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E* in all cases. Typical values of the standard deviation 
associated with the average forward momentum are 
given in the case of 0.46-Bev protons on bismuth. The 
rather large values of the standard deviation reflect the 
spread in momentum values associated with a given 
excitation energy and are considerably larger than the 
statistical error. These curves may be used to relate 
experimental momenta to excitation energies provided 
a correction is made for the range of excitation energies 
associated with the formation of a given product, 
as discussed previously."* This correction generally 
amounts to a few percent at the most. 


IV. COMPARISON WITH EXPERIMENT 


\ number of experimental results may be compared 
with the present calculation. The recoil properties of 
the residual nuclides following the interaction of high 
energy protons with silver and bromine nuclei in 
emulsions have been investigated by several groups. 
Ostroumov"” has measured the projected length and 
direction of the recoil prongs formed in the interaction 
of 460-Mev and 660-Mev protons with silver and 
bromine 


These measurements enable him to obtain 
the distribution of the forward component of velocity 
of the recoiling nucleus as well as that of the projection 
of the transverse component of velocity. Ostroumov’s 


results are based only on the observation of measurable 
tracks lying within 30° of the plane of observation and 
require large corrections for tracks having short ranges. 
These corrections were made on the assumption of a 
Gaussian shape for the distribution functions. In view 
of the large uncertainty in the distribution functions 
introduced by this procedure, it appears more meaning- 
ful to compare the average values of the forward and 
perpendicular components of velocity with 
obtained in the present calculation. Table I shows a 
comparison of the average forward component of 
velocity, the average perpendicular component of 
velocity in the plane of the emulsion, and the ratio 
f forward to backward emission. The calculated values 
were obtained on the assumption of an equal number of 
cascades at 460 and 660 Mev, since the actual ratio of 
events was not stated in Ostroumov’s paper. An error 
in this estimate will affect the calculated values by only 
a few percent because of the slow variation with energy 
of the quantities of interest. The values calculated for 


those 


with Ostroumov’s results 
on emulsion recoils. 


I. Comparisor 


Ostroumoy This work 
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Fic. 6. Variation of the average forward momentum with 
excitation energy. (a) U or Bi, 0.46 Bev; (b) Bi, 0.94 Bev, (c) Bi, 
1.84 Bev; (d) Ru, 0.46 Bev 


660 Mev were obtained by interpolation between values 
at 460 and 940 Mev. The average perpendicular 
component in the plane of the emulsion was obtained 
from the calculated value for the average total perpen- 
dicular component of velocity on the assumption that 
the velocity vector was randomly oriented in the plane 
perpendicular to the beam. The average value of one 
component then is 2/ times the average value of the 
total transverse component of velocity. The velocities 
were obtained from the calculated momenta on the 
assumption that on the average three nucleons were 
emitted in the cascade.’ It was assumed that Ru 
served as an adequate average for silver and bromine 
for the purposes of this calculation. 

The experimental and calculated values of the aver- 
age forward component of momentum are directly 
comparable if it is assumed that the emission of evapo- 
rated particles is symmetric about 90°. It is seen that 
the two values agree to within 20%. This must be 
considered as very good agreement particularly in view 
of the fact that the experimental value is somewhat 
too low due to an overestimate of the fraction of nuclei 
recoiling backwards. This overestimate follows from 
Ostroumov’s assumption that the shape of the velocity 
spectrum is Gaussian. It is shown in Fig. 1 that this is 
a rather poor assumption and one that will overestimate 
the amount of backward emission. This factor is also 
partially responsible for the very low forward to 
backward ratio obtained by Ostroumov. The actual 
experimental results, based on the observation of 
measurable tracks lying within 30° of the plane of 
observation, in fact give a forward to backward ratio 
of 4.8. This value is still considerably lower than the 
calculated value and the difference reflects the effect of 
the evaporation process. The experimental value of the 

verage transverse component of momentum reflects 
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the combined effect of the cascade and evaporation 
processes and is therefore expected to be larger than 
the calculated value. The observed difference of about 
30% is consistent with the evaporation of 9 or 10 
nucleons having a transverse component of momentum 
randomly oriented in the plane perpendicular to the 
beam. The number of evaporated nucleons chosen for 
this comparison follows'® from the assumption of an 
initial excitation energy of 125 Mev.! 

One further comment is pertinent to the present 
discussion. In the work under consideration Ostroumov 
attempts to obtain the average forward component of 
velocity imparted to the struck nucleus in the cascade 
process and to the 
average excitation energy deposited in the residual 


relate the average velocity to 


nucleus. His procedure entails the assumptions that the 
observed perpendicular component of velocity is entirely 
due to the evaporation process and that the forward 
component of velocity acquired by the residual nucleus 
in the evaporation proce is on the average equal to 
the perpendicular component. It is seen on the basis 
of the present calculation that this procedure grossly 
underestimates the contribution of the cascade process 
to the velocity of the residual 


nucleus. Ostroumovy 


values for the average excitation 
of the 


which will be considered presently. 


subsequently obtain 


energy on the basi single fast nucleon’”’ model 


This model over 
estimates the excitation energy associated with a given 


value of the forward momentum but, even so, Ostrou 
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mov’s excitation energies are considerably lower than 
the values obtained in the Monte Carlo calcu- 
lations.' For instance, for a bombarding energy of 660 
Mev, Ostroumov obtains a value of 58+4 Mev for the 
average deposition energy, while the 
value obtained Monte Carlo « 
140 Mev. 

Baker ef al.'''® have studied the interaction of the 
heavy emulsion nuclei with 1-3 Bev protons. The 
angular distribution of the with respect 
to the direction of the incident | yn is obtained. This 
study is restricted to events in which at least one alpha 
partic le is emitted 


recent 


corresponding 


in the ilculations is 


The compariso wit the present 
h no heavier 


particles are emitted, so that the perturbation the 


calculation is restrictes 


oe awn 
angular distribution resulting 
is kept to a 
calculated and experimental ang 
different 
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slightly as the bombarding energy is increased from 1 
to 2 Bev.'* 

The experimental recoil ranges and forward-to- 
backward ratios may be used to obtain the value of 
the average forward component of velocity inparted to 
the nucleus in the initial interaction, when coupled 
with a range-velocity relation. Baker ef al." find that 
at 2 Bev the value of this quantity is 0.007c. This 
result is in excellent agreement with the calculated 
value of 0.0069¢ obtained at 1.84 Bev in the present 
work. 

A number of groups have studied the fission of 
uranium through the observation of fission tracks in 
loaded nuclear emulsions. It has been shown’ that the 
angle between two fission fragments is related to the 
forward component of momentum imparted to the 
struck nucleus in the intranuclear cascade, and a 
number of determinations of this quantity have been 
performed. The results are directly comparable to the 
results of the present calculation since fission accounts 
for most of the inelastic cross section of uranium for 
bombarding energies of a few hundred Mev. In one 
experiment’ the transverse component of 
momentum has also been determined by the observation 
of events lying in a plane perpendicular to the beam. 
rhese results are also directly comparable with the 
present calculations. It should be mentioned that in 
most of these studies the quantity listed is not 
forward component of momentum 
average excitation energy deposited in the struck 
nucleus. The latter is obtained in all cases from the 
experimente] momentum by use of the 


nucleon” 


average 


the 


average but the 


“single fast 
model of the cascade. The experimental 
momentum values quoted below were obtained from 
the quoted values for the average excitation energy by 
use of this model. In the study of Obukhov,’ the 
measured momentum values are listed and 
compared directly with the present work. 
The results of this comparison are summarized in 


may be 


Table III. It is seen that although the experimental 
data are in rather poor agreement with each other they 
lead to considerably lower values for the 
forward component of momentum than those predicted 
by the present calculation. The variation of the forward 
momentum with bombarding energy is furthermore 
predicted to be much larger than is actually observed. 


rhe agreement of the calculated and experimental 


average 


average transverse components of momentum is, on 
the other hand, rather good. In view of the approxi- 
mations involved in the calculation of this quantity 
this 
observed discrepancy in the values of the forward 


agreement may, however, be 
component of momentum can be explained if it is 
assumed that the cascade calculation underestimates 
the number of events in which small amounts of forward 
momentum are transferred to the struck nucleus. It 
has already been demonstrated in a study of (p,pn 
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Taste ITI. Comparison of experimental and calculated values 
f the average momentum imparted to uranium in the cascade 


process 


p, 400" P, eso” 
214 Mev/< 


268473 


Author 


Perfilov ed al.4 
Ivanova and Pianov’ 
Obukhov' 

rhis calculation 


430462 Mev /« 


386+ 15 450+ 18 


r 460.Mev proton bombardment 
r 660-Mev proton bombardment 
660.Mev proton bombardment 


* Average forward 
\verage forward 
Average 


transverse nentum for 


that, at the energies under consideration, 
the Monte Carlo calculations underestimate the number 
of events in which small amounts of excitation energy 
are deposited in the struck nucleus by a factor of 2 to 3. 
In view of the relation bet ween forward momentum and 
excitation energy, the above assumption thus is reason- 
account for the 
smaller energy the average forward 
momentum since the fraction of interactions involving 


reactions!’ 


able. This explanati« n would also 


dependence of 


low energy transfers appears to be rather insensitive to 
the bombarding energy, as demonstrated by the con- 
stancy of the cr (ppm) reaction at 
In order to bring the 
experimental and calculated values into agreement, it 
appears that the deficiency in the calculation of events 
in which the residual nucleus is left with little forward 
momentum and tation energy has to extend to 
excitation energies of about 30-40 Mev. 
\ number of simple models 


section for the 
different bombarding energies 


excl 


for the nuclear cascade 
have been used in the past to obtain the excitation 
energy of the residual nucleus from the value of the 
forward component of momentum of the latter. The 
fast 
Perfilov and co-worker 


“single nucleon’”’ model has been proposed by 


and has been used in subse 
quent Russian reports.*~" This 


used in the early work of 


has also been 
Sugarman.? The model 
that one high-energy nucleon 
emitted in the cascade and that its direction of motion 
is along that of the incident proton. According to this 
model, as used by the Russian investigators, the 
nucleons emitted in the 
the energy left in the 
in order to arrive at the excitation 
has proposed a model based on the 
approximation that the cascade may be represented by 
a single nucleon-nucleon collision between the incident 
proton and a stationary nucleon. It is assumed that 
the latter remains in the nucleus and transfers its energy 
and momentum to the nucleus as a whole. Obukhov’ 
has considered model in which two high-energy 
nucleons are emitted in the cascade process. One of 


model 


umes there is only 


binding energy of all the 
cascade is subtracted from 
residual nucleus 


energy. Turkevich'® 


‘7S. Markowitz, F. S. Rowland, and G. Friedlander, Phys 
Rev. 112, 1295 (1958 


* A. Turkevich as quoted in reference 3 
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Fic. 8. Comparison of the relation between forward momentum 
and excitation energy predicted by several simple models with 
that obtained in the present work for 1.84 Bev protons on bismuth 

present calculation; “single fast particle’ model; 

“single fast particle model’ corrected for binding energy 

of cascade nucleons; “‘two-nucleon collision” model: 
‘parallel and perpendicular fast particles’? model 


these nucleons is emitted parallel and the other perpen- 
dicular to the direction of the incident proton, and both 
emitted nucleons are assumed to have the same kinetic 
energy. 

It is of interest to compare the relation between the 
forward component of momentum and the excitation 
energy predicted by these simple models with the 
relation obtained in the present calculation. The vari- 
ation of forward momentum with excitation energy is 
given for the case of 1.84-Bev protons on bismuth in 
Fig. 8. The calculated obtained in the 
manner described previously and the magnitude of the 
statistical error is shown for a few 


curve was 
of the excitation 
energy intervals. It is seen that none of the models is 
in very good over-all agreement with the results of the 
present calculation although the model proposed by 
Turkevich is in fair agreement, particularly for low 
excitation energies. The situation represented in Fig. 8 
is typical of all the targets and bombarding energies 
under consideration. 

A number of deposition energy values obtained with 
the aid of the “single fast nucleon” model have been 
reported in the literature. These values are based on 
the results of recoil studies on fission fragments. It 
seems worth while to obtain more realistic values for 
the excitation energies associated with these processes 
with the aid of the Monte Carlo results. This may be 
done by calculating the momenta associated with the 
published excitation energies by use of the simple 
model in question and then obtaining the excitation 
energies by use of Fig. 6. A correction is made for the 
fact that a given process occurs over a range of exci- 
The effect of 


leading to an increase in the 


tation energies, as described elsewhere." 
this correction is small, 
calculated excitation energies by some 5 to 15 Mev 
The results of this recalculation are given in Table IV. 
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TaBLe IV. Recalculation of average excitation 
ated with particular reactions ist 
results 


energies associ 
of Monte Carlo calculation 


Process 


+ fission‘ 


Bi+p 
W-+ p — fhission® 
Bi+ p — fission® 
W +>) — fission® 
Bi+p — Sr 4 
Bi+p — Ba™ 1% 


* Average excita n energ 
> Recalculated average « 
From reference 7 


4 From reference 2 


It is seen that in all cases the corrected values are lower 
than the old values, as would be expected from the 
comparison given in Fig. 8 
for large momentum transfers. Thus in the fission of 
tungsten with 660-Mev protons the c tion 
to about 70°. 

In addition to the results given in Table IV, a 
number of 
obtained for the formation of 


The discrepancy is greatest 


amounts 


iarge 


average excitation energies have been 


specinc nut ides in the 
fission of bismuth and tantalum with 450-Mev protons 


These results were based on a preliminary version of 


the present calculation based on about 25 

available cascades for bismut! 

that the momentum-excitatio1 

tantalum was the same as that f 

of the present calculation indi 

excitation energies quoted in the e 

the average too low by 9% in tl 

by 4% in the case of tantalum 
The angular distribution of fissi 


é 


energy fission generally involves a slight preferential 
emission along the beam direction.’ In tl 

processes involving rather low excit 
as the formation of Ba'® and Ba 
uranium with 450-Mev protons, 
in a direction perpendicular to 
proton has been observed." H 
considerations to account for these anomalous ani 


emission 
incident 
advanced 


sotropies. His main point is that a substantial 
of the interactions at 

collisions in which the transfe 

to the struck nucleus is substanti 
of forward momentum is sma nce the excitation 
energy of the residual! nucleus after sucl tions is 
low, the latter may be considered as almost e 
to interactions with lo 
90° to the direction of the primary 
ential emission of fission fragments 


Iraction 
nve grazing 


se momentum 


> transier 


juivaient 
w-energy n incident at 

The preier- 
the direction 
of these secondary nucleons then lead the observed 


angular distribution 


9 N. Sugarman (private « ti 


* 1. Halpern, Nuclear Phys ll, 522 


1959 
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The present calculation lends quantitative support 
to Halpern’s considerations. In particular it is seen in 
Fig. 4 that the value of P,/Pr is large for small values 
of Pr, while in Fig. 6 it is seen that interactions of this 
type lead to low deposition energies. Figure 1 indicates 
that the fraction of events involving small transfers of 
forward momentum is appreciable. 

The results given in Fig. 4 are of course applicable 
to spallation, as well as fission, reactions. The cascade 
process is thus expected to lead to preferential trans- 
verse motion of fragments with small forward momen- 
tum and excitation energy and to preferential forward 
motion of fragments with large forward momentum and 
excitation energy. The experimental results on spal- 


lation reactions are too meager for a meaningful 


comparison with this prediction. 


Vv. CONCLUSIONS 


The following are considered to be the main conclu 
sions of this calculation: 


1. The forward component of momentum imparted 
to the struck nucleus in the cascade can range from 
negative values to values greater than those expected 
for compound nucleus formation, with the most prob- 
able value ranging from one to three tenths of the 
compound nucleus momentum. 

2. The transverse momentum imparted to the struck 
nucleus in the cascade is on the average approximately 
equal to the forward component, and exhibits a wide 
range of possible values. 
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3. The transverse component of momentum increases 
only slightly as the forward component increases from 
zero to its maximum value. 

4. The average forward component of momentum of 
the struck nucleus increases linearly with the excitation 
energy but there is a fairly large spread in the values of 
the forward with a given 
excitation energy. 

5. The calculated momentum values are in most cases 
consistent with the pertinent experimental results. The 
main exception occurs in the fission of uranium, where 
the calculation appears to underestimate the occurrence 
of events with small transfer of forward momentum to 
the residual nucleus. 

6. The forward momentum-excitation energy relation 


momentum associated 


obtained in the present work leads to much lower 
average excitation energies associated with high-energy 


fission than the previously used relation 
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The cross section for production of x 
approximation. This cross section is 
constant is independent of the strong couplings 


life of 10°** sec the total cross section is about 10 


I. INTRODUCTION 
PPER 


mean life, r, 


known for the 
of the #° meson. The upper bound, 
7<5X10~-"*, was determined by attempting to measure 
the distance from the 7° production event to the point 
of decay via the electron decay mode.' The lower 


and lower bounds are 


bound, r>5X10~", comes from the scattering of light 

by protons.’ In this paper it is proposed to measure r 

by the production of 2° mesons by colliding electrons 
Let p 


electron 


be the momentum of each electron, m the 

mass, uw the meson and +r the meson 
II that the 

section for #° production is given, in natural units, by 

the formula 


mass, 


mean life. It is shown in Sec. total cross 


terms of order [In(po/m) ], 


where fun is given by 


tion f(y 


It is of the order of unity except very near Pp 
\t Pou, and for r~ 107" sec, Eq (1) gives or~ 10 


cm’. Although the cross 


section is greater by an order 
of magnitude at several Bev, the problem of discrimina- 


tion against multiple x° production probably restricts 


the energy to po~u or less 
The mesons come out primarily forward or backward 
with a distribution function 


where g is the itun he ene rgy of 
produced meson. Th ; on g are zero and 


* This work is supported part by funds provided by the 
U. S. Atomic Energy Commission, the Office of Naval Research 
and the Air Force Office of Scientific Research 
' G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957 
2M. Jacob and J. Mathews, Phys. Rev. 117, 855 (1960 
F. E. Low, 1958 Annual International Conference on High-Ener 
Physics at CERN, edited by B CERN Scientifi 


Information Service, Geneva ort of G. F. Chew 


Ferretti 
1958). rer 


58 


mesons by 


For a center 


colliding electrons is 


directly proportional to the inverse 


ol-mass et 


° 
m? 


(u*/4po). The function 
by integrating dV 

If it is not po ible 
photons resulting from the 
discriminate in 
bremsstrahlung process 
of a= 1/137. If 7 is sufficier 
to do this by using the angu 


some ot} 


(which is presumably of order 
lung). If not, the competing 
must be calculated and 


events. It may be noted 
the two modes of doub! 
bremsstrahlung) is 

one power of 1/137. 

It is 


the case for 


interesting that 1 
strongly coupl 
+ directly and via the 
The calculation leadi: 
combination of « 
exchange (or, for the 
nihilation) contribution to 
[In(po/m) ?. Furthermore, t 
in or is the lifetime of the z 
photons (of mass comp 
The terms in or of order 
virtual photons of 
directly measure the x 
of the effect of virtua 
poss, be estimated 
variation of the x° de 
mass and 
calculation. This 


pe riormi 


wide-angle double brem 


Wilner 
Il. DERIVATION OF EQ 
We start 
equivalent number of 
This number is* 


from the 


*R. B. Curtis 
D. R. Yennie, Ph 
? 


“ 


production (7° 


r one must 


the double 


he same order 


1\ be possible 
the photons 
bremsstrah- 

cross section 
he obse rved 


nce betwe en 


and 


he x mode by 





PROPOSAL FOR 
where a=1,/137, p; and po are the final and initial 
electron momenta, m is the electron mass, & the equiv- 
alent photon energy (or electron energy loss), p an 
average electron momentum of the order of (pipo/k). 
To the extent that In(p/m)>1, we do not need the 
precise value of j. Since the validity of Eq. (4) depends 
on just that inequality, we shall set p= po. 

In our problem we have two incident electrons. Again 
to logarithmic accuracy, each electron goes forward, and 
longitudinal photons and exchange scattering may be 
neglected. 

The cross section for x° production will therefore be, 
in the center-of-mass system of the two electrons, 


rn 


(“)( ny dk, dy (p:?+ po?) (ps? + po?) 
ag In— f — ——— — 
T m ky ke 4po' 


Xo(ky,ke), (5) 


where o(k;,k2) is the cross section for production of a 
x by two oppositely directed photons of momenta &;, 
and ko, respectively. 

To calculate o(;,k2), let (| M |*)ay be the polarization- 
square of the invariant matrix 


averaged element 


connecting a pion to two photons. 
The pion lifetime is given in terms of ( M 


dk 6(2k- M) 
anf x4(| M |? 


. av by 


ye (2r)* (2k)? (2p) 


=——-(|M/|*),, (6) 
where uw is the pion mass. The cross section o(k;,k2) is 
given by 
(29) dq 6 ki +k,— q)5(ki+h.—w) 

a (kiko) =—— — 
2 (2)? (2k;) (2k2)2w 
X (|My. (7) 


Since k; and k, are in opposite directions we must 
ki— ke and W k, T ko, or 4k kp yp’. 


(7) then simplifies to 


have g Equation 


rg 8x? 
5(42y Rk —p? M 7 av 
ue ur 


6(4R ke aes (3) 


MEASURING f#® LII 


ETIME 


whose invariant expression is 
8s? 
=— 8( (ki tks)? +p"). 
ur 


We substitute (&) into (5) and obtain 


32a? po\? 
oTr=— {in *) farts 
ur m 


(pi? + po) (po? + po”) 
K 6 (4k Rke— ps?) ; 


po* 


(10) 


Next, re-introduce the meson energy and momentum 
as independent variables according to 


a4 (11) 
2, (12) 


ky (w+q) 


(w- g 


a kik) 0(w,g) =}: 


(pit po!) (pa? +o?) 
pot 
1 dq (p;? L p,2 (ps + po*) 
x ; 
w po 


(13) 


where 
pi= po~ (wt 9)/2 


The momentum spectrum of produced mesons is 
given by Eq. (13). The limits on g are determined by 
the condition that p; and fp, be greater than zero, that 

shera 
where 


Im= po- (yu? 4p, ). 


lhe final result for or, Eqs. (1) and (2), is obtained 
by carrying out the integral in Eq. (13) between the 
limits given by Eq. (15). 

I would like to thank Professor Feshbach for a 
helpful conversation. 


and p.=po—(w—gq)/2. (14) 


is —GmSqghgm 


(15) 
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Che absolute cross section for 
has been measured by the 
out the range of g?=2.6f 


been in terms 


?tog=10.75f 
analysis has 
vields a neutron 


rms magnetic moment of 1 f, 


ire presented in terms of abs« 


I. INTRODUCTION 


JANOFSKY and Allton' have recently investigated 

the produc tion of plons In ¢ lec tron-proton collisions 
obtain information about neutron 
ic structure. This experiment is an exten- 


sion of their work to h 


in an attempt to 


| 
eectromagne 
gher values of the 4-momentum 


transfer and over a wider 


Also, the 


deuteron target 


range of center-of-mass 


energies. experiment was repeated using a 
Fora proton target ; of interest may be 
vritten 


tnt, (1) 


-prr. 


In order to obtain information about nucleon structure, 
events which corre- 
spond to a large 4-momentum transfer. Thus, since the 
initial and final electron energies together with the 
electron scattering angle completely de- 
termine the 4-momentum transfer as well as the energy 
delivered to the pion-nucleon system, observation of the 
lly scattered electrons is preferable to the 
observation of the pions. This procedure was therefore 
followed in both this experiment and the Panofsky- 
Allton experiment. Since only the final electron is ob- 
served, the sum of the cross sections for the reactions (1) 
and (2) is measured 


it is necessary to single out those 


labe ratory 


ine lastica 


The connection between the invariant 4-momentum 
transfer g and the laboratory quantities may be written 
(neglecting the rest mass of the electron) 

2E,E2(1 


cosé 4 (3) 


where /£,; and £2 are the laboratory incident and final 
electron energies, respectively, and @ is the laboratory 
scattering angle. (We use, throughout, units in which 
h=c=1.) The energy EF of the pion 


center-of-mass system 


and nucleon in their 
ncluding rest energies) is re- 
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letection of inelastically scattered electrons 
2 and center-of-mass energy / 


irect production of pions in electron-proton ar 


Proton data have been take 


= 1100} 


lg 


f a neutron magnetic moment distribution. Cor 
j but better theoretical cak 
somewhat. No theory for the elec troproduction of pions from deuterons exist 


lute cross sections as well as in terms of a deuter 


lated to the laboratory lation 


F?= M?+2M (E, 


cosé). 


where M is the rest mass of tl 
mass of the electron has be 
1 correspond 

(3 3 


1200 Mi 


nergy 


the data was taken at / 
approximately to th pion- 
nucleon resonance produces a maximum in the cross 
sections 

The angles used in Kperir nt were 90° and 135 
(laboratory while the 
from 461 to 684 Mev 
range of primary int 
180 Mev. 


The deuteron 
tempt to obtair 


ctron ene rgies rang¢ d 
tered electron energy 


Iron abou 100 to 
f Xp rim 
iiorm 


corre sponding to (1 


although at the 
would enable one 
measured deuteron 
section corre spond 


According to the 1 Yennie,? the 
expression for tl ittering 


section corresponding | of 1 ions (1 2), (5), or 


cross 


(6) may be writt 


1] 


5 the magnitude 


where a is the fine 
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of the pion momentum in the center-of-mass system, m 
is the electron mass, (j,) is the appropriate transition 
current matrix element to go from the initial nucleon to 
the final pion-nucleon state, and A* is the Mller po- 
tential of the scattered electron. Other quantities are as 
defined earlier. The quantity |(j,)A*| is averaged over 
final pion directions and appropriate spin sums are 
taken. 

At the present time, the best available expressions for 
the matrix elements (j,) are those obtained by Fubini, 
Nambu, and Wataghin,’ who used a dispersion theo- 
retical approach. An explicit dependence of these matrix 
elements on the nucleon form factors enables the proton 
data analysis to be in terms of nucleon structure. An 
important fact here is that the matrix element corre- 
sponding to each of the reactions (1), (2), (5), and (6) 
depends on the electromagnetic structure of both the 
proton and the neutron. Thus, since the proton structure 
is well known from other experiments,‘ the measured 
and (2) 
may be interpreted in terms of a neutron structure 
Reactions (5) and (6) are of 
observable. 


cross sections corresponding to reactions (1) 


course not directly 
Near the threshold for these processes (center-of- 
energy E=1079 Mev) the dependence of the 
theoretical cross sections on the neutron charge struc- 
ture is large, while the dependence on the magneti 
moment structure is small. However, near the pion- 
nucleon (3,3) resonance (approximately E= 1200 Mev 
the situation is reversed. Since most of the data in this 
experime nt were taken well above thre shold, the neutron 
charge form factor has been assumed identically zero 
and the interpretation has been made in terms of its 
magnetic moment structure alone. 

Gartenhaus and Lindner® have evaluated Eq. (11 
using slight simplifications of the matrix elements of 
Fubini ef al. In particular, they have neglected all! 
longitudinal contributions to the cross section. The re- 
sults of their calculation were used throughout this 
paper. 


mass 


As stated above, no theory exists for the deuteron 
process. As a crude first estimate of the expected cross 
sections, the deuteron momentum distribution has been 
folded into the theoretical stationary proton and 
neutron cross sections. As will be seen later, the experi- 
smaller than the 


mental cross sections are somewhat 


result of this folding. 


Ill. EXPERIMENTAL DETAILS 


\ diagram of the experimental arrangement is given 
in Fig. 1. The beam from the Stanford Mark III linear 
accelerator was energy-analyzed and focussed on a 


*S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 
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*R. Hofstadter, F 
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lic. 1. Diagram of experimental arrangement. 
liquid hydrogen (or liquid deuterium) target. The beam 


was monitored with a secondary emission monitor,*® 
which was periodically calibrated against a large Fara- 
day cup. The Faraday cup was removed from the beam 
during the actual cross-section measurements, since its 
presence causes a large flux of neutrons to impinge on 
the counter system, and thus creates alarge background. 

The inelastically scattered electrons were energy- 
analyzed using a 36-in. radius 180° magnetic spectrome- 
ter which has been described elsewhere,’ and counted 
with a two-element Cerenkov counter coincidence sys- 
tem. The front counter was a {-in. thick Lucite block 
viewed from one edge by an RCA-6810-A photomulti- 
plier tube. The rear counter was in the shape of a 
truncated cone, viewed from the larger end by an 
RCA-7046 photomultiplier tube. The output of the two 
counters was fed into a fast coincidence circuit of the 
type designed by Wenzel.* The variation of counting 
efficiency with energy was measured by the comparison 
of measured elastic hydrogen counting rates to the 
known cross sections at various scattered electron ener 
gies. The efficiency of the counting system was found to 
be energy independent over the range of interest, i.e., 
from 100 to 180 Mev 


IV. REMOVAL OF COMPETING PROCESSES 


Several (100-180 
Mev) electrons in addition to the electropion processes 
which are of interest here. Panofsky and Allton' have 
devised an extrapolation procedure to remove the un- 
desired events. With minor modifications, their method 
s used here. 


processes contribute low-energy 


There are three general ways other than through the 
electropion processes through which a significant num- 
ber of low-energy electrons arise: (1) An incident elec- 
tron may emit a large photon before, after, or during 
nuclear scattering into the direction of observation. 
(The first two of these processes are thick-target effects, 
while the last process is known as wide-angle brems- 
strahlung.) (2) Photons produced in the target (or the 
virtual photons of the electron’s electromagnetic field) 


W. Tautfest and H. R 
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; Fechter, Rev. Sci. Instr. 26, 229 
R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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Fic. 2. Comparison of observed and calculated background 
contributions to the electropion cross section for the case E; = 550 
Mev, 6=90°: (1) observed sum of competing processes (experi- 
mental cross section for all processes decreased by the theoretical 
electropion cross section), (2) theoretical contributions due to 
bremsstrahlung, (3) approximate contribution due to charged and 
neutral pions, (4) theoretical electropion cross section (assuming 
the rms neutron magnetic moment radius to be 1.0 f), and (5) ap- 
proximate contributions from electron-electron scattering followed 
by elastic nuclear scattering 


may produce r° or x~ mesons. The x” decay photons may 
then give rise to electron-positron pairs, or pairs may be 
emitted directly via Dalitz decay. The #~ mesons may 
give rise to electrons through the w-y-e decay. (3) Elec- 
tron-electron scattering may produce a large number of 
low-energy electrons. These electrons, which will be 
sharply peaked in the forward direction, may then suffer 
elastic nuclear scattering into the direction of observa- 
tion. Contributions from many other processes have 
been considered and found to be negligible for the 
experimental conditions used here. For a particular case, 
the relative contributions from the processes listed 
above are shown in Fig. 2. 

The first two effects may be removed by an extrapola- 
tion procedure, which will be described in detail, while 
the contributions from the third process becomes very 
small, and will therefore be neglected, at energies above 
100 Mev. On the other hand, contributions from the 
third process become very large for sufficiently low 
electron energies, and thus set a lower limit to the ex- 
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perimentally accessible scattered electron energy range. 
An experimental upper limit to the accessible energy 
range is set by the x-meson Cerenkov threshold, which, 
for the counting system used here, corresponds to a 
momentum of ~ 180 Mev/c. Thus we are restricted to 
the narrow scattered-electron energy band between 
about 100 and 180 Mev. This proves not to be a serious 
constraint. 

For the case of a hydrogen target, it can be shown’ 
that the contributions from the first two processes can 
be approximately removed by inserting a “radiator” 
ahead of the target, measuring the increase in counting 
rate, and linearly extrapolating to zero radiator thick- 
ness via the expression 


uf kN (k)]+N 5 
Co- Cr—Co), (12 


where Cz and Cy are the counting rates with and without 
radiator, respectively, and C is the extrapolated count- 
ing rate. The quantity /, is the effective thickness of the 
target in radiation lengths, /z is the thickness of the 
radiator in radiation lengths, Nx is the equivalent 
radiation length for wide-angle bremsstrahlung, & is the 
relevant photon energy (k= £,— £2), and N(R) is the 
photon spectrum which would be produced by 1 radia- 
tion length of the relevant material, as computed from 
the Bethe-Heitler formula.’ [Thus &N(z) is a brems- 
strahlung spectrum shape correction factor of order 
unity. ] Vg is given by' 


a E. 2 2E, 
Nz=- i+( ) I sin(0/2) )—1 
T FE, m 


where m is the electron mass, @ is the laboratory angle 
of observation, and a is the fine structure constant. 

We have used a slightly modified form in which no 
terms have been dropped as was done in 
of Eq. (12), namely, 


the derivation 


C 


where €= (Neargee +2 


dQ 
°H. A. Bethe and J. Ashkin, in F 
edited by E. Segré (John Wiley & Sor 
Vol. I, pp. 259 ff 





ELECTROPRODUCT 
where the .V(&) appropriate to the target and radiator 
materials is used. The quantities /,; and ¢, are the thick- 
nesses of target (in radiation lengths) penetrated before 
and after the elastic scattering event, respectively, and 
da/dQ(E,) and da/dQ(E;) are the elastic electron-proton 
cross sections evaluated at the appropriate angle and at 
incident electron energies of £, and E», respectively. 

Numerically, the values of (,; and f, were about 0.0130 
and 0.0050 radiation lengths, respectively. Ng is of the 
order of 0.015, although it varies with energy. The 
thickness of the copper radiators used for the extrapola- 
tion were 0.0345 radiation lengths (0.442 g/cm’; re 
ferred to hereafter as “thick” radiator) and 0.0173 
radiation lengths (0.221 g/cm’; referred to hereafter as 
“thin” radiator). Most of the radiator data were taken 
using the thick radiator. 

As mentioned above, the third process makes a 
significant contribution only for scattered electron ener- 
gies less than about 100 Mev. An expression for the 
contribution from this source may be written" 


(15) 


d’a “| E, 
C 


where C is 0.0153 times the target thickness in g/cm’, Z 
and A are the atomic number and the atomic mass 
number, respectively, for the target material, and other 
quantities are as defined above. This expression varies 
approximately as (£,)~* and becomes negligible in the 
energy region of interest. 

All formulas stated in this section neglect the recoil of 
the target proton in the elastic scattering. However, 
since ¢, the quantity of interest, involves a ratio of 
quantities each of which is based on this assumption, 
this should not introduce a significant error into the 
extrapolation. 

As a check on the extrapolation procedure, the 
spectrometer current was occasionally reversed and 
positive-particle counting rates with and without the 
radiator were observed. If the extrapolation procedure 
is valid, it should yield a null result in each case. Within 
the statistical error of the measurement, this was found 
to be the case. 

The same procedure was used to extrapolate the 
deuteron data, although it cannot be as well justified in 
this case. However, by a general Weisziicker-Williams 
type argument, the procedure should remain approxi- 
mately correct. 


V. NORMALIZATION OF DATA 


\bsolute cross sections were obtained through com- 
parison to proton elastic scattering data, taken with the 
same experimental arrangement, in conjunction with 
the well-known‘ elastic cross section. The energy of the 
elastic peak was always chosen to fall near the center of 


“B Rossi, High Emers 
York, 1952), pp."14 ff 


Particles (Prentice Hall, Inc., New 
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the energy range covered by the inelastic spectrum of 
interest. Specifically, taking into account the constant 
fractional momentum acceptance of the spectrometer, 
the counting rate at a given energy of the inelastic 
spectrum can be converted to an absolute cross section 
by the following relation: 


da 


Cl E,) 
x ’ 
E, 


(16) 


where /, is the primary beam energy used for the 
normalization, do/dQ(k,) is the calculated elastic 
Rosenbluth cross section using an exponential model‘ 
with charge and magnetic moment radius 0.8 f, F is the 
energy of elastically scattered electrons, /o is the energy 
at the peak of the elastic spectrum, Fax Is some energy 
sufficiently greater than /» for the elastic counting rate 
zero, KE» is the energy of interest, 
Ceinstie( 2) is the number of elastic counts at energy F, 
and C(E,) is the number of inelastic counts at energy 
i, where this last quantity is to be obtained from the 
raw data by using Eq. (14). Coisstie(Z) and C(E,) must 
of course be normalized to the same integrated beam 
current. For the deuteron inelastic data, an additional 
factor must be included to take into account the differ- 
ence of atomic densities in liquid hydrogen and liquid 
deuterium. The quantity exp(—4,) is the usual brems- 
strahlung correction, where 


ly + ls Ko 
bp nf ) 

In(2) AE 
litt, the effective 
exp(—46x) is the Schwinger correction, 


ta | OP 13 
be {{0( )- | 
r AE 12 
2K, sin(@/2) 1 17 
x in( )- |+ . (18) 
. m 2 72 


The quantity AF is the instrumental resolution, or, in 
practice, the difference between the peak energy Fo and 
the lowest energy to which the elastic curve is extended. 
In this case, AE was taken as twice the full width of the 
elastic peak at half-maximum. 

In practice, the variation of the beam monitor effi- 
ciency must be carefully measured, since the usual 

'R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). Hofstad 


ter’s Eq. (31) contains two misprints which have been corrected 
here 


to be inelastic 


(17) 


radiation 
" where 


with target length ; 
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primary energies for normalizations were around 200 


Mev, while the energies used for the electropion produc 
tion were around 600 Mey. The variation of efficiency 
with energy for the secondary emission monitor used in 
the later runs is shown in Fig. 3. 

Random background was freque ntly measured either 
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lic. 4. Experimental and theoretical proton cross sections for 
hk, =550 Mev, @=90°. The theoretical curves given are those dis- 
cussed in the text, evaluated for various values of ram, the neutron 
root mean square magnetic moment radius in units of the fermi 
(exponential model). The proton charge and moment distribution 
are assumed to be exponential with an rms radius of 0.8 f, and the 
neutron charge form factor is assumed identically zero. The ex 
perimental points are those derived from the “‘thick’’ radiator 
extrapolation. The outer error bars are derived from the assump 
tion that the extrapolation factor « may be in error by +5%; the 
inner error bars result from assuming the calculated values of « 
are correct 
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Fic. 5. Proton data obtained at laboratory angle 90° at constant 
center-of-mass energy E=1200 Mev (i.e., at “resonance’’). The 
abscissa is the square of the 4-momentum transfer in units of 
10* Mev?. The neutron rms magnetic moment radius (in fermis) 
appropriate to each theoretical curve is indicated. Error bars are 
as in Fig. 4. Again the curves are based on an exponential model 
for both the proton and neutron, with the proton charge and 
moment radii 0.8 f, and the neutron charge form factor identically 
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energy) than predicted by theory. This appears to be 
the case at all the energies and angles investigated, 
although not enough data were obtained to determine 
how large this peak shift, if real, might be 

Figures 5 and 6 show the 90° and 135° resonance data 
(E=1200 Mev). It is seen that the data are most nearly 
in agreement with a neutron magnetic moment radius 
of 1.0 f. Since the theory is less reliable for larger values 
of g’, the best measurements lie near the middle of the 
range of gq’ studied, where the various values of r,,,, lead 
to experimentally distinguishable predictions while the 
theory is still expected to be reasonably accurate. How 
ever, the theory may be in error by 15% or more even 
in this range. 

For ease of visualization, much of the data is pre- 
A kinematic 
factor, derived from the expressions given by Dalitz and 


sented isometrically in Fig. 7 conversion 


Yennie,? has been applied to the 90° data to make it 


possible to present both 90° and 135° data on the same 
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raBLe IV. Deuterium electroproduction cross sections, laboratory angle 135°. (All cross sections in units of 10 cm*/sr Mev.) 
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VIII. DEUTERON DATA 


The deuteron data are summarized in Tables III and 
IV. The notation is the same as was defined above for 
the proton tables. The values of ¢ and E given corre- 
spond to the two-body kinematics [Eqs. (3) and (4) ]. 

The observed ratios of deuteron to proton cross 
sections at E= 1200 Mev are plotied in Fig. 8. The solid 
curve is the result of folding the deuteron momentum 
distribution into the proton and neutron cross sections 
as calculated by Gartenhaus and Lindner, and taking 
the ratio with the theoretical proton cross section. The 
neutron rms magnetic moment radius was assumed to be 
1.0 f for this calculation, while the proton charge and 
moment radii were again taken as 0.8 f. The agreement 
with such a simple model is seen to be poor. 

A plot of the observed deuteron inelastic spectrum for 
the case £;=523 Mev, @= 90° is given in Fig. 9. Again 


the solid curves are derived from a folding together of 
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Fic, 6. Proton data obtained at laboratory angle 135 
as in Fig 
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proton and -neutron theoretical electropion production 
cross sections. 
IX. CONCLUSIONS 


The proton data seem most consistent with a root 
mean square neutron magnetic moment radius of 1.0 f. 
However, there still remain very considerable theoretical 
uncertainties, and the data’-™ are therefore probably 
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Fic. 7. Three-dimensional plot of some of the proton data versus 
the center-of-mass energy ¥ and 7, the square of the 4-momentum 
transfer. The solid curves are theoretical for ram = 1.0 f, 0= 135°. 
Part of the data shown are 90° data which have been converted 
to 135° through multiplication by a purely kinematic factor which 
can be obtained from the theory of Dalitz and Yennie. In cases 
where it is not otherwise clear, the data points have been con- 
nected to the appropriate theoretical curve by a dashed line. 
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hic. 8. Ratio of the experimental deuteron cross section to the 
experimental proton cross section. All points correspond to center 
of-mass energy E=1200 Mev. The abscissa is the square of the 
invariant 4-momentum transfer g. The solid curve refers to the 
predicted ratio from a simple folding calculation, assuming 
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consistent with the smaller neutron radii which are ob- 
tained by the deuteron methods. 

The proton data appear to fit the shape of the pre- 
dicted spectrum fairly well below the resonance. How- 
ever, in every case the data are in generally poor 
agreement for the larger center-of-mass energies. This 


behavior points to a real disagreement with the present 


theory for center-of-mass energies above the resonance 
energy = 1200 Mev, and is not attributable to experi- 
mental error. However, the theory is expected to be less 
reliable for these large values of / as well as for the 
larger values of g’. 

The deuteron production cross section is considerably 
smaller than would be expected if the nucleons behaved 
as freely moving nucleons. The deuteron to proton 


cross-section ratio is constant within the experimental 
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Fic. 9. Experimental spectrum of electrons which inelastically 
scatter from deuterium, with the production of pions, at /,=523 
Mev, 6=90°. The solid curves are the predictions of a simple 
folding theory for the indicated values of ther 
moment ram in fermis. 
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The energy distribution of neutrons from the charge exchange reaction x +p —> r°+-n has been studied, 
for x mesons stopped in liquid hydrogen, to investigate the possible existence of a second x® with mass 
within a few Mev of the mass of the “ordinary” x°. No neutron group corresponding to such a second ° 
was seen. The sensitivity of the measurement was such that a second group of relative intensity above 
10-20% would have been seen for any second r° with a mass in the range between about | Mev and 2 Mev 


away from the mass of the ordinary x” 


The data also give a lower limit to the r° liletime 


INTRODUCTION AND SUMMARY 


HE ‘x meson” is considered to consist of an 

isotopic-spin triplet, the #*, x’, x” mesons. It is 
well known, however, that insofar as the meson is 
intimately associated with the isotopic-spin-} nucleons, 
there “must exist” an isotopic-spin singlet boson in 
addition to the triplet. This second kind of x’, with 
isotopic spin 7=0, may be called the mo’. 
The question may be asked whether the mass of the 
' might be close to that of the x’. The theory of 
elementary particles does not presently permit a 
decisive theoretical answer to this question. We consider 
then the experimental evidence on the mass or masses 
of the neutral pi meson. 

During the first ten years or so following the detection 
and identification of the r°, measurements of its mass 
were made and reported with an accuracy of about 
0.3m,' (m,=mass of the electron). However, the 
this result was based 
references given in 1) were analyzed on the assumption 
that only a single r° exists. A second group of x”’s could 
have escaped detection if sufficiently weak—for mass 
differences up to 1 or 2 Mev, a second group of relative 
intensity 20% or more could have escaped detection. 

In the course of some thoughts on methods of 
experimentally studying the lifetime of the x’, it 
became clear that a study of the O value of the reaction 


ro 


experiments on which (see 


wr +p—r+n 


. gamma rays (1) 


could provide a sensitive means of investigating whether 
two different neutral pi mesons of relatively close mass 
(i.e., within a few Mev) might in fact be produced in 
this reaction. In order to investigate this possibility, 
as well as to determine a lower limit for the lifetime of 
the experiment reported here was carried out. 

In this experiment, the Q value of reaction (1) was 


the x’, 


determined by measuring the energy spectrum of 
neutrons produced in reaction (1), using #~ mesons 


‘Cohen, Crowe, and Dumond, 
Physics (Interscience Publishers, New York, 1957), p. 47 

*K. Lande and W. Selove, Atomic Energy Commission Report 
NYO-8546, April, 1958 (unpublished) 


Fundamental Constants of 


r>~5X10™ see 


brought to rest in hydrogen. The neutron spectrum was 
determined by a time-of-flight technique. The result of 
the experiment is that no neutron group corresponding 
to a second r° was seen. The data are such that within 
a confidence limit of 90% a second group of relative 
intensity above 10°%)-20% would have been seen for 
any second x” with a mass in the range between about 
} Mev and 2 Mev away from the mass of the ordinary 
r’® (The detection system made use of the decay y 
rays from the x"; it is assumed that any second #° in 
the above mass range would have decay characteristics 
similar to those of the ordinary 7°.) 


APPARATUS 


The energy of the neutrons produced by bringing r 
mesons to rest in a thin liquid hydrogen target (2 cm) 


was measured by a time-of-flight technique. The 


experimental arrangement is shown in Fig. 1. 
The capture of x 
reactions 


mesons in hydrogen leads to the 


-r etn 
4. gamma rays, 


(1) x tp 


(2) re +p—ytn 


In each case, one or two gamma rays are produced 
essentially at the same time as the neutron (except in 
a very small fraction of events, in which only “internal 
conversion” electrons appear, and no y rays). The 
“zero time” signal was obtained from the scintillation 
counter ys, which in conjunction with the counters y; 
(anticoincidence) and yz (coincidence) detected y rays 
by conversion in a Pb converter } inch thick. 

The neutron signal was obtained frem the scintillation 
counters nm; and ms, These were identical counters, two 
being used simply to increase the detection solid angle. 

The “zero time” and neutron signals were delayed in 
lengths of RG63/U cable several hundred feet long, 


*The “ordinary” x detected in this work is to be identified 
as the neutral member of the 7=1 triplet. Recent work on the 
consistency of low-energy pion-nucleon interactions, e.g., M. Cini, 
R. Gatto, E. L. Goldwasser, and M. Ruderman, Nuovo cimento 
10, 243 (1958), indicates that the various low-energy measure 
ments are consistent with the idea that only a single x is present; 
the situation was less clear when the present work was begun 


593 





\W SELOVE 


"% "e 
@ .@ reviron 
— detector 
(2 pieces each 
1S’ high x ip x1") 


Styrofoam 





Polyethylene, [ . 
j 


A 48} rs . 


| 





% 
Po- %e 
‘s 








Fic. 1. Experimental arrangement, top view. All 
plastic scintillator. A, B—4 in.X4 in.X} in.; ¢ 
XX} in.; D—10 in. X10 in. Xj] in.; y1, yr—-14 in. X14 in. xX} in.; 
yx17 in. X17 in. X ¥% in. The liquid hydrogen target proper was 
contained in a stainless steel container 10 in. X10 in. Xj in., with 
a 0.001-inch wall. This container, with a liquid hydrogen reservoir, 
was enclosed in a Styrofoam case, with a heat shield at liquid 
nitrogen temperature 


counters 
3 in. X6 in. 


while the coincidence and pulse size tests, described 
below, were made. The time between acceptable signals 
was then measured simultaneously with a_vernier 
chronotron‘ and an oscilloscope. 

the following 


Events were time analyzed when 


requirements were met (see Fig. 2): 


1. that a y ray be detected in coincidence (10 nano- 


seconds)® with an incoming 


2. that a neutron signal occur in an interval from 
0.1 usec ahead to 0.5 usec following the y-ray signal ; 


3. that the neutron signal be of proper size. 


The » beam was monitored by counters A and B, 
connected to a fast coincidence circuit (4 nsec). Since 
many of the pions going through A and B would not 
stop in the hydrogen in the target, a third pion counter, 
C, was located just ahead (5 inches) of the target. This 
greatly reduced the accidental rate between incoming 
particles and the y-ray telescope; it also helped elimi- 
nate background from pions scattered into the y 
telescope after going through A and B. 

Gamma rays were identified by requiring a coinci- 
and no signal from y;. A two- 
counter telescope was used rather than a single counter 
to reduce background from fast neutrons produced by 
x capture in the material surrounding the hydrogen 
target. The “zero time” signal was taken from y:, which 


dence between y, and ¥ 


was especially designed to provide very good time 
resolution; an independent measurement showed that 
for signals from y rays, this counter had an effective 
resolution of about 1 nsec despite its rather large size 
(17 in. X17 in.). 

The totality of coincidence requirements on the 
Sci. Instr. 30, 159 


‘H.W Lefevre and ] T. Russell, Rev 1959 


> 1 nanosecond (nsec)=10°° se 
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“zero time” signal can be written as (A B)CFyyo7s, the 
bar indicating anticoincidence. It can be 
Fig. 2 that the fivefold coincidence circuit ¢ 
to fulfill requirement 1. The output of C, was a re 
tangular pulse 0.6 usec in duration 
in fulfilling requirement 2 

The neutrons produced in reaction (1) 
energy of about 0.4 Mev 


seen from 


sufficed 
This pulse was used 
have a kinetic 
Che pulse size resulting from 
recoil protons produced in the detector by these 
neutrons is not far above the pulse size from individual 
photoelectrons in the photomultipliers.* In 
reduce accidentals, each ‘piece of the neutron detector 
was viewed by two photomultiplier tubes, and a coinci 
dence was required between these two tubes. In order 


order to 


to make the detection efficiency as high as possible, and 
at the same time obtain good time resolution, the 
neutron detector was divided into two pieces, as 
indicated in Fig. 1. In this way optimum optical 
coupling to the photomultipliers was obtained with the 
6810A tubes used. 

A further reduction in the over-al 
was obtained during most of the data taking by using 
those neutron signals known to be of proper size for a 
0.4-Mev neutron (requirement 3 above). The auxiliary 
fast pulse-height-analyzer circuit was used for this 
purpose. 

If the output of C; fell within the 0.6-usec gate from 
C2, then C, gave an output signal which was used to 
form a trigger pulse for the oscilloscope. The delays 
were set to accept neutron signals which appeared from 
—0.1 usec to +0.5 usec with respect to the “‘zero time”’ 
signal. Thus, the random background at negative times 


accidental rate 


was also measured. 
The neutron and “zero time” signals, combined in a 
distributed mixer, were displayed on one trace of a 


Cy 
a 


256 - channel 
Anolyzer 


4 100 Mc 
r ~z sine wove 
/Dynode “3 
2 / Comcidence Oscilloscope 
C— Coincidence 
G— Gote 
PHA— Pulse Height Anotyzer 


liagran onics. Auxihary 
show text for further dis 


Fic. 2. Simplified block 
amplifiers and delays are not 


cussion. 


neutrons in the 
Gettner and W 
caetectior 


*In a separate experiment the pulse size fron 
fractional Mev range was measured; see M 
Selove, Rev. Sci. Instr. 31, 450 (1960). The 
efficiency for different neutron energies was als 
detector used in the present experiment 


relative 


btained for the 
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Tektronix 517A oscilloscope, in which a T57 dual-beam 
cathode-ray tube had been installed. A 100-Mc/sec 
sine wave,’ which was displayed on the other trace, 
was photographed with each pair of pulses. The time 
interval between the two pulses was taken as the 
interval between the peaks. The same set of pulses 
scanned by several people showed a reading error of 
+0.9 nsec. 

y; (“zero time” signals) and neutron signals were 
time analyzed by the chronotron at the same time they 
were recorded on the oscilloscope. The chronotron 
functioned by allowing the “zero time” signal and the 
neutron signal to circulate in loops of slightly different 
lengths, with the “zero time” signal in the longer loop, 
until the signals were in coincidence. The time between 
pulses is the nuraber of circulations made by the neutron 
pulse multiplied by the difference in electrical length 
between the two loops. An R.C.L. 256-channel analyzer 
sorted the events into channels according to the number 
of circulations made, and recorded the number of 
events in each channel. 

To reduce background events, narrow gates were 
used at the chronotron inputs. A “zero time”’ pulse was 
allowed to circulate only if requirement (1) above had 
been met. The neutron pulse was gated into the 
chronotron only if all three requirements listed above 
had been met. 

Pulses of known time separation were regularly 
injected in place of the neutron and “zero time” signals 
to calibrate the chronotron. These signals were formed 
by using a mercury pulser to produce a pulse similar 
in shape and duration to the y; and neutron pulses, 
and dividing the pulser output into two signals, one 
the size of a typical ‘zero time” signal and the other 
the size of a typical 0.4-Mev neutron pulse. The 
“neutron” signal was delayed various amounts by 
cables of known length. The channel number corre- 
sponding to each cable length was then recorded. The 
chronotron was calibrated in this manner approxi- 
mately every hour. 

Since the calibration signal simulated an actual 
event, it appeared on the oscilloscope. Periodically the 
calibration signals were photographed for each of the 
delay cables used. The scanning of these photographs 
showed the time interval for the calibration signals 
remained constant, within the reading error of +0.9 
nsec ; therefore, no systematic drifts in the oscilloscope- 
plus-calibration system were present. The values of 
the delays measured with the oscilloscope were used 
to calculate the channel width of the chronotron. 


PROCEDURE AND RESULTS 


The basic procedure by which we studied the energy 
spectrum of neutrons in the vicinity of 0.4 Mev was to 
measure the time-of-flight distribution for several 


7 This signal was obtained from a frequency doubler driven by 
the 50-Mc/sec signal from a Tektronix type 180 time-mark 
generator. 
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different neutron flight distances. In this way, any 
effect of signal-time dependence on pulse height was 
minimized, and the necessity for a precise measurement 
of the internal time delays in the equipment was 
avoided. Also, by examining flight time spectra at 
different distances any spurious bump due either to 
instrumentation or to scattering could be properly 
identified. 

We made a check of the position of true zero on our 
time-of-flight scale, by using events in which the two 
y’s from x” decay were detected, one in the y detector 
and one in the neutron detector. For this measurement, 
a }-in. thick lead converter was placed in front of the 
neutron detector to increase its y detection efficiency, 
and an attenuator was inserted in the neutron signal 
line, to give signals of size comparable to those from 
0.4-Mev neutrons. The attenuator delay, for signals of 
the actual shape occurring, was measured separately. 

The time of flight of the 8.8-Mev neutrons from the 
radiative capture reaction *+p—>y+n was also 
measured with this arrangement. Using the oscilloscope 
data, the position of this group when corrected for the 
attenuator delay agreed with the position of the same 
group found in data taken with pulses about one 
hundred times smaller. (The pulse size spectrum for 
proton recoils from neutrons extends down to zero.) 
The mean position of the groups differed by 0.1+0.6 
nsec, showing that there was no measurable dependence 
of signal time on pulse height. 

From the 8.8-Mev neutron time of flight at 2 feet, a 
value of 142+4 Mev was calculated for the #~ mass. 
This is in good agreement with the accepted value of 
139.63+0.04 Mev.! 

With the lead converter and attenuator removed, 
neutron time-of-flight spectra were measured at dis- 
tances of 2 ft, 24 ft, and 3 ft. During most of the data 
taking, the neutron signal pulse-height acceptance 
limits were set approximately a factor of 14 beyond 
the values which gave the best signal-to-background 
ratio for the 0.4-Mev group. (A small fraction of the 
2-ft oscilloscope data was taken with no pulse-height 
restriction applied.) With the help of the chronotron 
these limits were set, in a short time, while the experi- 
ment was in progress. Subsequent measurement of 
neutron pulse heights in this detector, both by analysis 
of the oscilloscope data and in a separate experiment 
carried out with monoenergetic neutrons, confirmed 
that the pulse-height limits had been set as desired 
with respect to the 0.4-Mev neutrons. 

To obtain time values for the y-ray and 8.8-Mev 
groups, the mean of each distribution was calculated; 
the uncertainty assigned corresponds to the calculated 
standard deviation of the mean. 

The time distribution for the 0.4-Mev neutron group 
was not symmetric. The asymmetry observed agrees 
approximately with the calculated effect of the rela- 
tively large angular intervals subtended by the hydrogen 
target and the neutron detector at each other’s position. 
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Taste I. Pulse times, in nsec 


Neutron times 


Oscilloscope Chronotron 


Flight times flight time 


Distance > time 0.4 Mev 8.8 Mev 0.4 Mev 8.8 Mev 0.4-Mev neutron 
2 ft 174.1+0.5 246.0+0.5 188.6+0.2 71.940.7 14.5+0.4 71.9+0.8 
24 fi 174.4+0.5 261.0+0.5 86.6+0.7 90.341.1 
3 ft 174.2+0.4 279.5+0.5 105.340.6 104.5+0.9 


The time assigned to the 0.4-Mev group was the most 
probable value, corresponding to the time of flight of 
neutrons having the most probable flight path. The 
uncertainty assigned represents an estimate of the 
precision with which the distribution defines a most 
probable value, and is approximately o/./n, where n 
is the number of events above background in the group 
and 2¢ is the width which includes the central 3 of the 
events. 

The neutron flight time is the difference between the 
measured times of the y-ray and neutron groups, plus 
the calculated flight time of the y ray to the neutron 
counter. The measured time of the y-ray group was 
also corrected for the delay in the attenuator used 
when this group was measured. This procedure does 
not take account of any systematic signal time de- 
pendence on pulse height; but as discussed above, the 
oscilloscope data, which were used for the final results, 
showed no evidence of such a dependence. 

Taking the effects of the finite size of the target and 
neutron detector into account, the most probable flight 
paths for detected 0.4-Mev neutrons were calculated 
to be 24.30.25 in., 30.30.25 in., 36.2+0.25 in. The 
error stated is the estimated uncertainty in the location 
of the hydrogen target in its Styrofoam container. 
Flight time spectra from a 2-ft run are shown in Fig. 3. 

The flight times obtained are listed in Table I. The 
y-ray times shown were obtained from the oscilloscope 
data and have been corrected for the y-ray flight time 
to the neutron detector and for the attenuator delay of 
11.0+0.3 nsec. The small dispersion in the y-time values 
reflects the good stability of the os« illoscope system. 
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Fic. 3. Data from a run at 2 ft, as obtained from the oscilloscope. 
The left-hand part shows the ‘“y” and 8.8-Mev groups, from a 
short run, with a Pb converter in front of the neutron detector. 
The right-hand part shows the 0.4-Mev group, for a run of 
longer duration. Standard deviation is shown for a few points 


The three flight time measurements of the charge 
exchange neutrons, when plotted as a function of flight 
path, should ideally define a straight line passing 
through the origin and having a slope equal to the 
inverse of the particle velocity. A least squares calcu- 
lation which took into account the uncertainties in the 
time and distance measurements was used to determine 
the slope and intercept of the line best fitted by the 
experimental points. The uncertainty in the calculated 
quantities was also obtained. 

The values of the slope and intercept were separately 
calculated for the chronotron and oscilloscope data. 
The values of the intercept were 5.0+4 nsec and 
2.044 nsec, respectively. We conclude that no large 
undetected systematic errors were present. The x? test 
for each determination gave a probability of about 20%. 

The inverse velocity obtained was 33.1+1.6 nsec/ft 
for the 33.941.4 nsec/ft for the 
oscilloscope data. Since the oscilloscope and chronotron 
data were obtained from the same group of events, they 
are not statistically independent; therefore, the two 
values of the inverse velocity cannot be combined in a 
meaningful manner. The value obtained from the 
oscilloscope data was used to calculate the #~— 7° mass 
difference because the oscillos« ope system showed better 
stability (and had better resolution 
tron. 

The value of 33.9+1.4 nsec/ft corresponds to a x~— 7° 
mass difference of 
We believe this value to be freer of Sy stematic error 
than our earlier reported value of 


chronotron data, 


than the chrono- 


(9.0+0.5)m, (m,.=electron mass). 
9.6+0.5)m..° which 
was based on a time-of-flight measurement at a single 
distance. Using a method similar to ours, 
of (9.05+0.09)m,.° and (9.01+0.08)m, ” 


reported. 


values 
have been 

To investigate the possible existence of a neutron 
group from a second 2°, all the data from the three 
distances were combined in a single plot, shown in 
Fig. 4. Since the oscilloscope system had much better 
stability than the chronotron, the scope data were 
combined using smaller time intervals. For this reason 
the oscilloscope data were used to determine the 


*M. Gettner, L. Holloway, D. Kraus, K. Lande, E. Leboy, 
and W. Selove, Phys. Rev. Letters 2, 471 (1959 

*R. Haddock, A. Abashian, K. Crowe, and J. Czirr, Phys. Rev. 
Letters 3, 478 (1959). 

” P. Hillman, W. C. Middlekoop, T 
tini, Nuovo cimento 14, 887 (1959 
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maximum possible intensity of any second slow neutron 
group present. 

The shape of the curve shown in Fig. 4 is consistent 
with the presence of a single neutron group. The 9-nsec 
width at half maximum of the observed group can be 
accounted for by contributions of 8 nsec (as measured 
in a separate experiment) from photomultiplier and 
scintillator time jitter, 3 nsec from the distribution of 
flight paths, and 1 nsec from the reading error. On both 
sides of the peak, the distribution of experimental points 
is consistent with a uniform random background. 

We can set an upper limit to the strength with which 
a second slow neutron group, from a second 2°, could be 
present and yet undetected in this experiment. We have 
calculated this upper limit for several possible mass 
values of a second 7°, in the manner described below. 
The results, for a second x° heavier than the “ordinary” 
one, are shown in Fig. 5, which gives the maximum 
intensity of a second group, relative to the main group, 
as a function of the mass difference Au between the 
ordinary x° and a second r°. This curve corresponds 
to a confidence level of 90%. 

The maximum possible intensity of a second group 
of neutrons which could be present in the main group 
itself was calculated by finding the minimum number 
of counts needed to increase the observed width by a 
clearly visible amount over the calculated width of 
9 nsec. The curve in Fig. 5 goes to 1.0 for a mass 
difference of about 0.3 Mev—if there were two 7°’s 
present within this mass difference, that fact could not 
be detected in this experiment whatever the relative 
intensity. 

An upper limit on the intensity of any second slow 
neutron group distinct from the main group can be set 
in the following way. First, we note that half of the 
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Fic. 4. Combined data for all flight distances. 
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i. 
Fic. 5. Maximum in 0. 
tensity J of a second x 
heavier than the ordinary 
one by 4u Mev. J is given , % ‘ 
relative to the strength of 
the main group. (a) Maxi 0.4 
mum number of counts; 
(b) maximum number of 02 _ (db) 
neutrons produced. See text. a tt (0) 
o8 | | 
i 2 
Apu, Mev 


events in the main group are contained in a 24-nsec/ft 
interval, the other half lying in an interval of roughly 
7 nsec/ft. Next, we note that a second group of such 
intensity as to correspond to one standard deviation 
(c) on background, in a 2}-nsec/ft interval, would 
correspond to about 4% of the intensity of the main 
group. We can then choose some convenient deviation 
from the flat background to set a criterion for detecta- 
bility of any second group. A deviation of about 2}¢ 
represents a reasonable criterion, for example, by the 
following argument. The chance that in any one 
24-nsec/ft interval the observed count would be larger 
than the average value by more than 2}¢ is about 1 in 
160. There are roughly 10 such 24-nsec/ft intervals in 
the flat background region in Fig. 4; consequently, the 
chance that any one would be larger by more than 
240 is about 6%. On the other hand, if there were a 
true second group, of size corresponding to 240 (so 
corresponding to 10% of the main group), the chance 
that the observed count would then be larger than the 
average background value by 2$¢ would be 50%. 
Thus, the relative odds that a true 10% second peak 
would give a count more than 24¢ above average 
background would be about 8 to 1 (50% divided by 
6%). In this way we can say that with about 90% 
confidence any second peak more than 10% as large 
as the main peak would have been detected. 

In the entire region of flat background, we conclude 
from this analysis that any second group present must 
contain a number of counts less than about 10% of the 
main group. In order to give a corresponding figure 
concerning the maximum possible neutron intensity in 
any such second group, the preceding figure must be 
modified to account for the decrease in detection 
efficiency for lower energy neutrons" and the decrease 
in the number of lower energy neutrons which could 
escape the target unscattered. 

We have calculated these effects for neutrons of lower 
energy than 0.4 Mev; the results are shown in Fig. 5, 
curve (b). For a second x heavier than the ordinary 
one, we conclude from our data that the intensity of 
the corresponding neutron group must be less than a 


"The relative detection efficiency for neutrons of various 
energies was measured in a separate experiment. Over the range 
of energies covered by the oscilloscope data in Fig. 4, the relative 
efficiency varied by somewhat less than a factor of 2. 
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Fic. 6 
(mass m’) 


Upper limit, 4 V.., for production of a second r° 
relative to production of the ordinary x 
ce Au=m'—m. A—this experiment 


Cassels ef al. (see reference 12) 


mass m), as 
a function of the mass differen 
(~90% confidence limit); B 


fraction f of the main group intensity, where f ranges 
from about 10% for a mass difference of ? Mev to 
about 20% for a mass difference of 2 Mev. 

For any second x° lighter than the ordinary 7°, our 
data indicate a similar upper limit, in the range between 


? and 2 Mev from the ordinary x’. 

A recent study of the r~+ p charge exchange reaction 
at rest, with the specific purpose of searching for a 
second r°, has been recently reported by Cassels, Jones, 
Murphy, and O’Neill.” In that study the #-—7° mass 
is investigated by measuring the angular 
decay y rays Their 
results enable them to set an upper limit on the intensity 


difference 
correlation of the from the 2°’. 
of any second group of r”’s decaying into two gamma 
rhe results from this experiment, and from the 


are shown in comparable terms 


rays. 
work of Cassels ef al . 
in Fig. 6, for a second x” heavier than the ordinary one. 
For a second #° lighter than the ordinary one, both 

“7M O'Neill, 


Phys. Soc 


D. P. Jones, P. G. Murphy, and P. L 
74, 92 (1959) 


Cassels 


Proc London 
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experiments indicate an upper intensity limit with a 
Au! dependence similar to, and tighter 
than, that shown in Fig. 6. 

Finally, we may remark on the lower limit for the x° 
lifetime which can be derived from the present data. 
The shape of the peak in Fig. 4 (oscilloscope data) is 
in good agreement with the shape calculated taking 


somewhat 


into account the intrinsic time resolution of the equip- 
ment, the finite geometry effects, and the self-absorption 
in the target and in the detector. From the sharpness 
of the rise of the peak we can then conclude, from the 
uncertainty-principle relation AEAi~h, that the life- 
time is greater than ~5X10~* sec. The true lifetime 
is of course believed to be much greater than this, and 
f an indirect type, 
lower limit 


there are other measurements, 


indicating a larger value for th 
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Long-range interactions of negative pions with protons resulting 
in single and double pion production are examined in terms of a 
meson field theory model in which it is assumed that there is a 
pion-pion interaction and that the single virtual pion exchange 
graphs are dominant in large-impact-parameter collisions. This 
pion exchange leads, in single pion production, to an “excited 
state,” x*, which “decays” into two pions, and, in double pion 
production, also to an “excited state,” N*, which “decays” into a 
pion and a nucleon. For sufficiently high relative energy of the 
incident «~ and proton, each of these processes can occur for small 
values of the invariant square of the virtual pion four-momentum, 
A?, in which case the virtual pion carries very little transverse 
three-momentum. For small A? it is shown that it is reasonable to 
neglect final state interactions between the “decay products” of 
the x* and those of the N*. It is found that in the limit A*> —,?, 
where yu is the pion rest mass, the virtual pion behaves kinemati 
cally, in the x* barycentric system, as an incoming pion which 


1. INTRODUCTION 


HERE is increasing evidence for the importance 
of “peripheral” interactions, i.e., long-range inter- 
actions, in collisions of negative pions with protons in 
the Bev range.'-° 
Furthermore, there is evidence which indicates that 
this long-range interaction may be due to the exchange 
of a single virtual pion between the two colliding 
particles. Elastic x~-proton diffraction scattering above 
1.3 Bev indicates that inelastic interactions may occur 
at a large distance (~ 1X 10-" cm) from the nucleon.'# 
Attempts to fit the diffraction pattern at incident pion 
energies of ~ 1.5 Bev suggest that the nucleon consists 
of an absorptive core, of radius ~0.5X10~-" cm, in 
which the interaction is strong, and a highly transparent 
fringe, of radius as large as ~ 1.4 10~™" cm, in which the 
interaction is relatively weak.' The exchange of a single 
virtual pion between the incident pion and the incident 
nucleon is expected to give an interaction with the 


* Supported in part by a grant from the National Science 
Foundation. 
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scatters elastically with the incident r~, and also behaves, in the 
N* barycentric system, as an incoming pion which scatters 
elastically with the incident proton. Thus, for small 4? in the 
physical region the x* and N* vertices are defined as the corre- 
sponding off-the-mass-shell scattering amplitudes. A ratio of ap- 
propriately defined double-to-single pion production cross sections 
is obtained which is independent of the details of the assumed 
pion-pion interaction, and depends only on the relative strengths 
of N* and N formation. This ratio is estimated by means of the 
p-wave static nucleon model, applied in appropriate coordinate 
systems. For incident 5-Bev/c pions this model leads to double 
pion production which is important compared to single pion pro- 
duction, both because of the }-} pion-nucleon resonance and be- 
cause of important phase-space factors. Kinematical considera- 
tions similar to those described above suggest that this model may 
also be the theoretical genesis of the “two fireballs’ model 
proposed for ultrarelativistic nucleon-nucleon collisions. 


characteristic range u~'~ 1.4 10~" cm, where y is the 
pion rest mass in units with A=c=1, which are used 
throughout. This is the same range that occurs in 
nucleon-nucleon scattering. The large “nucleon radius’”* 
obtained from the #~— p diffraction scattering analyses 
is evidence for the presence of the pion exchange inter- 
action and thus supports the conjecture of a #—# 
interaction. The analyses indicate that despite the 
weakness of the long-range interaction, it makes an 
important contribution to inelastic pion production. In 
this case the Fermi statistical model would have to be 
modified.® 

Single virtual pion exchange is possible only if a pion 
“excited state,”’ x*, is formed which decays into at least 
two pions.’ This exchange process, which favors low 
values of the square of the virtual pion four-momentum, 
A’, leads to backward peaking of the nucleon, N, and to 
forward peaking of the x* in the over-all barycentric 
system, that is, to low kinetic energy peaking of the 
nucleon in the laboratory.’ Analysis of the angular 
distribution in single pion production from 4.5-Bev x~- 
proton interactions suggests that this long-range inter- 
action makes a dominant contribution to the cross 
section for small values of A. 

Exchange of a virtual pion may also produce a nucleon 
excited state, V*, which subsequently decays into a pion 
and a nucleon. One expects N* production to be im- 
portant because of the $-3 pion-nucleon resonance. At 
incident pion energies of the order of 5 Bev, N* pro- 
duction can occur for small values of A?, leading to 
backward peaking of the V* and to forward peaking of 
the r* in the over-all barycentric system. The decay of 

*The nucleon radius obtained from the Stanford electron- 
nucleon scattering experiments is ~(2 4) '=0.7X10" cm, be- 


cause the nucleon must reabsorb the virtually emitted pion. 
7T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
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the V* then favors backward peaking of the nucleon, 
which is strongly indicated by the experimental data at 
this energy.” It therefore appears that in double pion 
production, as in single pion production, the part of the 
cross section in which the nucleon undergoes small 
deflections may be explained by the long-range inter- 
action. 

In several recent papers® statistical-model analyses of 
pion-nucleon and nucleon-nucleon collisions have been 
carried out in which a peripheral interaction is assumed. 
In this paper the reactions »-+p—> N+2 and 
+p — N-+-3n are analyzed in terms of a model based on 
meson field theory, in which it is assumed that for 
incident pions with laboratory momentum of 5 Bev/c, 
the long-range interaction dominates both reactions for 
small A’, and arises from the exchange of a virtual pion. 
The model is formulated in Sec. 2 for a restricted region 
of phase space in which it is reasonable to neglect final- 
state interactions. The kinematics and the phase space 
are discussed in Sec. 3. 

In Sec. 4 the differential cross section for double pion 
production is obtained. It is shown that, for small values 
of A?, the virtual pion possesses a kinematical symmetry 
with respect to each of the incident particles in that it 
behaves as an incoming ‘“‘almost real” pion in both the 
mx* and the V* barycentric systems.* The formation of 
the two excited states, x* and N*, is then expressed in 
terms of r—2 and r—N “scattering.” 

An advantage of considering both the single and 
double pion production processes in this model is that 
suitably defined ratios of their differential cross sections 
are independent of the details of the as yet unknown 
m—m interaction and depend only on the relative 
strengths of V* and N formation. These ratios are 
defined in Sec. 4 and are evaluated by means of the 
static nucleon approximation in Sec. 5, where it is shown 
that the r*+ \N* production exceeds that of r*+N for 
a certain range of values of the phase space variables 
introduced. The qualitative predictions of this model, 
for the case in which the }—} pion-nucleon resonant state 
dominates, are given in Sec. 6. It is found that the 3-3 
pion-nucleon resonant state is an important final-state 
configuration of the V*, but, because of large phase- 
space factors, other final-state configurations may also 
be important. Conclusions based on present data should 
be regarded as tentative because of large experimental 
uncertainties 


2. FORMULATION OF THE MODEL 


The following reactions are considered: 


x +p 
T 


® In order to emphasize this kinematical symmetry, we use the 
term “long-range interaction” in preference to “peripheral inter- 
action” because the latter term suggests that the virtual pion is in 
the peripheral part of the cloud surrounding one (rather than the 
other) of the two incident particles 
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p ' p 
p —y—_1__, 
(2) 
Fic. 1. Graphs for single pion production. x* and x™ are negative 
and neutral! excited pion states, respectively. 


Since it will be necessary to consider several coordinate 
(q,F) 
stands for the four-momentum of a particle and satisfies 
the invariant relation g’=(q)*—*=—m’, where m is 
the rest mass of the particle. The components of g in a 
particular coordinate system, e.g., the laboratory system 
(L), are denoted with upper case subscripts (qz,Fz), 
and gq, stands for |q,|. The relative energy of two 
particles with four-momenta and 4g, i.e., their total 
energy in their own barycentric system, F.y¢, is given by 


systems, the following notation is convenient. ¢ 


Eye=—(p+q 

The initial state consists of the incident pion, with 
four-momentum &;= (k,,w,), and the incident nucleon, 
with four-momentum /,;=(p,;,F£,), where k?=—,’, 
p?=—M?’, and yw and M are the pion and nucleon rest 
masses, respectively. The two-pion final state (V+ 27) 
contains pions with &,'= (k,’,w;") and k,’ and a nucleon 
with p,;’=(p,’,E,’). The three-pion final state (V+32) 
contains pions k;=(kj,w:), ke, ks and a nucleon p, 
=(p,,E,). For small values of the square of the virtual 
pion four-momentum, A’, the diagrams considered for 
single and double pion production are shown in Figs. 1 
and 2, respectively. The pion propagator is taken to be 
(A?+p?)™. 

In single pion production the value of A? is uniquely 
determined by the final state, 


A?=(p,'—p, 


because there is only one diagram (see Fig. 1) for each 
final-state configuration. This is not the case in double 
pion production because, in general, a given final-state 
pion may be produced either at the r—- vertex or at the 
a—N vertex, and each possibility corresponds to a 
different value of the square of the virtual pion four- 
momentum. Thus, if the final-state pion & is produced at 
the nucleon, the of the 
momentum is 


square virtual pion four- 


At= (pytk—pi 


One may, however, restrict the (V+37) final-state 
phase space, for kiz=5 Bev/c, so that only one of the 
graphs, say that one in which &; is emitted at the r—N 
vertex [see, e.g., Fig. 2(a) ], is important 
way to accomplish this is by (1 
energy Fi 


The simplest 
restricting the relative 
of pion k. and the nucleon py, to be close to 


the energy of the }-} pion-nucleon resonance, Wres 


; 
= 8.8 uw; (2) restricting the relative energy Ex,k2 of pions 


k, and ks, to be small, i.e., < 


x* 


3u or 4yu; and (3) re- 
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stricting Aks? to as small values (~14y*) as are con- 
sistent with restrictions (1) and (2). These restrictions 
lead to the following results: 

(1) The relative energies, Exjp; of pion &; and the 
nucleon, and Eksp, of pion k2 and the nucleon, are much 
greater than Weee. In particular, if Feyea~2y, then 
Exp, and Exep; lie in the range from 13.6 u to 16.4 yu, the 
specific value depending on the nucleon momentum. 

2) The minimum value of Aé;? is much less than that 
of Ak and Ax,. Again, if eye. 2 yw, the minimum value 
of Ak;? is ~0.2 yw? while that of Asx;? and Ax,’ is ~ 10 y’. 

With these restrictions one may thus neglect the 
graphs for &, or ky production at the nucleon compared 
to that for ks production at the nucleon, both because of 
their smaller virtual pion propagators and also because 
of their weaker pion-nucleon vertices. The natural 
grouping for such final-state configurations [see, e.g., 
Fig. 2(a) ] is w*(kit+ke) and N*(k;+ p,). This restricted 
final state then determines Ax;*, which can thus be 
denoted simply by A’. 

For larger values of Ex,*2 one of the pions &; or ke, say 
k,, may have its four-momentum close to that of ks, in 
which case Exp; Ekspy and Ak? ~ Ax;*. This configura- 
tion occurs for events in which, in the over-all bary- 
centric system, the pion &; from the N* is emitted 
forward with low energy and the x* decays into two 
forward pions, one with very high and the other with 
very low energy. This small part of the phase space may 
be avoided by examining only events in which one pion 
is emitted backward in the over-all barycentric system. 
For the purposes of this paper the restriction to smaller 
values of Eki%2, mentioned above, is used. 

Only those (N+ 27) final state configurations will be 
considered for which the values of A? and Ex;’kq’ are the 
same as the values of A? and Exyke of the (V+3z) final 
state as just restricted. 

In these regions of the (V+2x) and (N+3z) final- 
state phase spaces it is reasonable to assume that the x* 
decays without further interaction with the nucleon of 
the N or N*. First, each of the pions from the 7* has 
relative energy with respect to the nucleon much greater 
than W,,., and one expects pion-nucleon rescattering to 
be unimportant far from the resonance. Second, because 
the x* is created at large distances from the N or N*, 
i.e., small A*, where the interaction is weak, and the 
wave function of each of its pions tends to be small at 
the nucleon, where the interaction is strong, rescattering 
corrections are expected not to be important even for 
those energies at which an incident free pion would 
interact strongly with the nucleon.’ 

It is not possible at this time to estimate the im- 
portance of final-state interactions between the pions 

* At lower incident pion energies, the rescattering of a pion pro- 
duced far from the nucleon by a r—- interaction is not found to 
be important, even for those pion energies close to the $—4 reso- 
nance. C. Goebel and H. J. Schnitzer (private communication ) 
Similar results were obtained in photopion production by G. I 


Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, Phys. Rev. 
106, 1345 (1957). 
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COLLISIONS 


1G. 2. Graphs for double pion production. N**, N®, and N*®*+ 
are positive, neutral, and doubly positive excited nucleon states, 
respectively. 


from the x* and that of the N*. It seems likely that the 
long-range r— 7 interaction will be weak, in which case 
it is also reasonable to neglect these final- state inter- 
actions. 

The pion-nucleon vertex for the (N+ 2m) final state 
is denoted by (p,’|I's| p,) and for the (V+-3-) final state 
by (ks,p;\Zen|p.). The x—m vertex is denoted by 
(ki,ke|Aee| ky). The index &, stands for the charge state 
of the jth pion as well as its four-momentum. The model 
consists in assuming that for small values of A? the 
differential cross section for single pion production is 


M 
(hy Ro’ Ags ky 


dan 2 > 


8(2r)*kez 


1 
 werepeger hh 
(A?+p7)? 


I's) px) , av 


XK 54(ki+ pi— hi’ — he’ — prs’) 
Ph,’ Phy’ Bp, 
x —-——, (2.1) 


@: We! E, 
and for double pion production is 
M 
" 16(2) "er 
1 


da N+in 


(hi,ka| New| s)|’ 


[| (ka,Py Zen| Ps)| Jer 


x 
(A?+-y?)? 


XK 5*(ki+ pi— hi — ka — ha — py) 
Ph; Phy hs Pp, 
x ———, Of 


Wi We Ws Ey 
where the invariant flux” has been evaluated in the 


J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Reading, Massa- 
chusetts, 1955), Sec. 8-6 





602 


laboratory, and the subscript “av” indicates the sum 
and average over the final and initial nucleon spin 
states, respectively. If Eqs. (2.1) and (2.2) are evaluated 
for the same values of A’, then &;’ and &,’ are different 
than k; and ky. 


3. KINEMATICS AND PHASE SPACE 


The following coordinate systems and variables are 
introduced and defined for the (NV +32) final state: 

(L), the laboratory system, in which p,z=0; 

(U’), the over-all barycentric system, in which k,v 
+ pivy=9, and in which the total energy of the complete 
system is designated by U’, and given by 


l (kit ,)’; 


(V), the x* barycentric system, in which k,;y+k,y=9, 
and in which the total energy of the x* 
designated by V, and given by 


system is 


V?= (Ri tks)’; 


(W), the N* barycentric system, in which kyw+ pyw 
0, and in which the total energy of the V* system is 
designated by W, and given by 


WW (kat py)’. 


The natural phase space variables for describing 


i ! | 
mM? (MtpF 100 = 150 200 250 300 
w? (IN UNITS OF u*) 


Fic, 3. Phase space for incident pion laboratory momentum, 
kit, equal to 5 Bev/c. The solid curves represent the phase space 
for N* production and give r given values of V, the minimum 
value of A? as a function of W?, and correspondingly, the maximum 
value of W? as a function of A?. The values of A? to which these 
curves extrapolate at W*=M®* are the corresponding minimum 
values of A* for N production 
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double pion production are A? and V, as in single pion 
production," and the additional variable W. 


The total four-momentum of the x* system is 


K 

and that of the V* system is 
P=k;+p 
From these definitions it follow 


A?=(K—k P—p, (3.1) 


The components of K and P in a coordinate system (X) 
are denoted (Ky,V x) and (Py,.Wx). We 
remembering that V is the “rest mass”’ 
and W that of the N* system, 


then have, 
of the x* system 


and 


One then obtains the following r 
In (L), 


2+ 2M Vi 


in (W), 
+M 
-M 


The limits of the phase space, 
total energy U’, are determined 


fora give n value of the 
From Eq. 


and minimum values of 


as follows. 
(3.7) one finds the maximum 
A’, for given V and W, to be 

[A?(V,W) ], — —V —p*- 2Kuk ut 2Vvew, (3.12) 
where Vy is given by Eq. (3.6), Kx 
(3.2), Wil 
minimum value of A’, for given } 
configuration, in the system (l 


is then given by Eq. 
by Eq. (3.5), and ky wiy'—p*)*. The 

and W, occurs for the 
. in which the center of 
11 G. F. Chew and F. E. Low, Phys. Rev 


113, 1640 (1959 
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mass of the x* moves in the same direction as the 
incident pion and the center of mass of the V* moves in 
the same direction as the incident nucleon. The mini- 
mum value of V is 2y4 and that of W is u+M. The 
maximum value of W for a given value of V is U—V. 
The maximum value of V is U—(w+M). 

Part of the phase space for these three variables is 
shown in Fig. 3 for ki, =5 Bev/c. The curves give the 
minimum A? for a given V as a function of W*. One can 
also obtain from a given curve the maximum value of 
W for given values of V and A*. The lowest value of A?, 
0.1 w?, occurs for V=2 4 and W=y+M, and increases 
with V and with W. From Eqs. (3.2), (3.5), (3.6), and 
(3.7), one finds that for low values of V and W, Ku~kiv 
10, and that A? increases rapidly with the angle 
between Ky and kj. Because of the strong angular 
dependence, one may assume, for small A?, that the 2* 
is produced in the forward direction in the system (U). 

Similar coordinate systems and variables are intro- 
duced for the (V+ 27) final state, the only differences 
being that (V), the x* barycentric system, is defined by 
the condition k,y’+key’=0; —V?=(ky'+h:’)?; (W) is 
simply the rest system of the NV, pyw’=0; and W=M. 
The minimum value of A? for ky, =5 Bev/c is obtained 
from Eq. (3.12) if W is replaced by M, and is shown in 
Fig. 3 at W?=M*. The lowest value of A?, 0.002 y?, 
occurs for V=2 yw, and increases with V. 

Analysis of the single-pion production cross section 
shows that important contributions come from values of 
A?’ greater than y’?.**"! From Fig. 3 it can be seen that, 
even for values of A? as low as 1.5 y?, the (V +32) final- 
state phase space can include production of *(Vres) 
+N*(Weres), where V;¢s, the conjectured r—z resonance 
energy, is of the order of 3 u to 4." In any case, there 
is a considerable range of values of V, including Vres, for 
which, even for small values of A’, the phase space 
includes the $-$ pion-nucleon resonant state, N*(Wres). 
We therefore expect to obtain a range of values of A? for 
which the N* production may be comparable to the V 
production. 


4. REDUCTION OF THE DOUBLE-PION 
PRODUCTION CROSS SECTION 

In this section the double-pion production cross 
section, Eq. (2.2), is expressed in terms of the variables 
of interest, A*?, V, and W, and then compared to the 
single-pion production cross section, expressed in terms 
of A? and V. The total and relative three-momenta for 
the x* and N* systems are 


K= k,+ k», 
k= (k,—k,) 4, 


P=k,+ Py, 
p= (k;— Py) 2. 


By writing Eq. (2.2) in terms of these variables and 


2W. R. Frazer and J. R 
(1959). 


(4.1) 


Fulco, Phys. Rev. Letters 2,°365 
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performing the d*K integration, one obtains 


M 
don +3e> 


pe (hike Acs ky) . 
16(29)*ker 
1 
x [ (ks, Py Zen Pw *L 
(A?-+y?)? 
b(E, +w,— wW1— we w3—E,)d*k 
x . 
W1We 
Pap 


x (4.2) 


w3k, 


Each of the two phase space factors, as grouped in the 
last equation, is Lorentz invariant. The first factor is 
evaluated in the system (V). Integration over dky then 
yields 


dky 
f- b6(Ewtwiv — wiv —w2v — wy — Evy) 


Wk vy? 


ky 
oe (4.3) 


The second factor is evaluated in the system (ZL), but 
expressed in terms of P, and the relative three-mo- 
mentum in W, which, from Eq. (4.1), is equal to kgw. 
Calculation of the Jacobian then yields for the trans- 
formation, 


1 (Pi -kaw)* 
EP dp. =P ikaw we™ : 
WwW 


1 { wiawk pw 


P.-kawW 1(wsw — Eyw) 
- —}, (4.4) 


Ww wlEyw 


where W, is defined by Eq. (3.2). The expression for 
ws, E,;, in terms of the variables P; and ky» is obtained 
from the Lorentz transformation and is given by 


wawk yw (P,- Kaw)? 
wrk yi= L— 


Ww? wawkE yw 


P,-kawW 1(ow- Eyw) 
. - (4.5) 


Ws wk, Ww 


Equations (4.4) and (4.5) then give for the second phase 
space factor 


dP utp tp Py &kywW 
= (4.6) 


wate yt Wr wwE sw 
The variables P; and kyw are linked by W,= (P;?+W?)}, 
where 


W = (kaw?+u?)*+ (kaw?-+ M?)). (4.7) 


It is now convenient to reduce Eq. (4.6) to the vari- 
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ables of interest. By noting that 


Pi? 
dP ,d(cosOr ,)d®r ,, 
Wy 


Py 
Wy, 
and by using Eqs. (3.2) and 
terms of d(A*), and Eq. (3.4 


terms of d(V? 


(3.3) to express dPy in 
to express d(cos@r,) in 


), one obtains 


@P, 
d(A?)d( V?)do; I 
Wr 4Mkyr 


From Eq. (4.7) one obtains 
kiuwwiwE, Ww : 
d(v 2\dQkaw. 


Okay =kaw'dk “ dQu (4.9) 


Ww? 


Equation (4.2) is now expressed in terms of the variables 
of interest, by making use of Eqs. (4.3), (4.6), (4.8), and 
(4.9), as follows: 


Ags k, 


don, in 
128(29)*k; 1? 


1 
x | 
(A?+p?)? 
kv kaw 
x dQ \ dQu 
V W 


(k Py ZeN pi) whe 


wd(V ) 


xd(V*)d(A*)\dbr,. (4.10) 
These variables are no longer linked. 

The most general dependence of the invariant vertex 
functions on the variables of the above equation is as 
follows: | ks, py Leni Pi w=lrn(A?,W, coséw), where 
cosOw=[Kaw-(—piw) |/RawPiw, and | (kiko Ave! Ry}? 

A,~(A*.V, cos@y), where cos; (ky -kyv)/kvkiv. In 
the case of the pion-nuc leon vertex, this may be seen by 
constructing the three possible invariants from the three 
independent four-vectors p,,p,, and ky and by evaluating 
them in the system (W), with the help of Eqs. (3.10) 
and (3.11). The pion-pion vertex treated 
similarly. 

For small values of A’, one expects the virtual pion to 
behave as an “almost real” particle. Equations (3.10) 
and (3.11) show that as A? —> —yz?, Eyw — Epw, that is, 
as the virtual pion approaches the shell the 
kinematics of the pion-nucleon vertex approaches that 


may be 


mass 


for a real, energy-elastic scattering process in the system 
(W), in which the “virtual” pion carries energy equal to 
w3w into the vertex. It should be emphasized that, 
although from the viewpoint of invariant field theory 
the virtual pion cannot be assigned a unique sense of 
propagation, nevertheless for small values of A? it be- 
haves, in the system (W), as an incoming ‘“‘almost real” 
pion which scatters on the nucleon to produce the V*. 
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In the limit A? that such a 
limiting procedure is possible, the pion-nucleon vertex 
function will equal that for real pion-nucleon scattering 
at energy W and scattering angle @w, where @m is the 


ly 
>—yp? if one assumes 


angle of the outgoing pion with respect to the “‘in- 
coming”’ one. 

Surprising though it may at first appear, the same 
limiting procedure, A? 
small A? the virtual pion behaves as an incoming ‘“‘almost 
real” pion with respect to the incident nucleon in the 
system (W), also shows that it behaves as an incoming 
“almost real” pion with respect to the incident pion in the 
system (V). To see this, note that Eqs. (3.7) and (3.8) 
give, as A?—> — p?, wiv — V/2=wivy=woey, that is, the 
kinematics of the pion-pion vertex approaches that for 
a real, energy-elastic scattering process in the system 
(V), in which the “virtual” pion carries energy equal to 
V/2 into the vertex. Again, in the limit A? — — 2, if one 
assumes that such a limiting procedure is the 
pion-pion vertex function will equal that for real pion- 
pion scattering at energy V and scattering angle 6y. 

For sufficiently small values of A? in the physical 
region, the virtual pion continues to behave kinemati- 
cally as an incoming ‘almost 
vertex in the appropriate coordinate system. To empha- 


>—yp’, which shows that for 


possible, 


real” particle at each 


size this property we introduce the following suggestive 
notation: 


fist Age| b,)| 9dQkey = 16(2e)?V20__(A2,V 


J [| (es, 7| Zen] Ps)|* Jord Qeaw 


$(2r)*(U 


VU \2oeN A? W 


‘ 


where the charge states are no longer indicated on the 
right-hand sides of the equations. They may be reintro- 
duced later without difficulty. With these definitions, 
the differential cross section for double pion production 
and dp, 


becomes, after performing the dQky, dQksy, 


integrations, 


y3 
te) ON+3e 


0(A?)d(V2)0(W?) 


The corresponding differentia 
pion production is 


0*a N+2e 


2(2r)*k; 1? 


0(A*)d(V?) 





PION PRODUCTION 1 
where the factor [|(p,'|T's| p.)|* Jav is a function of A? 
only. Note that the x* production depends only on the 
variables 4? and V, and that the corresponding factors 
enter each of the last two equations in exactly the same 
way. Likewise the V* production depends only on the 
variables A? and W. Of course, in the final state r*(A*,V) 
+N the x* has more translational energy in the labo- 
ratory than does the x* in the final state r*(A*,V) 
+N*(A*?,W), and accordingly the four vector A is 
different in the two processes despite the equality of A’. 
In terms of the natural variables A?, V, and W, Eq. 
(4.12) exhibits, as does Fig. 2, the kinematically sym- 
metric way in which the r—z and the r—N interactions 
enter into the N+3m differential cross section. This 
again reflects the exchange nature of the virtual pion. 

From Eqs. (4.12) and (4.13) one obtains, for the same 
x* charge configuration, A?, and V, and for a given value 
of W, the ratio 


9 
O’on +2 


Oon+se / 
0(A*)d(V2)0(W?)/ = A(A*)A(V?) 


(1/24M?*)kswWo,n(d’,W) 
Ci ps’ | T's! Ps)| * dav 


, (4.14) 


which is independent of the #—* interaction. The 
advantage of comparing this ratio to experiment is that 
one may test the validity of the model without making 
any assumptions about the detailed nature of the r— 
interaction. To indicate a particular final charge con- 
figuration of the N*, for example 2°+n, o,(A*,W) will 
be replaced by o4-4 p++ n(4?,W). We define 


Cr »”*(A?,W) = Ox + por +p(A?,W)+ Or + por +n( A? Iy 


for later use. 

The ratio of the total probability for producing the \* 
to that for producing the N, with the same x* charge 
configuration, A?, and V, is 


R(N*/N) 


O*CNiae / O’an +29 
-a(A2)a(V?) 0(A?)d(V?) 
1 Wef(kit,S?,V) 


cen™*(A2,W)kawiv 2a / 
xM? 


WwW mpt+ M 


Cl(hs'|s|Ps)\* Jar, (4.15) 
where {(k:z,4?,V) is an algebraically involved function 
that determines the upper limit of the integration 
variable, W. 

Because of the experimental difficulties involved in 
analyzing events in which neutral particles are pro- 
duced, the four-prong events of Fig. 2(b) and the 
corresponding two-prong events of Fig. 1(b) may be of 
particular interest. For these events the appropriate 
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ratio, which will be denoted by R([V" —x-+p]/n), 
where V™ stands for the excited nucleon state with zero 
total charge, is obtained from Eq. (4.15) by replacing 
oen*(A?,W) in the numerator by o--4p+.2-4+p(A?,W), 
and by evaluating the denominator for the case that p; 
is a proton and p,’ a reutron. 

Estimates of the pion-nucleon vertex functions are 
given in the next section. 

Even if the virtual pion exchange graph does not 
dominate the double-pion production cross section for 
small A*, one may still look for the presence of the 
second-order pole term, as given by Eq. (4.12), by 
studying the experimental differential cross section as a 
function of 4’, in a similar manner to that proposed for 
the single-pion production cross section.’ *:"! The analy- 
ses carried out to date* have studied dow42,/d(A?), that 
is the integration with respect to V has been performed, 
because of the limited statistics. With improved statis- 
tics it will be possible to study (A?+-y*)~*0®on42,/ 
0(A?)4(V2) as a function of A*, for a fixed value of 
V, and to attempt to obtain the limit as A?» — y’, 
which is directly related to the r—7 interaction. If 
(A?+- py?) *d%o ws 3e/0(42)0(V2)0(W?) is also studied as a 
function of A?, for the same fixed value of V, and the 
same charge configuration of the r*, and the limit as 
A? — —,z? is determined, then the ratio of this limit to 
that for the V+ 2x function will be independent of the 
x—~ interaction. If it is assumed that 


lim 415° e-p(A?,W) = o2-p”*(W) 


Oun-+por +p (U } t Cr tpor'en(W), 


then for the processes shown in Figs. 2(b) and 1(b), one 
finds the following ratio 


lim t—42(A? +p?) on 4 32/0(A*)0(V?)0(W?) 
lims*,*(A?-+-2)-20°o y42e/0(A?)0(V2) 
(1/27M*)o,-,**(W)kiswW 
— 8x f? ri 


, (4.16) 


where f*, the renormalized, unrationalized pion-nucleon 
coupling constant, is «0.08. Evaluation of this ratio can 
thus serve as a test of the meaningfulness of the 
extrapolation procedure. 


5. PION NUCLEON VERTEX FUNCTIONS 


Estimates of the pion-nucleon vertex functions for N 
and N* production will be based on the p-wave static 
nucleon model, applied in a coordinate system in which 
the nucleon kinetic energy, both before and after the 
collision, is small compared to its rest mass. For the 
x—N vertex this model gives, in the laboratory system, 


p,' I's Ps) |* lew 


Pro? {1 for x 
= 4x f-— x 


, (prr'*<M"), (5.1) 
mM 2 for r+ 
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where the factor 1 is for emission or absorption of a 


neutral pion and the factor 2 for that of a charged pion. 
For the case of interest, A*<M?, one obtains from Eq. 
(3.3), by setting W=M, 


A?=2M[(pyr"+M?)!—M j= pyr”, 
which allows Eq. (5.1) to be rewritten as 


A? 1 for 7° 
Ci (ps | Us| pa) | lav = 4a f?—X 
ue 2 for r* 


This is the same result that one obtains from invariance 
considerations, with the usual definition of the renor- 
malized coupling constant at A?=—y?," but keeping 
only the A? dependence arising from the spinor functions, 
that is, taking the pion-nucleon vertex form factor 
equal to 1. 

For the r—\* vertex the static nucleon model is 
applied in the coordinate system (W). For A*<<M? and 
W = M, Eqs. (3.10) and (3.11) give 


Ew~M Eww=M, 


and 


so that the energy, in the system W, of the virtual 
“incoming” pion, waw, is 


W—M ~ww. 


Waw W— Ew 


The virtual pion is of course not on the mass shell, the 
magnitude of its momentum, Aw, being given by 


[(W—M)*+a?}}, 
while that for the real pion ; is 
kay [(w- M)?—,p? ji, 


waw, Aw>kgw. Because the 
energy, waw, is almost correct for an energy-elastic 
scattering in the coordinate system (W), it is natural to 
think of the virtual pion as being off the mass shell be- 
cause the magnitude of its three-momentum, Aw, is too 
large compared to waw. Therefore we conjecture that in 
the p-wave static nucleon model, one obtains the virtual 
pion-nucleon scattering amplitude by modifying only 
the momentum dependence, at the absorption vertex, of 


Aw (waw?+ d?)?! 


yu’)! 


(waw" 


and thus although way 


the real pion-nucleon scattering amplitude. This con- 
jecture, which amounts simply to multiplication of the 
real scattering amplitude by the factor Aw/ksw, is 
verified in lowest order pseudoscalar coupling (ys) 
theory, and gives 


Aw \? 
on (A?,W) ( oan (i 
Raw 


(W—M)?+ A? 
rv (W), (5.3) 


(W—M)?—p? 


where o,x(W) is the physical cross section. However, 
o,n(A?,W) will be made to go smoothly to zero as W 
approaches u+M, that is, the factor ksw~*, which arises 
from the p-wave static nucleon model, is suppressed at 
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low scattering energies where the cross 
dominantly s wave. 

For N*™ production the value of 
o,-p”*(W) will be used directly. For the 2-prong decay 
mode of N*, i.e., N*® — x~-+ p, dominance of the 3-3 
pion-nucleon resonant state is 
charge independence), so that 


secuion 1s pre- 


experimental! 


assumed (as well as 


Ce-~+pse-+9( 0 


For V** production the same assumption 


vive 
tet/Tmr 
orp? (Hh 


In the last two cases the experimental 
o,-p”*(W) and o,+,(W) will be used 

Curve +p (a) of Fig. 4 is the spectrum 
Or p*(A?,W kaw W?, for A? u’, obtained from Eq. (5.3), 
as a function of W. For A? and yw? much less than 
(W—M)?, Eq. (5.3) gives o,y(A?,W)~o,n(W). For 
purposes of comparison, the spectrum ¢,-,”*(W)kswW? 
(b) of Fig. 4. One 
broad spectrum about the resonance, W ~8.8 y, because 
of the large phase space factor, kswW*. Curves r++ p (a) 
and (b) are the corresponding spectra o,+,(A?,W)kawW? 
and Ortp\ W kaw W?, respec tive ly , and show the effect of 
the resonance more strongly than the m~p spectra 


values of 


is shown as curve r+ p obtains a 


n n bd 
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a 








1 1 
8.0 65 





—. 
W (IN UNITS 
Fic. 4. N* productior 
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section, gen (W) 
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Ratios for N* to N production, obtained from Eq. 
(4.15) for several charge configurations, are now evalu- 
ated by use of Eq. (5.2) and the spectra of Fig. 4, for the 
values ki,=5 Bev/c, A?=y?, and V=3y. These are 
physically interesting values in the region of applicability 
of the model. The upper limit of the integration variable 
W, obtained from Fig. 3, is 9.8. For the ratio of the 
total neutral excited nucleon state production [all 
graphs of Fig. 2(b)] to neutron production [graphs of 
Fig. 1(b) ] one finds 


R(N*/n) 


1 p¥=08e 
f Oe Gt Wk Wea / 8 f 


aM? Wen7.7 pg 


(a) 2.5, 
(b) 1.6, 


where the values (a) and (b) correspond to curves 
+p (a) and x-+p (b) of Fig. 4. For the ratio of the 
total charged excited nucleon state production [all 
graphs of Fig. 2(a) ] to proton “production” [graphs of 
Fig. 1(a) ] one finds 


R(N*+/p) 


W=—9.8y 


i 
aM? W=7.7p 


Tx"p* (Wk Ww / tn f 


5.5) 


(a) 8.6, 
ts ‘a 5.5, 


where the values (a) and (b) correspond to (7 of) curves 
a*+p (a) and r++ (b) of Fig. 4. For the ratio of the 
4-prong events of Fig. 2(b) to the 2-prong events of 
Fig. 1(b) one finds 


R([N™ — 2-+p |/n) 


=f 
: aM? 


W=9.8 4 


on solu! Wyk / Bf 


77 
mi.d 


os 


0.84, 


(a) 
(5.6) 


(b) 0.53, 


where the values (a) and (b) correspond to (4 of) curves 
«+p (a) and x-+ p (b) of Fig. 4. There is of course no 
corresponding ratio for the doubly charged excited 
nucleon state [graph of Fig. 2(c) ], N***, which decays 
into #*+p. 

6. DISCUSSION 


The large ratios of N* to N production predicted 
above by the long-range interaction model for the par- 
ticular values of the phase space variables considered is 
due both to the ability to excite the $$ pion-nucleon 
resonant state, even for small values of A?, and to the 
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rapidly increasing phase-space factor, kywW?/(#M?). 
For larger A? the N* spectrum extends to higher values 
of W and the integration with respect to W will contain 
important contributions from the range above the }-4 
pion-nucleon resonance because of the phase-space 
factor. Thus, although the denominator of each ratio 
increases with A*, V* production is expected to remain 
important compared to that of V. The calculations are 
being extended to include a larger region of phase space. 

It should be noted that the ratios of V* to V produc- 
tion based on the static nucleon model approximation 
for o,~(4*,W) exceed by more than 50% those obtained 
by use of the approximation ¢,(A*,W)=o,n"(W), for 
the region of phase space considered. While we believe 
that the “‘off-the-mass-shell” approximation is probably 
in the right direction, clearly a better approximation 
than that given by the static nucleon model should be 
sought. 

Independent of the details of the V and V* formation 
(e.g., the static nucleon approximation), certain other 
consequences follow from the long-range interaction 
model if one assumes that charge independence holds 
and that the \V* is produced entirely in the isotopic spin 
T=% state. From these assumptions, it follows that: 

(1) In the reaction +p—2r*+N, the relative 
strength of m production is twice that of p “production,” 
and in the reaction »+p-—+4*+N* the relative 
strengths of N** and \V*** production are twice and 
three times that of V™ production, respectively. The 
actual production ratios depend also upon the r—# 
interaction. Despite the greater relative strength of the 
N*** production, it should be noted that this mode 
requires that the x* be produced in the isotopic spin 
T=2 state. 

(2) There is no N*~(n+ 2) isobar production. 

(3) Independent of the #—- interaction, the pion 
emitted by the V™, as well as that emitted by the N**, 
is neutral in two-thirds of the cases. 

(4) The ratios defined in Eqs. (5.4) and (5.5) are 
related as follows: 


R(N**/p)=4R(N™/n). 


Because of experimental uncertainties in presently 
available data, a detailed comparison of experiment with 
the above predictions, as well as those in the previous 
section, is not possible at this time. 

The original motivation for trying to apply the single 
virtual pion exchange interaction to the reaction 
a-+p — N+3n lay in the observation that the virtual 
pion could excite the $-§ pion-nucleon resonance. The 
specific numerical results presented are for values of the 
phase-space variables appropriate to this final state. 

However, the model should not be thought of as being 
restricted solely to this part of the phase space. It is 
better visualized as a long-range collision in which a 
virtual, but “almost real” pion is exchanged, leading to 
the excitation of each of the two incident particles. 
These two spatially separated, excited particles (or 
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cores) proceed almost undeflected from their original 
trajectories without further interaction between them 
and subsequently decay independently into the final 
state particles. This model, with two cores, contrasts 
with the Fermi statistical model in which all final-state 
particles emerge from a single excited region. 

In the single virtual pion exchange model the proba- 
bility for the production of a particular final state de- 
pends upon (1) the magnitude of the virtual pion 
propagator, which favors small values of A?; (2) the 
strengths of the interactions of the virtual pion with 
each of the incident particles for the formation of the 
particular “‘core’’ states; and (3) the phase space factors, 
which favor large values of the internal energy of each 
core. Even for small values of A? the internal energy of 
each core may be large compared to the rest mass of the 
corresponding incident particle. For larger values of A?, 
larger values of the internal energies of the cores can 
occur with correspondingly lower translational energies 
of the cores in the over-all barycentric system. For such 
events the Lorentz transformations that connect the 
over-all barycentric system with each of the core sys- 
tems will not compress the decay particles of each core 
into as narrow cones (in the over-all barycentric system) 
as is the case for smaller A’. 

There is also strong evidence for the importance of 
long-range interactions in ultrarelativistic nucleon- 
nucleon collisions (210° Bev laboratory energy), in 
which the average transverse momentum of the second- 
ary particles is independent of the primary energy, and 
in which the angular distribution of the secondary 
particles is consistent, in a majority of events, with 
their emission from two excited regions (or fireballs) 
which propagate in opposite directions, in the over-all 
barycentric system, along the collision axis." In these 
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events the primary nucleons proceed almost undeflected 
from their original trajectories, but lose the energy re- 
quired to form their respective fire-balls. 

These facts suggest a direct extension of the single 
virtual exchange pion model, which one may visualize as 
follows: The typical Feynman diagram for the process, 
neglecting charge configurations, is constructed by 
taking any two of the diagrams of Figs. 1 and 2 and 
replacing the two incident pions by a single virtual pion 
propagator which connects the two #* vertices. This 
virtual pion acts as an incoming “almost real” pion with 
respect to each of the two incident nucleons, and ex- 
changes a single virtual pion with each of them, leading 
to the formation of an excited x* state associated with 
each incident nucleon. These two x* states are the two 
fireballs. The kinematics and phase-space considerations 
required to justify this picture will be given in a 
subsequent paper. Of course, in these very high energy 
events the internal energies of the x* fireballs will be 
much greater than those considered in detail in this 
paper, and they will in general decay into a large number 
of secondary particles. In this model one also expects NV* 
production to be important. 

In conclusion it should be emphasized that the long- 
range interaction model is expected to apply only in 
restricted regions of the final-state phase spaces, and is 
thus proposed as an adjunct to, rather than as a 
replacement for, statistical theories. 
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The shifts of the energy levels of u-mesonic atoms due to vacuum polarization are calculated for the states 
n=1+-1. The first-order perturbation integrals are evaluated both in closed form and by means of series 
expansions. A more accurate calculation of the energy shifts which takes into account the alteration of the 
atomic wave functions by the vacuum polarization potential is described in the concluding section. 


1. INTRODUCTION 


NE of the well-known predictions of quantum 

electrodynamics is that free space has certain 
properties analogous to those of a dielectric medium. 
The presence of an electrostatic field in free space 
induces a slight separation of virtual electrons and 
positrons, which is referred to as vacuum polarization. 
The vacuum polarization in turn leads to alteration of 
the electrostatic potential. This addition to the potential 
changes, for example, both the strength and the func- 
tional form of the interaction of two point charges at 
small distances from one another. It adds to the 
familiar Coulomb potential energy a term which, for 
small distances r, diverges as r-' Inv, and which de- 
creases exponentially for distances larger than the 
electron Compton wavelength. 

While the details of the vacuum polarization inter- 
action are quite well established from a theoretical 
standpoint, the experimental evidence for the correct- 
ness of these predictions is fairly meager.’ By far the 
most satisfactory verification, until recently, has been 
supplied by the occurrence of the Lamb shift.in hydro- 
gen.? The vacuum polarization contribution** to the 
calculated value of this shift is 27.1 Mc/sec. The 
measured and calculated values of the total shift are 
found to agree within about 0.2 Mc/sec. Although the 
Lamb shift thus furnishes an excellent check on the 
theory, it tells us in fact very little about the details 
of the vacuum polarization interaction. The latter 
interaction, as we have already noted, is negligibly 
small when the electron of a hydrogen atom is at a 
distance greater than one Compton wavelength from 
the proton, a distance 137 times smaller than the radius 
of the first Bohr orbit. The shifts of energy levels due 
to vacuum polarization are therefore only appreciable 
in the S states. For the S states the shift is proportional, 
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in first-order perturbation theory, to the volume 
integral of the vacuum polarization potential. The 
measurement of the Lamb shift furnishes an accurate 
check on the volume integral of the vacuum polari- 
zation potential, but tells us nothing further about its 
functional form. 

The existence of hydrogen-like atoms in which the 
role of the electron is played by particles of considerably 
greater mass opens the possibility of probing the de- 
tailed structure of the vacuum polarization interaction. 
Recent experimental studies*’ of the spectra of p- 
mesonic atoms, in particular, have already been carried 
to a level of accuracy capable of furnishing information 
of this type. For such atoms the Bohr orbits are smaller 
in radius than their electronic counterparts by the ratio 
of the electron mass to the u-meson mass. In particular 
for nuclei of Z>1 the lowest Bohr orbits for u-mesons 
lie entirely within the vacuum polarization cloud sur- 
rounding the nucleus. The electrostatic potential in 
such states differs at all points from the Coulomb 
potential by an amount of order e/hc= 1/137. Level 
shifts of the order of 1% of the total binding energy are 
thus to be expected for all of the low-lying states. The 
precise magnitudes of these shifts will vary from one 
level to another in accordance with the forms of their 
wave functions and the variation with distance of the 
vacuum polarization interaction. Thus if a» is the 
u-mesonic Bohr radius, the level shift of a state of 
principal quantum number n is a measure of the vacuum 
polarization potential in the vicinity of r= ma». Accurate 
prediction of a succession of level shifts should furnish 
a detailed check on the functional form of the vacuum 
polarization potential. 

It may be noted that the small radii of the u-mesonic 
Bohr orbits render the effects of screening by electrons 
quite small and that indeed the correction due to 
vacuum polarization effects is the dominant one. 
Because the calculation of the energy levels must 
emis: an accuracy considerably greater than 1%, 
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it is important that use be made of an appropriately 
accurate value of the w-meson mass in calculating 
the energies of the hydrogenic states. At present we 
lack a direct measurement of the yw-meson mass to 
such accuracy; indeed, recent w-meson mass deter- 
minations®* have been based upon the measurement 
of the energy of the u-mesonic x-ray transition. It is, 
of course, necessary to correct for vacuum polarization 
effects in establishing such a mass. If the mass found 
in this way is employed, it requires the measurement 
of two or more x-ray energies to secure a check upon 
the theory of vacuum polarization. For the purposes of 
the present calculation a provisional value of the p- 
meson mass may be inferred from the recent, accurate 
measurement of its magnetic moment, by assuming the 
correctness of the gyromagnetic ratio predicted by 
quantum electrodynamics.® 

If we write the Coulomb potential as V(r) = — Ze?/r, 
the full electrostatic interaction, including the effect of 
vacuum polarization to first order in the fine structure 


constant a= e?/fhc, may be written in the form 


V.(r)[1+80(r) ]. (1.1) 


V (r) 


Here 8= 2a/ 32, and (r) is a function most conveniently 
stated in an integral representation,*“ 


. 1 \(#—1)! 
o(r)= f ar(14 ) etter, (1.2) 
) wx) ¢ 


where x= mc/h is the inverse Compton wavelength of 
the electron. These expressions will be of sufficient 
accuracy for the next two sections of this paper, which 
will be devoted to the calculation of the level shift by 
means of first-order perturbation theory. In the first 
of these sections a series expansion of the perturbation 
integral is developed, which is later used in more 
accurate calculations. In the second of these sections 
the perturbation integral evaluated 
exactly in closed terms. In the last section we describe 
a procedure of calculation which takes into account the 
alteration of the wave function by the vacuum polari- 
zation interaction. The error of the computed level 
shift is thereby reduced considerably. 

We shall consider in particular the states of u- 
mesonic atoms for which n=/+1. These are the states 
most easily attained experimentally, and furthermore 
the ones most useful in exploring the form of v(r). The 
first-order vacuum polarization shift has previously 
been calculated for the 2P and 3D levels of phosphorus 
by means of numerical integration by Koslov® who also 
carried out the measurement of the line resulting from 
the transition between these levels. This line is par- 
ticularly well adapted to precision measurement, and 
the necessary determination of the shape of the x-ray 


first-order is 


absorption edge in lead has recently been completed 


*R. L. Garwin, D. P. Hutchinson, S. Penman, and G. Shapiro, 


Phys. Rev. 118, 271 (1960 
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by Bearden.’ Petermann and Yamaguchi*® have con- 
sidered many of the corrections to the Bohr energy for 
this line but have not included the effect of vacuum 
polarization in distorting the wave functions of the 
u-mesonic atom. 


II. SERIES FOR FIRST ORDER ENERGY SHIFT 


We first develop a series expression for the first-order 
perturbation value of the energy shift, a result that 
will later serve as the basis for a more exact calculation. 
As the first step, we present a series expansion” for 
v(r). For this purpose we note that o(r) can be written 


* dé i 
o(r) = Ex(2er)+ f {(: - ) 
1 € : 
1 
x(14 )-1]. or, (2.1 
2? 


where E;(x) is the exponential integral, f{* dé e~**/E. 
It may be noted that, with the £; term extracted, the 
remaining integral is well behaved at r=0 and hence is 
suitable for further expansion as follows. We write it 
as 


S(r) f aexoe ark 


1 


(2.2) 


and perform an integration by parts to obtain 


S(r)=e ow f dé x(&) 


- dar f die wet f dé’ x(é 
l 3 


The integral in the first term is elementary and gives 
the coefficient of e«~?*" in the series being constructed. 
The integral in the remaining term may again be 
integrated by parts to give the coefficient of (2xr)e**. 
This process may be repeated to yield the required 
series. In general, however, at every other step the 
integrand obtained behaves like &"'e**" at f=, so 
like Ey 2xr). To 


continue the process, therefore, we subtract the neces- 


’ 


that the integral diverges at r=0 


sary multiple of &‘e*“*’ from the integrand, thus 
making it sufficiently well behaved at {= ©, and com- 
pensate by adding the appropriate term in £,(2«r) to 
In this 


representation of v(r): 


the series. fashion we obtain the following 


© 


v(r) = > [c;(2xr)%e**"" +-d 


L 


2xr 2.4 


. 1F 1 2xr 
j=0 
fashion 


© This expansion was originally obtained in a different 


by Dr. C. M. Sommerfield and one of us (W.R 
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where the c,’s have the form 


2 
G=— Dd ajn/m!—bj. 
m=d) 


The first few constants entering (2.4) and (2.5) are 


ao>=5/6—1In2; a,;=—3n/8, a2=3/8, a3=—727/24, 


a4=(7+31n2)/192; bo=0, bi=1, b:=3/4, 
b;=11 36, b4= 25 288 ; d,=1, d,=0, d;=1 64. 


It is now straightforward to obtain the corresponding 
series for the shift in the energy level due to vacuum 
polarization. We let £; be the energy of the » meson in 
the state with orbital quantum number / and total quan- 
tum number n=/+1. The corresponding radial wave 
function (defined in r space so that f-|W;,(r) |*dr=1) is 


(2x)? 4 
Vi(r)= (= —— } ritig-rier, 


(2.7) 
(2/+-2)! 


with y;=Zya/m(l+1) where yu is the reduced mass of 
the ~ meson and m is the mass of the electron. The 
first-order perturbation expression for the change in 
EF, due to vacuum polarization effects is then 


AE =8 f drV(ro(r) Wile) 


= 28xZe? ¥ (c3+d,D);), 
yO 


yi \**) (21+ j+1)! 

C;=7" (= ) Ee ie ee 
I+y (21+2)! 

(21-+2j+1)! 
(2-42)! 


(2.8) 


D;=y2"** 214.2j4.2(Y2)- (2.10) 


The quantity J, is defined by the recurrence relation 


1 I, (x) 
Pads 


Tai(x)=- s>1, (2.11) 


: ’ 
s(1+2x)* = 
and 


I, (x)= (1/x) In(1+2). 


(2.12) 


The application of these expressions is straightforward 
and will prove especially useful in the determination of 
the energy shift with the corrected wave function. 


Ill. EXACT EVALUATION OF FIRST-ORDER 
ENERGY SHIFT 


An exact expression for the first-order level shift may 
be derived in terms of elementary functions without 
difficulty. The expectation value of the vacuum polari- 
zation potential in the state n=/-+1 is given by the 
integral noted earlier in Eq. (2.8). When the integral 
representation (1.2) is used to represent the vacuum 
polarization potential in this expression the integration 
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over the radial variable r may be carried out im- 
mediately. The expression for the level shift then 
becomes 


Zep x 


~Orin2(A), 
+1) 


AVE,=— (3.1) 
( 


where the parameter A is given by 


m 1 
A= (l+1)=—, 
Zap Yi 
and Qo42(A) is the integral 


- (#+4)(#—1)! 
Onssi0)= f dt ~, 
, f(1 +E) 


(3.3) 


The integrals 0. (A) may be evaluated conveniently 
by changing the variable of integration to y=1/€, and 
separating them into two terms, 


Ox(d)=Ja(\) 44K (A), 


1 yh '\(1—y*)! 
J, (A)= f . —dy, 
0 (A+~y)* 


1 yhtl (1 — y*)4 
K, (A) -{ —_ dy 
- (A+y)* 


(3.4) 


where 


These integrals, which are to be evaluated for k= 2/+-2, 
may all be generated by simple operations of differ- 
entiation carried out upon the integrals J;(A) and 
E,(\). For k> 1 we may write 


1 1 d\*" 
J,(X)= (x ) AJ (A), 
(R—-1)!A*N dv 


1 1 dy, 
(» ) AK, (A). 
(k—1)! A+ dx 


The integrals J,(A) and K,(A), which are elementary, 
are given by 


(3.6) 
RK, (A) = 


JiQr) = (1—)?)3 sec h 'Nh—1+4nh, 


(3.7) 
K (dy) =*(1—2?)! sech "A +4 — 4aed— 24-4 eM. 


The combination of Eqs. (3.4), (3.6), and (3.7) yields 
similarly elementary expressions for the level shifts. In 
particular for the 1S state we find 


Oo= (1— 4*— 24) (1—*)! sechr 
—11/6+43rr—2'+er', (3.8) 
and for the 2P state 
Ou=([1—§r?— (45/4) + 224% 1008] 
* (1—X*)-! sech "A+ (5/4) (1—A*) 74+-3(1—)? 
— (14/3)+$erk—1002+5e0*. (3.9) 
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In practice the atomic states which interest us have 
values of /+1 much smaller than Z, and consequently 
values of the parameter \ which are much smaller than 
unity. For such cases it is convenient to evaluate the 
integrals Qo42 for states of angular momentum />2 
by means of an expansion of J;(A) and K,(A) in terms 
of In(A/2) and powers of X. In this way we find, for the 
3D state, 


187 Or 
at+---] naa) +— 
60 4 


— 
4 4 


3747 
\?+ 149A\?+ At+ 
4 160 


30671 
ree 
1440 


(3.10) 


a result which is amply accurate for present appli- 
cations. 

The use of the above expressions for the level shift, 
or of the equivalent series development (Eq. 2.8) of 
Sec. II, leads to the prediction of increases of the x-ray 
frequencies for u-mesonic atoms. For the case of the 
3D—2P transition in phosphorus, with the yu-meson 
mass taken as 206.77m, we find a fractional frequency 
increase of 0.003758, which agrees with the result 
evaluated numerically by Koslov.® 


IV. REFINED CALCULATION OF THE ENERGY SHIFT 


The accuracy of the above results is necessarily 
limited by the fact that the energy shift was calculated 
to the first order. The correction to be attained by the 
use of the exact wave function is of the same order as 
that found by considering terms of order a? in the exact 
expression for the vacuum polarization potential.* An 
estimate of the maximum error introduced by this 
approximation can be obtained by fixing an upper 
bound for the second-order correction AE;®. For this 
purpose one modifies the usual expression" by replacing 
all the energy denominators by the lowest one, E;— Fi,1, 
so that they can be removed from the summation, and 
then applies closure to obtain 


f dr V2(r)\Vi(r) |? 


0 
lA 2 EB < = 
Eui— Ez, 
where 
Vil(r)=BV.(r)v(r). 


For instance, in the case of w-mesonic phosphorus we 
find, by numerical evaluation, for the /=1 state, 
A E,| <0.058X 158ex*, as compared with |A%E| 
= (4.64)156e%x. (The unit ZBe%x is a measure of the 
magnitude of the energy of interaction between the 
meson and the nucleus due to vacuum polarization 
effects inside of the range of the vacuum polarization 
potential.) Our next task is to develop a simple pro- 
aL. I 


pany, Inc., 


McGraw-Hill Book Com 
, 2nd ed., Chap. VII, p. 153. 


Schiff, Quantum Mechanic 


New York, 1955 
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cedure for diminishing this error. For this purpose we 
first remark that, for the range of r of importance in 
the cases contemplated here, V;(r) may be very closely 
approximated by a function ¢(r) having the form 


o(r)= Ar ?*+ Br'+c, (4.2) 


If we take H to be the Hamiltonian in r space (i.e., 

after separation of the angular part for a fixed J) and 
put 

H=H,+ V(r), 

Hy’ =Hy+¢ T), 

V1'(r)= Vi(r) 


(4.3) 


o(r), 
we may write 


H=H)'+Vi'(r). (4.4) 


Our procedure is now based on the following circum- 
stances. (1) The operator Ho’ has the same form as 
Hy and hence has eigenfunction-eigenvalue solutions 
of the same form as the hydrogen atom. (2) To the 
extent that Eq. (4.2) gives a good approximation for 
Vi(r), Vi'(r) is a small perturbation and may therefore 
be treated by first-order perturbation theory. Specifi- 
cally the energy of H’ for orbital quantum number / is 


E/ = Ey (Z') +C (4.5) 
where E,(Z’) is the usual expression for the energy of 


a fictitious u-mesonic atom of atomic number Z’ with‘a 
principal quantum number /’+1, i.e., 


Ey (Z') = —pZ"e*/2h? (l' +1)’, (4.6) 
with I’ and Z’ given by 
UU +1) =1 +1) +2pA JP’, 
Z'=Z-—B/eé. 
The corresponding wave function 
is the same as that given in 


in r space), ¥,'(r), 
Eq. (2.7) with J and Z 
replaced by /’ and Z’, respectively. To obtain a better 
approximation of the eigenvalue of H we take V,'(r) 
as a perturbation on Hy’ and compute the corresponding 
shift in the energy A” £,’: 


sa) 


A“ Ei=f dr|¥,'|?V1'(r). 
0 


Again we can estimate an upper limit on the error as 


(4.8) 


f dr Vv, Vy,’ r) 


Eui- I 2 


4.9) 


Our object, of course, is to minimize this quantity and 
we undertake to select the coefficients A, B, and C so 
as to achieve this goal. After approximating ¥,' by ¥, 
in the integral of Eq. (4.9), we demand that its partial 
derivatives with respect to A, B, and C vanish. We 
thus obtain a set of three linear equations in A, B, and 
C in which the coefficients depend on quantities of the 
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form fo” dr|\W;|?Vi(r)r-*. These can easily be evaluated 
by the techniques dis« useed i in II. 

We are now in a position to calculate A“ FE,’ and 
hence the energy shift which is E,/+AE,'— E,. The 
evaluation of the relevant integrals entering Eq. (4.8) 
is quite straightforward with the aid of the techniques 
given in Sec. II. It is necessary, however, to make some 
detailed changes in view of the fact that ;,’ is essentially 
a radial wave function corresponding to a nonintegral 
orbital quantum number. The first of these is the trivial 
one that any expression of the form (/’+)! must be 
replaced by I'(l’/+-4+1). The other is that some special 
techniques are demanded in the calculation of /,, the 
integral involving E,(2«r). The recurrence relation of 
Eq. (2.11) still holds. Therefore, the only alteration in 
the procedure required is that it is necessary to calculate 
Ii4a; where Al=/'—Il. To do this we note that A/ is 


small and approximate / 1,4: by 
Ti4a1:= 11+ (dl,/ds),.1Al, 


ignoring subsequent terms in the power series. 
The quantity (d/,/ds),... can be written as 


dI,(v) 
( ; ) =— (y+1)“{In(1+7) 
as s=l 


a) e (be or l)z 
0 e—y/(y+1) —4/(y+1) 


(4.10) 


(4.11) 


For /=1 the first integral can be evaluated immediately 
in closed form while the second integral has the fol- 
lowing series representation : 


x r « r 


f dx =—+ 
0 e—y/(y+1) 6 


i 
7 


1—é« 


1—e 6 


1 
- In?(1— «)—Ine In(1—e) 
2 


ae A ae 


with e=1/(y+1) small for the cases of interest. 
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It is also possible to approximate in Eq. (4.11) 
directly for large / and thus to obtain convenient 
expressions for checking the iteration. As before, the 
first integral is evaluable in closed form while the 
second may be approximated by 


% xe (t-D v 1 
i) dx - ad On " 
e—4/(y+1) 1m 


m1 
xCX (—e&)*Bi(m 


w= 


—w, l+w)+(—e)"E(1+m) 


FOL B(N—1,1+1)], (4.13) 
where NV is an arbitrary integer to be selected to achieve 
the necessary accuracy, B(m—w,/+w) is the beta 
function of the indicated variables, and E(l+m) is 
defined by 


-m-1 (1—~¢)* 
+") Ine— > - 
t=] l 


E(l+m) =— (1—e) (4.14) 


This procedure has been applied to the case con- 
sidered earlier, i.e., the evaluation of the effect of the 
vacuum polarization potential on the frequency of the 
3D—2P line in yu-mesonic P. This involved the deter- 
mination of A, B, and C as outlined above, and the 
subsequent evaluation of Z,' and A” E;' for the P and 
D states. The frequency increases by 0.3767%. The 
maximum error as estimated from Eq. (4.9) in units 
of 156ex amounts to 0.00086 for the P state and 
0.000 030 for the D state, a decrease from the corre- 
values of 0.058 and 0.0051 obtained without 
the corrected wave function. 

The procedure of Secs. II and III lends itself to the 
rapid calculation of vacuum polarization energy level 


sponding 


shifts while the technique of the present section permits 
a considerable improvement in accuracy with little 
extra labor. It seems likely that the general technique 
discussed in this section may have a wider range of 
applications for improving the accuracy of perturbation 
calculations. 
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\ 24-in. diffusion cloud chamber filled to 14 atmospheres with 
tritium-free deuterium gas, operating in a magnetic field of 6 
kilogauss, has been placed in the 1040-Mev “hardened” brems 
A total of 310 events 
have been observed and analyzed. 
Using the “spectator model,” a total cross section has been 
determined for the reaction y+n from threshold to 
1 Bev, in good agreement with the results obtained from the 
measurement of the negative-to-positive pion ratio together with 
the measured cross section for the reaction y +p — n+r*. 

The momentum distribution of the low-energy protons in 
the laboratory system compares very favorably with the internal 


strahlung beam of the Cornell synchrotron 
of the type y+d — p+p+r 


> ptr 


INTRODUCTION 


STUDY of the photoproduction of charged mesons 
through the twin reactions, 


ytu— ptr (1) 


(hereafter referred to as (n—) ], and 


ytp 


[hereafter referred to as (p+) |], represents a basic 
step in the investigation of the elementary particles 
and their interactions. Assuming that only the meson 
current contributes to the interaction, the rough 
equality of these two processes is consistent with the 
charge symmetry in the final state. However, deviations 
from simple predictions are 
expected to occur through nuclear recoil terms. These 
deviations are expected to depend upon the energies, 
angles, and nature of the coupling of the final state 
particles. 
Reaction (p+ 


over a wide range of energies and angles using liquid 


>n+x (2) 


charge-independence 


) has been comprehensively studied 


hydrogen targets. The study of reaction (n—), however, 
has been given considerably less attention, largely 
owing to the lack of a condensed neutron target. As it is 
necessary to use bound neutrons for a target in the 
study of reaction (m—), the use of deuterium is clearly 
preferable because of its simplicity, low binding energy, 
and its relatively open structure. 

In principle, the analysis of photomeson production 
in deuterium in terms of free nucleon cross sections 
could be carried out from a comprehensive analysis of 
the However, such a method 


scattering matrix. 


° ce etary in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission 
t This paper is based on a thesis submitted to the Graduate 
School of Cornell University in partial fulfillment of the require 
ments for a Ph.D. degree 
1G. Chew and F. Low, Phys. Rev. 113, 1540 (1959 
method has been used for the analysis of reaction (d—) 


his 


near 


momentum distribution of the deuteron as calculated from the 
Hulthén The validity of the 
spectator model for photons above 200 Mev is experimentally 
justified, as is expected in consideration of the assumptions of the 
impulse approximation 

A study of the forward 
protons in the laboratory system indi wove photon 
energies of 250 Mev, there is a 15 deviation from isotropy, 
favoring the forward beam direction, ir 
proton is being “‘pulled along’’ 
of the rest of the system, through ar 
transfer of about 10 Mev/¢ 


or Gartenhaus wave functions 


f the 
that al 


backward asymmetry spectator 


cates 


licating that the spectator 
with the net forward momentum 


average lorward momentum 


requires precise measurements to be made over a wide 
range of angles and energies. On the other hand, the 
small interaction cross sections of the photon and final- 
state particles relative to the deuteron size, and the 
small magnitude of the deuteron binding energy imply 
that it is a system for which the 
tion” 


“impulse approxima- 
is valid.? Well above threshold where the final- 
state exclusion and interference effects become small 
(for photon energies above 200 Mev), the impulse 
reformulated in 
' Spectator model,”’ 
according to which the production occurs from only 
one of the nucleons, the 
with its initial internal momentum. When the presence 
of the spectator proton is properly taken into account, 
the photoproduction cross section from the free neutron 
may be determined. 

In attempting to measure the 
reaction 
employed. 

(a) Minus-to-plus meson ratio 
yields of the reactions 


approximation predictions may be 
terms of the phenomenological 


other leaving the interaction 


cross section of 


(n—), two experimental approaches can be 


Here the meson 


and 
energy is 


[hereafter referred to as (d+ ire measured 
their ratio at a 
evaluated. It is then necessary 
by the appropriate well 
section for reaction (p+ This more 
popular since it is so amenable to counter technique 
and since, in determining the ratio, most of the devia- 
tions from the impulse approximation cancel, as do 


given meson angle and 


to multiply this ratio 
differential 


method 


measured cross 


is the 


threshold by W. P. Swanson, J. D. Ar 
T. L. Jenkins, and R. W. Kenney, Bull 
(1960) 

2G. Chew and H. Lewis, Phys. Rev. 84 
and H. Feshbach, Phys. Rev. 88, 509 (1952 
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most of the experimental systematic errors. However 
the spectator nucleon momentum distribution smears 
out the photon spectrum contributing to a well-defined 
meson energy and angle, and thus creastes a problem 
in resolution, although not a serious one above the 
threshold region. 

(b) The absolute negative meson cross section from 
the bound neutron: Since reaction (d—) has three 
charged particles in the final state, the comprehensive 
study of this reaction virtually requires a photographic 
record to be made. The visual technique obviously is 
limited by the difficulty of poor statistics, but has the 
advantage in permitting generally unbiased analysis 
of the entire reaction, and in particular, allows a 
comprehensive study to be made of the spectator 
protons. Specifically, the presence of the spectator 
proton can be taken into account on an event-by- 
event Moreover, the spectator momentum 
distribution within the framework of the spectator 
model provides a direct experimental evaluation of the 
deuteron momentum wave function, or alternatively, 
the measured momentum and angular distribution of 
the spectator protons bears on the validity of the 
spectator model. 

Our experimental approach has been to take stereo- 
scopic pictures of individual events occurring in a 
deuterium-filled diffusion cloud chamber. The diffusion 
chamber is particularly suited to the study of the 
spectator process because of the high deuterium purity, 
and because the density is sufficiently low that the 
ow-momentum spectator protons have a measurable 
range and direction. 


basis. 


APPARATUS 
The experimental arrangement is illustrated in 
Fig. 1. The bremsstrahlung beam of the Cornell 
synchrotron (peak energy 1040 Mev) was “hardened”’ 
by 2.7 radiation lengths of lithium hydride to remove 
the low-energy photons.’ After being collimated to a 
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Fic. 1 


Arrangement of the synchrotron, cloud chamber, 
and ancillary equipment. 


*E. L. Hart and D. H. White, Rev. Sci. Instr. 31, 33 (1960) 


NEGATIVE 


MESONS IN DEUTERIUM 


Fic. 2. A sample photograph containing an event of the type 
y+d— p+p+xr produced by a 350-Mev photon. The light 
track is the negative pion whereas the darker track is a high-energy 
proton. The dark stopping track is the spectator proton, with 
about 60 Mev/c momentum 


l-in. by }-in. ribbon, the beam is made to traverse the 
sensitive layer (24 in. diam, 2 in. high) of a diffusion 
cloud chamber, operating in a magnetic field of 6.1 
kgauss, and filled to 20 atm with deuterium. As the 6 
activity in commercial deuterium would have created an 
intolerable background in a diffusion cloud chamber, 
specially prepared deuterium with a tritium contamina- 
tion of less than one part in 10'* was obtained.‘ The 
beam intensity was adjusted to produce no more than 
about 10 electron pairs per burst, and stereoscopic 
pictures were taken every 15 seconds.® 


ANALYSIS 


About 28000 pairs of pictures have been taken, 
yielding 310 acceptable examples of reaction (d—), of 
which an example is shown in Fig. 2. All pictures have 
been scanned twice, and the resulting scanning efficiency 
for 3-prong meson events is estimated to be close to 
100%. However there are a number of such 3-prong 
events which may, under certain circumstances, be 
confused with reaction (d—). These are: 

(a) Multiple meson production: Reactions of the 
type 

ytd— pt+ptar +r (5) 
and 
y+d— ptntar+r (6) 


‘ The deuterium gas with tritium-to-deuterium ratio of 7 10™* 
was supplied by the Isotope Division of the Oak Ridge National 
Laboratories 

*A more detailed description of the apparatus and technique 
may be found in J. M. Sellen, G. Cocconi, V. T. Cocconi, and 
E. L. Hart, Phys. Rev. 113, 1323 (1959 
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are each expected to be about 20% as abundant as 
reaction (d—). These reactions can usually be separated 
from reaction (d—) by detailed kinematic analysis. 
Moreover, the positive meson in reaction (6) can usually 
be identified immediately by its light ionization, unless 
it could be consistent with a high-energy proton. 
These multiple meson events are presently being 
analyzed in an independent study.’ Multiple meson 
events of even higher multiplicity are much rarer yet, 
although two examples of the only 5-prong triple 
meson reaction, 
l— ptptatt+rt+r, 

have been seen. These arguments are not appreciably 
altered by the presence of similar processes in which 
the deuteron remains intact. The cross section for 
production of u-meson pairs is considered to be neglig- 
ibly small. 

(b) Impurity stars: Under certain circumstances, 
photon reactions with the gaseous impurities or methyl 
alcohol vapor can produce a single meson and two 
heavily ionizing tracks, thus simulating reaction (d—). 
However, of these can be resolved by detailed 
kinematic analysis. Moreover, a study of single-meson 
impurity stars in hydrogen,® in which no confusion is 
possible, indicates that the number of such 
would be of the order of one or two. 

There are a fair number of electromagnetic 3-prong 
events such as neutral meson events in which the r° 
undergoes decay through the 2-electron mode, and 
electron pair production in which a significant fraction 
of the incident energy is transferred to the nucleus. 
These events are easily distinguished by the light 
ionization and small angle between the electrons. 

All the events found were reprojected stereoscopically 
into space in order to measure directly the pertinent 
kinematic parameters. In practically all of the events 
studied, the spherical polar angles with respect to the 
beam direction could be measured with a precision of 
about 1-2°. In principle, the angles above are sufficient 
for a complete kinematic analysis. However, most of 
the events were overdetermined by additional measure- 
ments such as curvature of sufficiently long tracks, or 
ranges of stopping protons. Visual ionization estimates 
were used for particle identification and to corroborate 
the momentum determinations. In about 40% of the 
events, the spectator proton stopped in the chamber. 
However, in about 10% of the events the spectator 
range was so small that it appeared as a blob, and its 
direction could not be determined. The combined 
uncertainties result in an average photon energy 
resolution of about 10-15% 


most 


events 


THE TOTAL CROSS SECTION 
The energy distribution of the events, together with a 
knowledge of the photon spectral shape as determined 


‘ R. M. Schectman, B. M. Chasan, and D. H. White, Bull. Am. 
Phys. Soc. 5, 236 (1960). 
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from the previous work of Hart,*’ carried out under 
similar geometry [ Fig. 3(a) 
determination to be made. The total number of electron 
pairs and triplets counted in every tenth picture allows 
an absolute scaling of the cross section (see 
Assuming 100% efficiency, the total 
section for the reaction (d—) is displayed in Fig. 3(b). 
Below 400 Mev, fairly good, whereas 
for higher energies, the relative errors become progres- 
sively larger, since the photon spectrum falls rapidly, 
resulting in a small fraction of the events occurring 
above 600 Mev. 

Within the 


detailed event analysis now permits an event-by-event 


permits a Cross-se¢ tion 


reference 5). 
scanning cross 


the statistics are 


framework of the spectator model, the 


transformation into the system in which the neutron 


is at rest. Referring to the photon energy and density 
as it appears in that system, the total cross section as a 


function of energy is determined for the reaction 
(2)ouna > ptr (7) 
[see Fig. 3(c) ]. The 
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Fic. 3. (a) The histogram represents the energy distribution of 
the photons responsible for the single-meson events. The curve 
is the photon spectrum traversing the 
The total measured cross se 
+r and + Tt (bound 


chamber 
tions for the reactions ’ 


> p+. resi 


7 E. Hart, G. Cocconi, V. T. Cocconi, and J. M. Sellen, 
Rev. 115, 678 (1959) 
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the lower energy proton is open to question in a number 
of events (mostly near threshold) where the two proton 
momenta are comparable. Generally, however, the 
transformation does eliminate the effects of nucleon 
motion without loss in resolution. 

The free neutron cross section may now be related 
to the bound neutron cross section through the relation 


(8) 


Since the impulse approximation is valid to first order, 
it can be argued that the quantity in parenthesis differs 
from unity only through Coulomb difference effects 
in the final state. That is, in the case of reaction (d+) 
there are no Coulomb effects, whereas in reaction 
(d—) there is (a) the Coulomb repulsion between the 
two protons which tends to depress the cross section, 
and (b) the creation of a negative pion in the field of 
the two protons, which tends to enhance the cross 
section. These Coulomb corrections have been eval- 
uated* and only became important below photon 
energies of 200 Mev. The positive pion deterium-to- 
hydrogen ratio has been measured at selected angles 
and energies by several authors but mostly at low 
photon energies where the ratio is significantly less 
than unity. As applied to the denominator of Eq. (8), 
the values of Beneventano and Penner below 250 Mev* 
have been used. At higher energies, the approach of this 
ratio to unity is guided by the cross section for the 
deuteron photodisintegration 


y+d— ptn, (9) 


the only significant process competing with reaction 
(d—) in this energy region.” 

Applying the above-mentioned corrections (of order 
20% at 200 Mev) to Eq. (8), the total cross section for 
the free neutron [reaction (n—)] is determined (see 
Fig. 4). 

Comparison is now to be made with the results of 
the minus-plus meson ratio data, through the relation 


oa ( oat /oy* ) 
eur > spe tia 
oat \og/op” 
Below 250 Mev, the results of Beneventano ef al. 
have been used, whereas at higher energies, the minus- 
plus ratio measurements of Sands ef ai." and Neuge- 
bauer ef al. are used. The corresponding total cross 


’A. M. Baldin, Nuovo cimento 8, 569 (1958); S. 
Phys. Rev. 105, 1113 (1957). 

*M. Beneventano, G. Bernardini, G. Stoppini, and L. Tau, 
Nuovo cimento 10, 1109 (1958), Fig. 3. 

*R.R. Wilson, Phys. Rev. 104, 218 (1956). 

1M. Sands, J. G. Teasdale, and R. L. Walker, Phys. Rev. 95, 
592 (1954) 

2 (G. Neugebauer, W. D. Wales, and R. L. Walker, Bull. Am. 
Phys. Soc. 4, 274 (1959); Phys. Rev. Letters 2, 429 (1959); 
and private communication. 
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Fic. 4. Measured total cross section for the reaction y+n — p 
+. Horizontal bars indicate the energy bin-widths, and vertical 
bars indicate statistical errors only. The curve represents the 
measured cross section as evaluated from the minus-plus ratio. 


section for reaction (p+) has been measured extensively 
throughout the entire energy range.’ The resulting 
function is also displayed in Fig. 4 (solid curve), and 
it is concluded that within statistics, there is good 
agreement. 


THE MOMENTUM DISTRIBUTION OF THE 
SPECTATOR PROTON 


the deuteron were not 
involved in the interaction, its laboratory momentum 
would define its internal momentum. The spectator 
proton momentum distribution in the laboratory would 
then be representative of the deuteron momentum 
density, as evaluated from the momentum wave func- 
tion of the deuteron ¢(p), i.e 


If one of the nucleons in 


P(p)=4(p?/h?)?(p) 


L p 2 
4 f ry(r) sin(*+ )ar| . 


where ¥(r) is the normalized deuteron position wave 
function. Although many wave functions have been 
proposed as a result of various theories and phenomenol- 
ogical models, comparison will be made with distribu- 
tions calculated from the Gartenhaus and Hulthén 
wave functions. The Gartenhaus wave function is 
derived numerically from Yukawa meson theory in 
second and fourth order with cutoff, and requires a 
two-parameter fit. The Moravcsik analytic approxima- 
tion to the S-wave part, 


¥(r)=2.81re7%'”, 
b(r) = 1.81971 (6-0 2 


r<2.50f 


—¢ it) >2.50f 


is Fourier-analyzed to determine the momentum 


8 The pertinent total x* cross section at low energies was that 
as analyzed by M. Moravesik, Phys. Rev. 107, 600 (1957). Above 
250 Mev, the cross section for reaction (1) was used directly 
from the work of Neugebauer (see reference 12), in which the r* 


cross section was taken from the work of F. P. Dixon and R. L. 
Walker and older C.LT. data. 
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Fic. 5. Histogram of the laboratory distribution of spectator 
momenta, corrected for cross-section bias. Curves represent 
internal deuteron momentum distributions as calculated by the 
Hulthén and Gartenhaus wave function, as well as the Hulthén 
momentum spectrum with the spectator identity ambiguity and 
inaccessibility folded in (see text). One event is above 500 Mev/c, 
and is not shown. 


spectrum. The Hulthén wave function, 


¥(r)=Kr'(er"—e*), 


is an iterative approximation to the wave function 
corresponding to the Yukawa potential and also requires 
a two-parameter fit. The quantity a@ is given by the 
deuteron binding energy and the nucleon mass: 


a (ME,)! 45.7 Mev/c. 


The parameter 8, determined as a compromise fit to 
effective-range theory and low-energy photodisintegra- 
tion data,"* is 6=260+2 Mev/c. The momentum 
density corresponding to the Hulthén wave function is 


a 


P 
(Pp +a’*) (p? 4-9?) id 


two calculated 


P(p)=K’ 


Comparison of the spectra indicates 
that the differences between them are not significant, 
and for convenience, the Hulthén distribution shall be 
adopted in However, the 


adjustable parameters of all phenomenological wave 


subsequent calculations. 


functions are determined by low-energy experiments, 
which are not sensitive to the structure of the deuteron 


core. Although the low-momentum region and peak 
position of the various momentum wave functions 
would then necessarily be essentially the same, the tail 
would not because of the lack of data concerning nuclear 
forces at small distances. For instance, the presence of 
a repulsive core tends to depress the tail appreciably. 
In spite of the precision with which the parameter 8 is 
determined in the Hulthén wave function, the sensitiv- 
ity affects the over-all normalization rather than the 
detailed shape of the tail. 

Before the laboratory distribution is compared with 
the calculated spectrum, sources of 
systematic error which must be considered, aside from 


there are two 


the question of experimental resolution and statistics. 


4 K.S. Suh, Am. J. Phys. 28, 327 (1960 
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The first involves the dependence of the cross section 
on the initial momentum of the struck nucleon, and 
hence on the momentum and direction of the spectator. 
Although the momentum distribution is fairly insensi- 
tive to this bias, a correction is made by weighting 
each event by o(E)/o(E’), where o(E) and o(E’) are 
the cross sections in the rest system of the deuteron 
and neutron, respectively. It noted that 
between photon energies of 145 and 150 Mev the cross 


must be 


section for production from the neutron at rest is zero, 
whereas from the deuteron it is not. Events in this 
region occur only if the spectator has a forward nonzero 
momentum. Even well threshold, a spectator 
proton whose kinetic energy is not small with respect to 
the energy may from 
occurring, especially if emitted backward, and its 
absence cannot be properly compensated for. This bias 
shall be referred to as the “kinematic inaccessibility.” 

The second source of systematic error is the question 
of the proper identification of the spectator. As this 
“ambiguity” is inherent in the spectator analysis, it is 
necessary to attempt to predict the expected lower- 


above 


available prevent the event 


momentum proton distribution @ priori, based upon an 
initial Hulthén spectrum. This has been carried out as 
a Monte-Carlo calculation with the aid of a digital 
computer. The resulting normalized ‘“‘measured”’ distri- 
bution, which also includes the effects of the kinematic 
inaccessibility, is depicted in Fig. 5, and it is this curve 
with which the experimental data should be compared. 
The energy dependence of the ambiguity and inacces- 
sibility is tabulated in Table I, and it should be noted 
from Fig. 5 that the integrated deviation from the 


large 


correct Hulthén spectrum is not 

It must be kept in mind that when the two protons 
have comparable momenta, the violation of energy 
conservation in the intermediate state is comparable 
the 


identification 


Thus, the 


he kinematic 


with interaction energy. spectator 


ambiguity as well as 1 
inaccessibility are symptomatic of a more basic failure 
in the impulse approximation assumptions, and the 
classical treatment is no longer valid. The point, then, 
is that a region of the deuteron momentum distribution 


is adequately studied within the framework of the 


PaBLe I. Fraction of events excluded, struck protons incorrectly 
included, and forward-backward asymmetry in the spectator 
distribution as determined by a Monte-Carlo calculation for 
several incident photon energies 


Above Weighted 
E (Mev 3 500 = average 


Percent 

inaccessibility 41 
Percent 

ambiguity 2 3.9 
Percent forward 

backward 

asymmetry 
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spectator model only if the available energy is large 
with respect to the momentum region of interest. 

The corrected spectator laboratory momentum distri- 
bution based on 310 events is depicted in Fig. 5. The 
fit to the calculated internal momentum distribution is 
generally good. The apparent flattening of the peak 
must be attributed to statistical fluctuation, as the 
momentum resolution in this region is less than 4 Mev/c 
since most of the spectators are stopping. Above 60 
Mev/c, the resolution is about 10-15%. As the energies 
involved in the photoproduction interaction are 
generally large with respect to the internal energy, 
final-state interactions would be expected on the 
average to increase the spectator momenta, and the 
tail of the spectator momentum distribution should 
appear raised at the expense of the lower energy peak. 
Although the slight shift of the experimental peak of 
higher energies may not be statistically significant, 
there are 10 spectator protons above 320 Mev/c, 
most of which must be interpreted as having interacted. 
On the other hand, the region from 80 to 240 Mev/c is 
consistently less populated than expected and cannot 
be accounted for by the small surplus above 240 Mev/c. 
If the momentum wave function is correct, this suppres- 
sion. must be due to the competing photodisintegration 
reaction which would be important when the nucleons 
are close together at the time of interaction, and 
therefore have high relative momentum. The separation 
of these two competing effects involves the independent 
calculation of one of them, i.e., the photodisintegration 
probability as a function of nucleon separation. On 
the other hand, at the higher photon energies (above 
500 Mev), photodisintegration ceases to be of import- 
ance, and the deviations of the experimental distribu- 
tion from the true spectrum must occur essentially 
through final-state interactions. Moreover, at this 
energy the biases arising from ambiguity and inacces- 
sibility are negligibly small. 

Referring to Table II, it is clear that for spectator 
momenta not small with respect to the available energy, 
the spectator density is suppressed as expected, owing 
mostly to the kinematic inaccessibility mentioned 
earlier. For high-energy photons, the spectator momen- 


Taste IT. Fraction of spectator protons in specified momentum 
bins, grouped in selected photon energy intervals, as compared 
with that expected from calculations with no final state interaction 
included. 


Spectator 
momentum 
range 
(Mev/c) 


Photon energy interval (Mev) 
150-230 230-500 500-1000 
(65 events) (189 events) (55 events) 
52.1+9% 
(SO% calc) 
22.246% 
(37% calc) (37% calc) 
3.0+1.5% 25.747% 
(1.7% calc) (2.7% calc) 


65.546% 
(61% calc) 
31.5+4% 


771411% 

(69% calc) 

22.946% 

(31% calc) 
0 


0-80 
80-240 


> 240 
(0 calc) 
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tum region above 240 Mev/c is quite highly populated, 
at the expense of the 80-240 Mev/c region. The results 
in this region may be partially vitiated by the possible 
contamination of a few misidentified meson pair events 
and by the degeneration in momentum resolution. 
However, most of these events should be correctly 
classified and an interpretation of this feature may be 
that when the two nucleons are in an initial high 
relative momentum configuration and are therefore 
close together, the spectator proton has a good chance of 
becoming involved in the interaction. The nature of 
this interaction would be difficult to evaluate within 
the framework of the impulse approximation, but some 
pertinent ideas will be discussed in the following section. 


THE ANGULAR DISTRIBUTIONS 


In the search for the presence of final-state spectator 
interactions, it is appropriate to study possible angular 
correlations of the spectator proton with the other 
particles involved, within the capabilities of the 
statistics. 

Such an analysis as this should be carried out within 
the context of a specific model. For photon energies 
below 200 Mev, the calculations of Baldin* and the 
experimental results and analysis of Adamovich"* 
represent the most advanced progress in the search for 
the presence of final-state interactions. Since it is not 
profitable to analyze threshold photoproduction within 
the framework of the spectator model, this analysis 
was carried out under the impulse approximation in 
terms of the total and relative nucleon momenta. 

Baldin’s resulting functions, sensitive to final-state 
interactions, clearly demonstrate that the distribution 
of the relative nucleon momentum with respect to the 
total nuclear momentum should be considerably 
smaller than expected with no final-state interaction. 
This fact, as verified by Adamovich, indicated that 
near threshold the protons are positively correlated, 
i.e., leave the interaction together, as is consistent with 
a spin-flip interaction, leaving the nucleons in a relative 
S state. Figure 6, displaying the forward-backward 
asymmetry of the spectator protons with respect to 
the photon direction,'® strongly reflects the proton- 
proton interaction, which gives preference to the 
forward direction. Although the Monte-Carlo calcula- 
tion indicates that the forward-backward asymmetry is 
not significantly biased by the spectator ambiguity, the 
kinematic inaccessibility does adversely affect backward 
emission of the spectator at low photon energies, and 
the resulting expected bias (see Table I) is included 


*M. I. Adamovich, G. V. Kuz’micheva, V. G. Larionova, and 


S. P. Kharlamov, J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 27 
(1959) [Soviet Phys.-JETP 8, 21 (1959) ]; and M. I. Adamovich, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 39 (1958) [Soviet Phys.- 
JETP 8, 29 (1959) ] 

In graphs involving angular distributions of the spectator 
protons, all events with protons of momentum less than 30 
Mev/c have been rejected since their short range results in a loss 
in angular resolution. 
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Fic. 6. Forward-backward asymmetry of spectator protons 
of momentum greater than 30 Mev/c, as a function of incident 
photon energy. 


in Fig. 6. The sharpness of the break at 200 Mev is not 
to be taken too seriously, although the correlation 
should rapidly vanish above this value. 

Above 200 Mev, no work has been done on the 
strength of final-state interactions. However, according 
to Table I, the confidence with which the spectator can 
be correctly identified enables one to look for possible 
correlations with the other particles from a more 
classical approach. A study of the longitudinal projec- 
tion of the spectator momentum (see Fig. 7), as com- 
pared with the Monte-Carlo calculation for no final- 
state interaction, indicates that, in addition to a 
handful of unusually high-energy forward spectator 
protons, there is small forward momentum 
transfer to a large fraction of the spectators. In the 
light of the latter feature, the 15% forward-backward 
asymmetry in Fig. 6 may be interpreted as an average 
forward momentum transfer of about 10 Mev/c to 
the spectator protons for photon energies from 250 to 
1000 Mev. 

In spite of the lack of a specific model for high-energy 
final-state interactions, it seems reasonable that, in 
the presence of some sort of a final-state interaction, the 
spectator proton tends to be “pulled along” with the 
net forward momentum of the rest of the system. It 
should be noted that this is a small effect in that the 
relative transfer of forward momentum to the spectator 
varies from about four percent for photon energies of 
300 Mev to about one percent at 1000 Mev. 

Considering now the possible sources of interactions 
that may be responsible for the anisotropy, the photon 
is the least likely candidate as the magnitude of the 
nuclear Compton effect is known to be quite small. 
The proton-proton total cross section together with the 
laboratory energy distribution of struck protons yields 
an average cross section of about 50 mb for the protons 
above 200 Mev/c. The average pion-proton total 
cross section is about 25 mb. Now the emission of the 


also a 


struck proton is kinematically limited to the forward 
direction (about 75% are emitted at less than 45° from 


the beam direction) whereas the pions can be emitted 
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at all angles, although there is a 60% preference for 
forward-emitted pions, and moreover the forward 
pions on the average have higher momenta. Since the 
10-Mev/c forward momentum transfer does not seem 
to be concomitant with a much larger increase in the 
total momentum (Fig. 5), it must be concluded that the 
momentum transfer is primarily forward. This conclu- 
sion is consistent with the fact that the proton-proton 
elastic cross section is large with respect to the pion- 
proton cross section, especially at small proton 
momenta. A more quantitative calculation, if this clas- 
sical picture is valid at all, would require a knowledge 
of the dependence of the interaction probability on the 
spectator momentum. Alternatively, a correlation of 
the relative proton angles would be meaningless unless 
carried out within the framework of a specific model. 
At high proton energies where the initial spectator 
momentum is expected to be small with respect to the 
struck-proton momentum, the events in which the 
two protons interacted are expected to display a 
laboratory proton-proton angle distributed close to 90°. 
Although the angular distribution of the spectator 
protons of momentum greater than 320 Mev/c has a 
slight preference for the forward beam direction, the 
relative proton-proton angles are almost all greater 
than 120° and are therefore incompatible with p-p 
scattering. However, the increasing pion-nucleon cross 
section at these high energies indicates that many of 
these events are probably a result of pion scattering. 
In the absence of a more erudite model, the angular 
correlations seem to indicate that the 10-Mev/c average 
forward momentum transfer probably arises from 
proton-proton interactions at low momentum, whereas 
the rarer high momentum transfers may be attributed 
to pion-proton scattering. 


CONCLUSIONS AND ACKNOWLEDGMENTS 


The use of the diffusion cloud chamber in the study 
of the spectator process has enabled the three-body 


interaction to be studied over a wide range in energies. 
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Fic. 7. Longitudinal momentum distribution of 
protons of momentum greater than 30 Mev/c. Calculated spec- 
trum is that expected from the Hulthén momentum spectrum 
shifted 2.9 Mev/c to take into account the spectator ambiguity 
and inaccessibility effects (see text 


spectator 





PHOTOPRODUCTION OF 
The tenuous sensitive medium has made possible the 
momentum analysis of over 95% of the spectator 
protons, although the short sensitive height is detrimen- 
tal, especially as it affects curvature measurement. 

The bulk of the useful information in this experiment 
comes from photon energy region from 200 to 500 Mev. 
The conclusions may be summarized as follows: 

(a) The total cross section for the reaction 


ytn— ptr 


is in good agreement with that determined from the 
minus-plus pion ratio in deuterium, although the 
statistics attainable make the latter approach superior 
above the threshold region. 

(b) For photon energies between 200 and 500 Mev, 
the spectator momentum distribution indicates that the 
spectator model is quite good, as is expected from 
consideration of the assumptions of the impulse 
approximation, and the use of this model in the analysis 
of meson photoproduction from deuterium in terms of 
free-nucleon cross sections is clearly justified. Above 
500 Mev, there seems to be an increase in the number of 
high-momentum spectators, although the lack of 
statistics in this region, together with the attrition of 
the energy and momentum resolution and a possible 
contamination of charged meson pair events, makes it 
difficult to evaluate this effect. 
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(c) The shape of the spectator proton momentum 
distribution may be predicted quite well from either the 
Hulthén or Gartenhaus deuteron wave functions. An 
apparent suppression of the tail of the experimental 
distribution may be attributed in part to a competing 
photodisintegration process or to an actual suppression 
of the momentum wave function for large momenta, 
both these features being intimately connected with 
the question of nuclear forces at small distances. 
Moreover, the possible presence of final-state interac- 
tions as well as the validity of the impulse-approxima- 
tion assumptions are factors of importance in this region. 

(d) There is a forward-backward asymmetry of the 
spectator proton, with respect to the beam direction, of 
about 15% for all photon energies above 250 Mev. As 
this amounts to an average momentum transfer of 
about 10 Mev/c, it may be called a small effect. 

We would like to express our gratitude to Professor 
Giuseppe Cocconi and Professor V. T. Cocconi for the 
instigation cf this experiment and their assistance 


during the early stages. Their contribution, as well as 
that of Dr. E. Hart, in the development and operation 
of the cloud chamber and optical equipment is greatly 
appreciated. We also wish to thank Mrs. Judith Sarfatt, 
Mrs. Louise Van Nest, and Mrs. Jean Malamud for 
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The limitation on the measurement of an operator imposed by the presence of a conservation law is 


studied. It is shown that an operator which does not commute with a conserved (additive 


quantity cannot 


be measured exactly (in the sense of von Neumann). It is also shown for a simple case that an approximate 
measurement of such an operator is possible to any desired accuracy 


1. INTRODUCTION 


l was pointed out by Wigner' that the presence of a 

conservation law puts a limitation on the measure- 
ment of an operator which does not commute with the 
conserved quantity. The limitation is such that the 
measurement of such an operator is only approximately 
possible. An approximate measurement can be done by a 
measuring apparatus which is large enough in the sense 
that the apparatus should be a superposition of suffi- 
ciently many states with different quantum numbers of 
the conserved quantity. He has proved these statements 
for a simple case where the x component of the spin of a 
spin one-half particle is measured, the z component of 
the angular momentum being the conserved quantity. 
The aim of this paper is to present a proof of the above 
statement for the general case. 

In Sec. 2, we will prove that an exact measurement of 
an operator M which does not commute with a con- 
served operator L, is impossible. In Sec. 3, we will prove 
that an approximate measurement of the operator M is 
possible if L,; has discrete eigenvalues and is bounded in 
the Hilbert space of the measured objec t. 


2. IMPOSSIBILITY OF AN EXACT MEASUREMENT OF 
AN OPERATOR WHICH DOES NOT COMMUTE 
WITH A CONSERVED QUANTITY 


Suppose we measure a self-adjoint operator M for a 
system represented by a Hilbert space ,. Assume that 
M has discrete eigenvalues u and corresponding eigen- 
vectors ¢,, which are orthonormal and complete in §y, 


M byp= Ubu, (2.1) 
(Dy psPp'p’) = Suu’ Oo0’- (2.2) 


The measuring apparatus is represented by a Hilbert 
space )». Then a state of the combined system of the 
measured object and the measuring apparatus is repre- 
sented by a unit vector in D;Q@NDs. 

According to von Neumann,’ the measurement of the 

*p Department « 
University, Kyoto, Japar 

t On leave of absence from Sophia University, 

1E. P. Wigner, Z. Physik 131, 101 (1952 

2]. von Neumann, Mathematische Grundlagen der Quantenme- 
chanik (Verlag Julius Springer, Berlin, 1932; English ed.: Prince 
ton University Press, Princeton, 1955 


resent address f Nuclear Engineering, Kyoto 


Tokyo, Japan. 


operator M in a state ¢ is accomplished by choosing an 
apparatus in a state £ (fixed normalized state inde- 
pendent of @) in $2 such that the combined system, if it 
is in the state ¢,,@ — before the measurement, goes over 
after a finite time / into 


U (t) (5.8 &) =>. 0 up’ @Xup, (2.3) 


where U(¢) is a unitary operator describing the time- 
development of the combined system. In order to be 
able to distinguish the different measured values of the 
operator M in terms of states of measuring apparatus 
after the measurement, we require 


t Sey 0, if py’. (2.4) 


We note that, because we are not measuring the de- 
generacy parameter p, we have to allow the possibility 
that the measuring object remains in any linear combi- 
nation of ¢,,, with fixed « but with arbitrary p.’ 

We now assume the existence of a 
servation law for a self-adjoint operator L which is 
additive in the sense that 


L=1;®@ 


universal con- 


1+1@1 


(2.5) 


where L and Ll, are s« lf adjoint operators in , and Do, 
respectively. Actually this additivity will be used only 
before and after the measurement, when the two sys- 


tems are separated. By universal, we mean that, what- 


ever measuring apparatus we take, L’(/) commutes 
with L, 
rid ) 
[l ui 0 (2.0) 
Our claim is that (2.3) is impossible unless 
[L1,M ]=0. (2.7) 
For the proof, we first note that, because of the 


unitarity of U(t) and the conservation law (2.6), we 


3 For any state of the measured object, we can write 
. . 
U (t)(@@E) = Lup Pup @X nolo 
where X,,(@) depends on @. The Eqs. (2.3) and (2.4) give the most 
general form of the above equation satisfying (1) the distinguish 


ability of the measured result 


(X.(¢),X,5'(@))=0, if pp 
and (2) the requirement that the probability of an eigenvalue y in 
the state ¢, as measured by the state of the measuring apparatus 
after the measurement, should give the conventionally postulated 
value, 
2, Xp ? t= >, Pu D . 
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have 


(by »' @E, L(@4,@ &)) 
= (U (t) (bpp @b), U(OL(O,,@8)) 
= (U (t) (byt), LU (0) (o,,@)) 


(Dd pr erp" OXy'p'p''s LD pr Oup"@Xyop). (2.8a) 


Hence, as the necessary condition for the conserva- 
tion law for the operator L, we can write 


(ou p @E, L(G,,8£)) 
(Loo dure OXyio'0'' L Loe up" Oppo). (2.8b) 
Using the additivity of L, (2.5), we obtain 
(dup BE, L(bue@E)) 
(Hy’ 5’ Lida) (EE) + (bu Pu) (EL) 
LCG arer Laban) Karp Xnpy”) 


+ (Dy’ 9"? Pu’) (Ny p'p'?pLaX pop’) ]- 


Il 


(2.8c) 


Because of the orthogonalities. (2.2) and (2.4), we 


finally obtain 


(byp',L1d,,)=0, if py’, (2.9a) 
or 
(Dy p'pL-1Puo) = Sup! (Dy'p’»L-1Pyp)- (2.9b) 
We are now ready to prove that L; commutes with M. 
For this purpose we decompose M into projection 
operators 


M=>D,uP,; (2.10) 


To prove the commutativity of Z, and M, (2.7), it is 
sufficient to prove the commutativity of L, and P,, 


P hu’ o' = Suu’ Pu’ o’- 


P,L,;—L,P,=0. (2.11) 


From the self-adjoint nature of P,, (2.9b) and (2.10), 
we see that 


(Oyo) Pulidy’’, ne Buy’ S yy’? Dy’ p’,Le1Py''o’’), 
(Dy’ 9’ pL P by’ o’’) = bpp By w (Oy'p Lidy’), 


which manifestly demonstrate (2.11). Thus we have 
succeeded in proving that (2.3)—(2.6) imply (2.7).4 


‘If Le is unbounded, the above proof does not exclude the 
possibility that one can measure M, even if M dovs not commute 
with Z;, by a measuring apparatus (£ or X,,,’) in a state which is 
outside the domain of L, because (2.8) would then be meaningless 

However, even if L2 is unbounded, as long as L; is bounded, we 
can modify the above argument in the following way. We introduce 
unitary operators 


V(S)=exp(iLS); V,;(S)=exp(iZ,S), j=1, 2. (i) 
Because of the additivity, (2.5), 
V(S)=Vi(S)@V32(S). (ii) 
Then, by the conservation law (2.6), we have 
(Gy 9° DE, V(S)(Gp@E)) 
(Ly bey OXpry0''y V(S)(Zyr Opp" @Xuye”))- (iii) 
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Although we have assumed in the above proof that M 
has a discrete spectrum, the conclusion holds for any 


self-adjoint operator M. Namely, suppose 


M= fndP) 


is a spectral decomposition of M. If M can be measured 
exactly, P(u) for each » can obviously be measured 
exactly. Since the projection operator P(u) has a 
discrete eigenvalue 1 or 0, the above proof tells us that 
P(u) for each » commutes with Z;, which in turn im- 
plies (2.7). 


3. POSSIBILITY OF AN APPROXIMATE 
MEASUREMENT 


In this section we will discuss the problem of whether 
the operator M, which does not commute with the con- 
served operator L, of the preceding section, can be 
measured approximately. We will prove that this is 
possible if Z has a discrete spectrum and L, has only a 
finite number of eigenvalues. 

We may assume that the eigenvalues of Z, are’ 0, +1, 
+2, ---+/. We decompose L’s into projection operators 


L=>°,AP(), (3.1a) 
Li=DLadAPar), i=1,2. (3.1b) 

The additivity, (2.5), implies 
PA)= LX Pi’)P2A—Y’). (3.2) 


Wi<l 


As a first step of our proof, we state the following 
Lemma which will be proved at the end of this section. 

Lemma. Given two sets of vectors V,‘ and W,/ in a 
Hilbert space H= H,@, satisfying 


(Wal POA)Vs')= Va’, PAs’), (3.3) 


for every \, then there exists a Hilbert space $,’ con- 


By the orthogonality, (2.2), 
(by 9 BE, V2(S) (yp @E)) 
= (2, Px’ »’’ QXu'e's ry V2(S)(Z, Pup’ @X upp’) (iv) 
=0 (for uy’) 
Combining the two equations above and using the additivity, (ii), 
we obtain for uy’, 
(¢, . } é, F(S)($,,2€ ) 
= , Dy 9 OX poy, F (S)(Z, uv ®@Xuoe)), (Vv) 
where c 
F(S)= (1/iS)[Vi(S)—1J@V2(S) (vi) 
Since F(S)— L;, as S 


(¢, e 6, L1(o5,@€)) 
= (2, Po’ o’’ OX y' 9’ 9", Ly (Zy bp @Xuop’)). 


Because of the orthogonality, (2.4), we finally obtain (2.9a) from 
which we conclude (2.11) as before 

* The proof holds without this specification but notations be- 
come complicated, especially in dividing various regions of values 
of i. 


+0, we obtain 


(vii) 
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taining , and a unitary operator LU’ on H’=9,@,' 
such that (1) a self-adjoint operator L,’ (representing 
the conserved quantity in §,’) is defined on §,’ 
coinciding with Ly on Se, (2) U 
‘on 9, L 


commutes with the 
L,@1+1@L,', and 


; 


conserved quantity L 


(3) W./=UVW,'. (3.4) 


If the set of the indices a is finite, .’ can be taken to 
be Do. 

This Lemma is used in the following way. We will 
construct states &, X,,, ¥, and n,, satisfying 


(XpoXwp=0, if wy’, (3.5) 
(Xuo,Mu'o’)=0, for any yp, p, uw’, p’, (3.6) 
l¥@ moll? <e, 

(nuosMu’e’) =9, for (uo) (u’,p’) (3.7) 


in such a way that the two sets of vectors 


Va'=bup@E, Va! 


Pup @XpotVO@nup, a= (up), (3.8) 


fulfill (3.3). If we succeed in constructing such states, 
then by the Lemma, there exists a unitary operator U 
in 9’ which conserves L’ and for which (3.4) holds. 
This implies, for any normalized state ¢ in 9, 


U ($B E)=LX (Huo) (Gup@X,.) +0), (3.9) 
“Pp 
0(¢) =X (bue,b) (WO), (3.10) 
“Pe 
and, due to (3.7), 
n(o))?<e. (3.11) 


Thus if we choose the setup of a measurement in such a 
way that the Hilbert space of the measuring instrument 
is ,’, the initial state of the instrument is &, and the 
time development of the combined system of the 
measured object and the measuring apparatus in a 
certain time interval / is described by U()=U, then 
we can measure the operator M in terms of the states 
X,, of the measuring apparatus after the measurement 
within the inaccuracy representing by n(@). This inaccu- 
racy can be made as small as one desires by making « 
small enough. Because we are only concerned with the 
effect of the conservation law of L, we have assumed in 
the above argument that, if UV is a unitary operator 
commuting with the conserved quantity, then there 
always exists an experimental setup whose time de- 
velopment in a certain time period is described by U. 
There may be many other conditions on U in addition to 
that it commutes with L. Hence, our argument does not 
assure that a system exists 
to U. 

We now give an explicit construction of states &, X,,, 


y and n,,. For this purpose we denote by H the 


whose Hamiltonian leads 


subspace of §, which is spanned by eigenvectors of L2 
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with an eigenvalue \. ¥ is taken to be a normalized 


eigenstate of L, with the eigenvalue 0, 


Lyw=0, (¥y)=1. (3.12 
&, X,,, and »,, are given by 
f= Da §, Xu, ae ae Nas Zod Gaehe (3.13) 


where &,, X,,,, and n,,, are vectors in D» to be specified 
below. 
& is any state in $., with the norm given by 


(&,&) =0, for |A|>N, (3.14a 
(2N+1) for |A/|<N.  (3.14b) 

N is any integer satisfying 
N> 2l/e—}. (3.15) 


The X,, are any states in §.,, orthogonal to each other 
and with the norm given by 


(XporXw'p’a) . 0, for A| >N—2l, (3.16a) 
(2N+1) 8 yy'5 50’, 
for |A| <N—2l. (3.16b) 


The orthogonal complement of the set {X,,,|u,p vary- 
ing} in Ho will be denoted by Hoy". 

Nr are taken from ,.," and defined in the following 
way 


(I) For |A| >N+/ or [A] <N—3l, 


Nur. =O. (3.17a) 
(II) For N+/> |A| >N-1,° 
(MupdsMu’ o'r) 
=(2N+1)"> > (dyp,P'1(\' yp’). (3.17) 


(III) For N—/l>!A|>N—3i, n,., are any states in 
2," orthogonal to each other and with the norm 
given by 


(2N+1) (Pye, Prue) Suu’Spp’, (3.17) 


Y MP r* 


(Nuprs Mu’ ») 
where —r is a pr jection operator given by 
(A= 


P,(\’). (3.18) 


=@/ 


Note that (¢,.,0.¢,.) is non-negative (between 0 and 1). 

We now show that &, X,,, , and »,, thus constructed 
have the desired properties. 
(3.14). (3.5) and (3.6 


£ is normalized due to 
are trivially satisfied by our 


* This means that »,,, is defined by 
aa@=(QN+1>* DS P,(Ar’,, 
A <i 
A MIN 


where we have made an isometric linear mapping of 9; into Ha" 
and ¢,, and P;(A’) thus mapped are called ¢,," 


and P,;™ (\’) 
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choice. To prove (3.3), we rewrite (3.3) using (3.2): 
DL GaoyPi bere CE, P2 A—NE) 
wie 


}A 


= > (Pao P1(A by) Xpp, P(A—N’)Xyrp") 
Ni<il 


+ (Mup,P2(A) Mu’ o’ ), (3.19) 


where we have also used (3.12). By (3.13), this is 
equivalent to 


> (buoyed 
Wi<l 
Ll] Ex—a-||?— (Kup. nayXyrp”, aa’) ] 


- (My pdsMu’p’d)- (3.20) 


We divide the range of \ into 4 parts and prove (3.20) 
separately for \ in each of these 4 regions. 

(I) If |A|>N+/, then |A—\’|>N and (3.20) is 
trivially satisfied because all terms vanish. 

(Il) If N+/> |A| >N—J, then |A—)’| > N—21, and 
hence the term containing X still vanishes. Due to 
(3.14b), the left-hand side of (3.20) becomes 


ps . (up, P ir by’ YE. |? 


= (2N+1)" > (ue P i’ bu'o’), 


which is equal to the right-hand side of (3.20) calculated 
by (3.17b). 

(III) If N—/>/A|>N—3l, then {A—A’|<N and 
hence ||&_y’||? is always (2N+1)—. By the orthogo- 
naiity, (2.2), the definition (3.16b) and the equation 


> PiA)=1, (3.21) 
NWi<l 


the left-hand side of (3.20) becomes 


ZL (Guo P10 by IL(2N+1)7— (Xyp.a _dyXy’p’d ») J 
i 


V\i< 


=(2N+1)SywSpp 3D yp, Pi Abu) 


|a’| <i 


X[1— (2N+1) (Xypn—a,Xp'pr,a—av) |. (3.22) 
Because of (3.16b), the inside of the square bracket of 
(3.22) vanishes for |A—\’| <N—2I and is unity for 
A—A’| > N—21. Thus, due to (3.17c) and (3.18), (3.22) 
is equal to the right-hand side of (3.20). 

(IV) If N—3/>|A|, then |A—A’| <N—2/ and the 
left-hand side of (3.20) becomes 


, (Guo, A)by'p’ )(1—Syy'5 55”). 


I< 


Because of (3.21) and the orthogonality, (2.2), this 
expression vanishes and hence is equal to the right-hand 
side of (3.20) which also vanishes due to (3.17a). This 
completes the proof of (3.4). 
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Finally, we will prove (3.7). Since ¥ is normalized, 


\|\¥@noi| is equal to ||np||. By (3.13), we have 


(uo: e') Da (MupdsMu’p’d) 


By (3.20), we get 


, 


ys (MupdrsMup *h ) 
. 


DL ao P i’ buo lal? 


AA’ 
Mi<l 


-x 


AA’ 
WIi<l 


By (3.21) and (2.2), 


i Xpo.d »|)"SuuBoo’] 


(bu Pir oy IL |€a\)? ag Xpo,rll*B up Spor - 


~ (up Pid, o) = Buy’ pp’s 


wree 
By (3.14) and (3.16) 
Da [| §) oo Xwor|l? J: 


Combining these, and using (3.15), we obtain 


4l(2N-+1)~". 


suet 
l¥@m,||*=——- <<. 
2N+1 


for (u,p) #* (u’,p’) 


In the above construction, 2 for |A| <N—3l should 
have at least the dimension of 9. We need higher di- 
mension for Hz, with N—3/< |A| <N.’ 

Finally we will give a proof of our Lemma. For this 
purpose, we denote the subspace of spanned by 
eigenvectors of L with eigenvalue \ by ,, the subspace 
spanned by P(A)¥,‘ with varying a by §,‘, the sub- 
space spanned by P(A)¥./ with varying a by $,/, the 
orthogonal complement of 9,‘ in Hy by $y‘, and the 
orthogonal complement of ,/ in Hy, by ,/.. Obviously 


(MuosMu’o’) 0, 


H= By (OD, @H,',) = @, (OY HY). (3.23) 
We will first show that 
Uy, oa CaP (A)Wa')= Soa CaP(A)Va!, (3.24) 


defines a unitary mapping U, of ,‘ onto $)/, where 
{C.} is a set of arbitrary complex numbers. To see 
this, we note that, due to (3.3), }.C.P(A)W.' and 


7In the above construction, the measuring apparatus is a 
superposition of eigenstates of 1, with different eigenvalues A 
varying over the range of the order 1/¢. Hewever, if one counts the 
number of equations to be satisfied, one finds a possibility of 
constructing a similar measuring apparatus which is a su ysi- 
tion of eigenstates of L, with eigenvalues, near a certain large 
value of the order 1/¢, but varying only over the range of the order 
of the dimension of $;, provided that the latter is finite. Here we 
will not pursue the problem of such minimization, but we will only 
note that, if we do minimize the number of eigenvalues of L, to be 
used in the measuring apparatus, then X,, will be nearly strictly 
determined and if that is the case, there is a fair chance that X,, 
cannot be made macroscopically distinguishable any better 
than @,,. 
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doa CaP (A)Va! vanish simul- 
taneously. Hence, U, is a one-to-one mapping of 9,‘ 
onto ,/. Since this mapping is linear and, due to (3.3), 
isometric, 


converge, diverge, or 


U’, is a unitary mapping of ,' onto )/ as 
was to be proved. This also proves that the dimensions 
of D,' and )/ are the same. 

If this dimension is finite, the dimensions of )‘, and 
)/, are the same. Then there always exists a unitary 
mapping Uy, of Dy‘, onto H)/,. 
operator U in . 


Now we define an 


l Dx(U, @U,). 


(3.25) 


Because of the unitarity of U’, and U), and the de- 
composition, (3.23), U is obviously unitary. For any 
Veh, 


UW=>>) (UW) + U Wa), (3.26) 
where 


Vv Dar’ t Vr ly Vy 6D) ’ WED, (3.27) 


is a unique decomposition of W according to the first 
equation of (3.23). Since the subspace ), of H spanned 
by eigenvectors of L=1,@1+1@L, with the eigen- 
value \ is mapped onto itself by U, U commutes with L. 
This completes the proof for the case where the di- 
mension of ,' and )/ is finite. 

If this dimension is infinite, then the dimensions of 
©)‘, and )/, can be different. In such a case we in- 
troduce a new Hilbert space ),” (on which the con- 
served quantity Z,” is defined) in such a way that the 
dimension of ," is at least the number of indices a 
where )" is the subspace of ’ 
the eigenstates of L’ 


91@H2" spanned by 
L,Q1+1@L,." with eigenvalues 
X. Then since the dimension of 9,' and 9)/ does not 


M M YANASI 


exceed the cardinal number of the 
H),'* 


of the indices a, 


=D)‘, OD)" and H,/"=H)/, BH," have the same 


dimension. Hence, there always exists a unitary 


mapping U’,, of ,"" onto D) 
We are now in the position Hilbert 

space §,’ and the unitary operato for this case 

taken to be D.@8,". Ly’ on H,’ 

Sy’ can be dec ompos¢ d as 


tne 


§,’ is 


apping 


Instead of ny Ves’ 
Uv 

V- ,'4 WeDy', Vy'eD,"” 
Then by the same argument as in the previous case, 
we can show the unitarity of U’, and commutativity 
with L’, where Lis defined as L'’=1,@1+1@L,’. 

We note that in our of the Lemma, the 
number of the indices a he same as the 
of §). 


app it itior 
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The effect of vacuum polarization upon p-p scattering is considered by first solving the problem in the 
Coulomb plus vacuum polarization potentials (called ‘electric’ potential) without the nuclear potential. 
The nuclear phase shifts are then defined with respect to the electric wave functions, and the scattering cross 
section is written in terms of these phase shifts. The connection with other nuclear phase shifts (in the 
presence of vacuum polarization) which appear in the literature is establishe« 

The effective-range expansion for the nuclear s-wave phase shift is derived. An analysis of three low-energy 
p-p scattering experiments indicates that the omission of vacuum polarization from the analysis results in a 
value for the shape-dependent parameter which is 0.02 smaller than the value obtained when vacuum 
polarization is included in the analysis. A discussion of the accuracy required to usefully deiimit this param 


eter is included. 


I. INTRODUCTION 


K' Y\LDY and Eriksen' originally demonstrated the 
presence of the vacuum polarization (v.p.) poten- 
tial in the interaction between two protons by showing 
that one obtains a better fit to the energy dependence 
of the s-wave proton-proton scattering phase shift (and 
slightly different values for the p-p scattering length and 
effective range) if the v.p. potential is included in the 
analysis than if it is omitted. They! did this by deriving 
a correction AK due to v.p. to the effective-range theory 
function 


‘ (n) 1 
.— + 4rok?— Prpkt+---. (1) 


a 


h(n 
= C*k cotég+— 
R R 


9 


Durand’ showed that the long range of the v.p. 
potential, of the order of the electron Compton wave- 
length, produces scattering in many orbital angular 
momentum states even at low proton energies. To 
deduce the correct value of the nuclear s-wave phase 
shift from experiment, one must include the complete 
v.p. scattering amplitude along with the Coulomb and 
nuclear amplitudes. Precision p-p angular distributions 
at Wisconsin’ are better fitted with the inclusion of the 
v.p. scattering amplitude as calculated by Durand? than 
if v.p. is omitted.* 

It should be possible before too long to assign a good 
value to the coefficient, P, of the third term in the 
expansion of K in powers of # [Eq. (1)], the shape- 
dependent parameter. We shall return to this question 
later. This number is important in deciding whether or 
not there is a hard core in the p-p potential, since if P 
is positive, it appears to rule out‘ a hard core greater 
than 0.3X10-* cm. Since the term involving P in 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission. A preliminary account of this work 
was reported at the Pasadena meeting of the American Physical 
Society [Bull. Am. Phys. Soc. 4, 460 (1959) | 

1L. L. Foldy and E. Eriksen, Phys. Rev. 98, 775 (1955) 

?L. Durand, III, Phys. Rev. 108, 1597 (1957) 

*D. J. Knecht, S. Messelt, E. D. Berners, and L. C 
Phys. Rev. 114, 550 (1959) 

*R. L. Preston and M. A. Preston, Can. J. Phys. 36, 579 (1958). 


Northcliffe, 


Eq. (1) is of the order of 10~* of the leading term (—1/a) 
at 1 Mev, one must be sure to include all effects in the 
function K which could modify it by a part in a 
thousand, if the correct value of P is to be deduced from 
the experiments. This is really true only for energy- 
dependent corrections to K. Short-range interactions, 
e.g., finite size of the protons and the contact part of the 
magnetic moment interaction,’ produce corrections to 
K which at low energies are energy independent and 
consequently they primarily affect the values of the 
scattering length, a, and the effective range, ro. Long- 
range interactions such as v.p. produce energy-depend- 
ent corrections to K which do affect the value of P (as 
well as ro and a). 

One difficulty with the Foldy-Eriksen' procedure for 
calculating AK due to v.p. is the fact that approximate 
p-p wave functions have to be known, since they 
treated the v.p. potential as a perturbation upon the 
combined Coulomb plus nuclear potentials. Because of 
the sensitivity of P to changes in K, one must ascertain 
whether or not the assumed shape of the nuclear 
potential used in calculating AK, ,. affects the value of 
P thereby deduced from the experiments. 

We take a different point of view and first solve the 
problem of the Coulomb plus v.p. potentials (called the 
“electric” potential) with no nuclear potential (Sec. 
II). Wave functions and the scattering amplitude 
(Durand’s*) are obtained for this electric potential 
(treating v.p. as a perturbation). Then the nuclear 
potential is turned on (Sec. III): the nuclear phase 
shifts are defined with respect to the electric wave 
functions; and the nuclear scattering amplitude is 
written in terms of these phase shifts. The connection 
with the phase shifts used in references 1 and 2 is 
established. The effective range expansion for the s-wave 
nuclear phase shift is derived in Sec. IV. Section V con- 
tains a discussion of the accuracy needed in the phase 
shifts to obtain a given accuracy in P, as well as the 
effect which v.p. has upon the value of P which is 
deduced from the experiments. 


* J. Schwinger, Phys. Rev. 78, 135 (1950) 
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It should be pointed out that the procedure which is 
employed here for the v.p. potential can be used 
equally well, and additively, for other electromagnetic 
corrections to the Coulomb potential which can be 
treated in perturbation theory 


Il. THE ELECTRIC POTENTIAL 
We define the electric potential, V g(r), to be the sum 
of the Coulomb and v.p. potentials, 


p2 ¢ 
+I (r)—, (2) 
r r 


é 
V e(r) 


2a an 


where \ 1.549 10-* and the function /(r), 
shown in Fig. 1, can be written® 


‘ 1 1 
T(r) f dx € ~( + (x?—1)), (3) 
! = 2s 


l 


with (2k) h/2mce=193.1X10-" cm. The limiting 


forms for J(r) are as follows (z= 2k«r): 


(21) 


y~asr 1 (4) 
1 +o ) (z>1) 
(2xr)! 2 


0.5772---. 


&—In(xr)+O(sz), 


¥ is Euler’s constant ¥Y 
The radial wave equation in the electric potential can 
be written 


Al (r) 


uz(r), (5) 


d*u,(r) 


dr? 


L(L+1) 
ie 


Rr 


where R=?/Me’=28.82X10-" cm. There are 
linearly independent solutions of this equation. One of 


two 


these S; vanishes at the origin, and we choose it to have 


r(ion&m) 


5 10 100 1000 


(2«)7'= 193.1 x10" cm 


—ahe dor 
Z*2xr 
Fic. 1. The function /(r) which appears in the 
vacuum polarization potential vs distance 


® See reference 2 for a bibliography on the history and derivation 
of the v.p potential 
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kev Mev 


E (tab) 
F1G. 2. The quantities which occur in the effective-range expansion 


for 59” vs the laboratory energy of the incident proton. Note that 
all three quantities are negative 


the asymptotic form 


i (r) 
2xr >I 


where F, and G, are the regular and irregular Coulomb 
functions, respectively. The integral equation satisfied 
by Sr is 


© GLf(r')I(r’ 
Sz(r) =F, (i: -2nr f dr’ 
° r 


7 


© F, 
+6x(0)( tanr, tan f dr’ 


r 


where n= e?/hv is the Coulomb parameter’ 


> Filo: 
tanr - ann f dr 
r 


is the tangent of the v.p. phase shift. 
The other solution 7, is taken to have the asymptotic 
form 
TL(r GLir 
(2«r>>1 


tanrzF(r). (9) 
The integral equation for T, is 


TL(r)= Guin( +-2nr 


: G, 
= Pr(o)( tans + 2nd dr’ 


- 


For later reference, the behavior near the origin 


7 The relativistic » has been used in all numerical calculations 
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of these functions and their derivatives for L=0 is 
presented. 


So(r) =Ckr(1+X9)+O(r? Inr), 
1 

To(r) =—(1—@0) + O(r In’), 
C 


So’ (r) =CR(1+Xo)+O0(r Inr), 
To! (r) = (1/CR)[In(r/R)+2y+h(m) ](1—¢0) 


oy Gol?’ )I(r’)Tolr’)\ (11) 
—C#( tanre+ am f df —— : - ) 
r r 


+O(r |n*r), 


2x i 
eof 
exp(2r)—1 


h(n) is the function defined in Jackson and Blatt,* and 


” Gol So 
Xo — ann f dr- — “y 


0 r 
© FolITo 
do = — 2m f dr _— ° 
0 Tr 
The Wronskian relation is 
(cos?ro)(1+X%9)(1—¢o0) = 1. 
Due to the fact that A is a very small number, a 


perturbation expansion can be made, and we shall only 


10°; 


~ 
\ “<5 MEV 


397 MEV 


0.3839 MEV 
\ 


\ 


diss 


50 100 
L 


Fic. 3. The vacuum polarization phase shifts versus orbital 
angular momentum for three laboratory energies of the incident 
proton. The phase shifts are all negative, and only integral values 
of L are meaningful. 


* J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 96-97 
(1950) 
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Fic. 4. The vacuum polarization phase shifts versus laboratory 
energy of the incident proton for the first few orbital angular 
momentum states. 


need the first-order correction terms which are obtained 
by replacing S; and 7, wherever they occur in inte- 
grands by F, and G_, respectively. Note that the loga- 
rithmic singularity in /(r), because of its integrability, is 
of no consequence. Actually the finite size of the 
protons eliminates this singularity, but it is simpler to 
work with the expressions for point protons bearing in 
mind the discussion of short-range corrections given in 
the Introduction. In perturbation theory, the expres- 
sions given above become 


" F,?I 
TL —2m f dr . 
r 


F Gol 
Xo= go ann f dr ; 
rT 


These quantities were calculated’ with the aid of an 
electronic computer and are plotted in Fig. 2 vs the 
laboratory energy of the incident proton (L=0 only). 
Durand? has given an analytic expression for ro (called 
do by him) which is good above 1 Mev and which we 
agree with in that domain. The same remarks apply to 
the formula for r; derived by Eriksen” (called 6,"--). 
Figures 3 and 4 show the v.p. phase shifts versus L at 


*I am indebted to Dr. M. L. Gursky for his procedure for 
calculating the Coulomb functions and for considerable help in 
obtaining the numerical answers 

 E. Eriksen, L. L. Foldy, and W. Rarita, Phys. Rev. 103, 781 
(1956). 
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REAL Part 
IMAGINARY PART 


@ (DEGREES) 


Fic. 5. The real and imaginary parts of the vacuum polarization 


scattering amplitude multiplied by the wave number versus center 
of-mass angle for two iaboratory energies of the incident proton 


three energies and as functions of energy for several 
L-values, respectively. 

The complete scattering amplitude in the electric 
potential f”(@) is the sum of the Coulomb and v.p. 
amplitudes 

(14) 


where 
(15) 
and 


(16) 


L(cos@). 


fep (9) > (2L- pe*eL—eo) P 
I 


Use has been made of the fact that r;<1, and a, is the 
Coulomb phase shift. This formula was given by 
Durand,? who derived the first three terms in an ex- 
pansion of f,.,.(@) in powers of 7. Figures 5 and 6 show 





-4, a ae ’ a Pe 
E(LAB) MEV 
Fic. 6. The real and imaginary 


parts of the vacuum polariza 
tion scattering amplituds 


plied by the wave number versus 
the laboratory energy of the incident proton for three center-of 
mass angles. 
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the v.p. scattering amplitude versus angle at two 
energies and as a function of energy at three angles, 
respectively. The portion of Fig. 6 above 1.4 Mev was 
computed from Durand’s expansion, 


which is satis- 


fac tory at these energies. 


Il]. ELECTRIC PLUS NUCLEAR POTENTIALS 


With the nuclear potential on (we consider only the 
function be- 


range of the 


singlet state at present) the radial wave 
comes, at distances large compared to the 


nuclear force J, 


Ri (r) FS 1(r)4 ET, (r), (17) 


with 6, the nuclear phase shift in the electric potential 


Using Eqs. (6) and (9), this in turn becomes 


Ri (r) 
(2xr> 


cosK ,F +sink ;G_(r), (18 
with 

(19) 
K_ is the sum of the nuclear and v.p. phase shifts with 
the nuclear phase shift defined as above. 

One can ask for the 
nuclear phase shift, 6 
would produce if there u 
indicates that this is a nuclear phase shift in the 
Coulomb potential; i.e., if Wz(r) is the radial wave 
function in the same nuclear plus Coulomb potentials, 
but with no v.p., then 6 


relation between 6 and the 
 # 


©, which the same nuclear potential 


ere no v.p. The superscript “‘C” 


is defined by 


+sind;“G_(r 20) 


Using perturbation theory, on 


K,.=6,' 


- Ww, 
A,=—2nr [ dr 
r 


with 


The complete 
amplitude (6) is the sum of the electri: 
the nuclear amplitude 


(unsymmetrized singlet) scattering 


amplitude and 


f(@) =| L (8), 23 
where fy(@) is calculated by customary procedure 
to be 

(2L+1)e 


fx (8) > 
I 


2ik 
x [exp 216;/ 1 |Pz(cos@). (24) 

Note that this expression differs from the customary 
I ; 

(no v.p.) formula by the presence of the v.p. phase shift, 


along with the Coulomb phase shift. /(@) can be de- 
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composed in another way: 


1 

f(0)= fc(0)+— & (2L+-1)e**(er—00) 
2ik L 

x (e**2—1)Pz(cosd). (25) 
The v.p. phase shift does not appear explicitly in this 
formula, but it must be remembered that it is contained 
in A, according to Eq. (19). Indeed at low energies 
while only one or two 6,* are appreciably different from 
zero, very many K, are nonzero. Hence, the advantage 
of Eqs. (23) and (24) over (25). It is nevertheless 
possible to use a hybrid notation which involves K 
phase shifts in the important angular momentum states 
and 6* phase shifts in the unimportant ones. We shall 
illustrate this with the symmetrized singlet cross section 
in the case that only 4o* is large. First of all, entirely in 
terms of the 6” phase shifts, from Eqs. (23) and (24) 


[ f*(0)= f(0)+ f(r—8) ], 
4 
f*(8) | ?=| fo*(8)|*+-— sin*5” 
Rk 
4 
+ Re{ fc*(0)[e?'" exp (ido*) sindy” }*} 
k 
+2 Ref{ fy.p.*(@)Lfc*(0)+ (2/k) exp(ido”) sind” }*} 


4 
+-Re{— dS (2L+1)e?*(et-905§,*P, | 
k L=2,4,--- 


XL fc*(0)+ (2/k) exp(ido®) sind” }*}. (26) 


In Eq. (26), products of small terms have been 
dropped, namely, v.p. with v.p., v.p. with d and higher 
phase shifts, and d and higher phase shifts with them- 
selves. Now the same quantity in the mixed notation, 

‘= fo*(8) 2+ (4/k?) sin’K 9 

+ (4/k) Ref fc*(0) (e*** sinK »)* ] 


+2 Re{[fe.p.°(0)—2r0/k IL fc'(8) +(2/k)e*** sinKo}*} 


+-Rej{{f & 


4 
(2L+1)e2(or-00) § FP, | 
k L=2.4 d 


2 * 
x [sore sink] | . (27) 


The same types of small terms have been dropped from 
Eq. (27) as from (26). The only differences in the struc- 
ture of these two expressions, to the approximation con- 
sidered, occur in the third and fourth terms. Using the 
Ko form, Eq. (27), there is no factor of e*'”* in the third 
term, and the s-wave part of the v.p. amplitude is sub- 
tracted off in the fourth term. The reason for both of 
these differences is just that Ko includes both the 
nuclear and v.p. s-wave phase shifts. 
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A similar analysis can be performed for the triplet 
state, writing the cross section either in terms of 5;,;* 
phase shifts or in terms of K,,; phase shifts. If the latter 
choice is made, then there will be two differences just 
as in the singlet state: The nuclear-Coulomb inter- 
ference term will not involve 7, and the v.p. term will 
occur with the combination 


[ fv.p.7(0)— (6/k) ere r, cosé |. 


Comparison of these formulas with those given by 
Durand? shows that any analysis of data based upon his 
Aoy.». (Eq. (24.3) in that paper |, e.g., the Wisconsin® 
analysis, necessarily yields for the s state a Ko phase 
shift and for the p state, 5," phase shifts and not K, 
phase shifts. We believe that it is simpler and more 
meaningful to express the cross section solely in terms 
of 6* phase shifts as in Eq. (26), since these are the ones 
which tell about the nuclear potential. 


IV. s-WAVE EFFECTIVE-RANGE EXPANSION 

The first question in seeking an effective-range 
expansion" is which phase shift shail be used. From the 
discussion in Sec. III, it is clear that either 59” (the 
nuclear phase shift in the electric potential) or 59° (the 
nuclear phase shift that would be obtained from the 
same nuclear potential if there were no v.p.) is a satis- 
factory candidate, but that Ko is not because it contains 
the v.p. phase shift in it explicitly. The experimental 
cross section yields either 59” or Ko. If 59° is to be used 
(this was the Foldy-Eriksen' choice), it must first be 
computed using Eqs. (21) and (22), and then the 
ordinary effective-range expansion in the Coulomb 
potential applies. We shall derive the expansion for 89”. 

One proceeds exactly as in the case of the Coulomb 
potential” except that the electric wave functions are 
used instead of Coulomb functions. One writes down the 
s-wave differential equation first with the electric 
potential [solution @(r), the asymptotic function ], then 
with the electric plus nuclear potentials [solution »(r) J. 
(28) 


v(r) A(r), v(0)=0. 


(r>>b) 


Normalize 6(r) so that 6(0) 


1, i.e., from Eq. (11) 


6(r) [ To(r)+-cotdo®So(r) }. 


1— do 


(29) 


If the differential equations are written for two different 
energies, and one multiplies, subtracts, and integrates in 
the customary way,” the result for sufficiently small r 
(in the limit going to zero) is 


6,'(r)—0,'(r) = (bat— ed) f (6,0,—qt,)dr. (30) 
iy » 0) 


uM. deWit and L 
effects in the effective-range expansion [Phys 
1958) } 

2 See reference 8, Appendix IV 


Durand, III, have also looked into vp. 


Rev. 111, 1597 
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The derivative is calculated from Eq. (11) to be 


”) 


1 r Ch 
0’ (r) (im +274 h(a) ) + [ (1+Xp») cotdo®—tanry |— 
(r > 0) R R 1— do 


Cy*hp 
[ (i+ 
>) 1— do» 


Again using Eq. (11), this integral converges at the 
origin and r can be put equal to zero. Doing this and 
also choosing kg=0 [h(n.)=0, 


tantoa=0 | gives 


Ck h(n) 
me +X.) coté I , i+ ; 
74) R R 


Lo(n) 
4. 


+4k*pF(0,F), (33) 


a# 
where a” is the scattering amplitude in the electric 
potential defined by 


1 1+X,y 
lim C2k 
a= *0 1—¢o 


cotdy” ; 


lo(n) is defined to be 


if GoTo 
) - (35) 
1 —_ do E=0 


— 0 z0)dr. (36) 


If perturbation theory is used, Eqs. (33)—-(35) become 
, h(n) lo(n) 
C*k[ (14+2Xo) cotdo# To I+ + 
R R 
+hk*p®(0,E) (37) 
a® 


lim C?k(1+2x ) cotdo”, 


lo(n) is plotted in Fig. 2 


The customary argument" can be made that p¥(0,F) 
receives its contribution from inside the range of the 
(strong) nuclear force so that at low energies, it can be 


8H. A. Bethe, Phys. Rev. 76, 38 (1949 


: h(np) Che 
Xon) COtdo,” —tanros |+— : — 
R 1— oa 


h(nma) X 2 I (*’)t C*GoT, 
_ f dr’  ( 
R RJ, r’ i—@ 
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C 


i—¢@ Rv, 


one E 


[(1+x a) coté tanToa | 


)-G)} 


a 


expanded in powers of k*: 


p®(0,E)=ro®—2P®r3k4 (40) 


Bethe’s argument" that for a given nuclear potential ro 
and P must have substantially the same values whether 
or not the Coulomb potential is 


fact that the Coulomb potentia 


present, because of the 
is weak compared to 
range of the 


their contributions, 


nuclear 
holds 
even more strongly whether or not v.p. is present, so 


the nuclear potential inside the 
force where ro and P receive 
that it is not necessary to put electric superscripts on ro 
and P. This does not mean, however, that analyzing the 
experiments with or without v.p. will 
same value of P (or ro). (The effect upon ro, for example, 
of analyzing p-p experiments the Coulomb 
effect would be very serious.) The actual effect of v.p. 
will be considered quantitatively in the 


give rise to the 


without 


next section. 


V. SHAPE-DEPENDENT PARAMETER 
FROM EXPERIMENT 


An estimate of the accura: y nee ded in order that the 
shape-dependent be known to a 
uncertainty can be obtained from Eqs 
considering three “equal 
(in energy) experiments. Then it can be 

5P|, the uncertainty in P, is given by 


parameter given 
37) and (40) by 
y accurate”, equally spaced 


shown that 


(41) 


where A is the laboratory energy separation (in Mev) 
between adjacent experiments; déo is the uncertainty 
in the s-wave phase shift: and € is an ¢€ nergy cle pe ndent 
quantity which arises from all th Eq. 
except those involving 59” and the scattering length. 
Below 6 Mev, || <}. By “equally 
that the three experiments have the 
quantity in the brackets in E 
Wisconsin® experiments, 

value 


terms in 37) 


accurate’, we mean 


same value for the 
For the three 
approximate 
2 dé sil 26 
With experiments of this ace 
6P ~0.03,/A 


The Wisconsin* experiments have A~0.5 Mev, 
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consequently they do not, by themselves, give any 
information about P. With experiments of the same 
accuracy, 4 has to be at least 1.5 Mev to sensibly 
delimit P. 

As an example, if one considers in addition to the 
2.425-Mev Wisconsin’ experiment the one at the p-p 
minimum" (383.9+1.5 kev) and the older Wisconsin'® 
angular distribution at 4.203 Mev, then A~2 Mey, but 
these experiments are less accurate than the one at 
2.425 Mev. 

a. 2.425 Mev 
For this experiment, the Wisconsin analysis* gave 
Ko=48.273°, 


with the uncertainty as given above. From Eq. (21) and 
Fig. 2, 
59” = 48.348°. 


b. 4.203 Mev 
According to the Hall-Powell'® analysis 


69=53.808°+0.081°, 
and therefore 


2|\ dbo /sin2ég~3 X 10-3. 


This analysis'® did not include v.p., so we write the 
phase shift with no superscript. (They"® used the symbol 
Ko, but it is not the same as the Ko phase shift defined 
in the present work.) 

A more recent analysis of the same data" including 
split p-wave phase shifts as well as v.p. and relativistic 
kinematics indicates that the s-wave phase shift is much 
more uncertain than the value given above. If the 
p-wave phase shifts are put equal to zero, then the fit to 
the data is only slightly poorer, and the value 


Ko=53.912°, 
is obtained."” 


From Eq. (21) and Fig. 2, 


by” = 53.978°. 


c. 0.3839 Mev 


The purpose of this experiment" is to locate the 
minimum with respect to energy of the 90° p-p scatter- 
ing cross section. We have reconsidered the relation 
between the energy of the minimum and the value of the 
s-wave phase shift at the minimum, including v.p. in the 
analysis. In agreement with the statement made in 
reference 14, we find a one-to-one relation between 
Emin and the value of 59” at Emin, which is, however, 
different from the relation if v.p. is omitted. (In 


4D. I. Cooper, D. H. Frisch, and R. L. Zimmerman, Phys. Rev 
94, 1209 (1954). 

SH. R. Worthington, J. N. McGruer, and D. E. Findley, Phys 
Rev. 90, 899 (1953) 

16H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 

17 M. H. MacGregor, Phys. Rev. 113, 1559 (1959). 


1953) 
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0.2570 


PHASE SHIFT AT MINIMUM 





ee 
LAB ENERGY OF THE MINIMUM (kev) 





Fic. 7. The value of the s-wave phase shift at the minimum of 
the 90° p-p scattering cross section. The upper curve includes 
vacuum polarization and represents 49”. The lower curve omits 
vacuum polarization 


reference 14, the relation without v.p. was stated not for 
the minimum in the cross section but rather for the 
energy at which the ratio ¢/omou has its minimum. We 
shall work with the minimum in a itself.) Figure 7 shows 
the relations in question. The upper curve (straight line) 
includes v.p. and represents 69”. The lower curve has no 
v.p. These lines do have a finite width of approximately 
0.1 kev due to the spread in possible values of @ and ro 
which are capable of producing a given Fin and also 
due to the possible presence of split p-wave phase shifts 
which can displace Ewin. With energy resolution poorer 
than 0.1 kev, this spread is of no consequence. A given 
pair (a,ro) gives rise to an Eynin which is 0.7 kev lower if 
the v.p. scattering amplitude is omitted than if it is 
included. 
With the minimum given as'* Emin 

the phase shift obtained from Fig. 7 is'* 


383.941.5 kev, 


59” =0.25452+0.00050. 


The uncertainty in the phase shift agrees with the 
estimate made in the text of reference 14, but the un- 
certainty which is quoted by those authors is double 
this value. Using our uncertainty, we have 


2 | déo| /sin26g= 2K 10™*. 


Treating the Hall-Powell’® uncertainty at 4.203 Mev 
as a lower bound, these three experiments (0.3839, 
2.425, and 4.203) of unequal accuracy imply 


6P | >0.0235. 


To see by how much the omission of v.p. affects the 
value of P, it is not useful to make a best fit to the data 
both with and without v.p., because this procedure will 
not distinguish between the experimental uncertainty 
and the effect in question. Instead, the following method 
shall be employed. At the low energy point, we regard 


*H. P. Noyes (private communication) reanalyzed the 
minimum of ¢/omou, using the v.p. scattering amplitudes of this 
paper, and obtained a phase shift which is consistent with the 
value stated above. I would like to thank Dr. Noyes for keeping 
me informed of this work 
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Taste I. The effective-range parameters obtained from the 
three experiments discussed in the text, analyzed in three differ 
ent ways 


Effective 
range 
(10-4 cm) 


Shape 
dependent 
parameter 


ocattering 
length 
10°" cm) 


Type of phase shift 
used in analysis 


5 77 7 0.04, 
59 (no Vv Pp.) 71 ( 0.02. 
bo" 79 7% 0.04, 


0.3839 Mev as the exact location of the minimum. Then 
corresponding to the 0.25452, there is a 
unique value for 59 (the no-v.p. phase shift) of 


value 69” 


69= 0.25359 


’ 


obtained from Fig. 7. At 2.425 and 4.203 Mev, we regard 
the phase shifts 69” given above (using the MacGregor"? 
analysis at 4.203 Mev) as exact numbers; calculate the 
90° cross section which these phase shifts imply, 
assuming no p or higher waves contribute at this angle 
(which is consistent with the analysis that gave rise to 
the values of 69”); and then ask what value must be 
assigned to do if this same 90° cross section is to be 
explained without v.p. In this way, we find 


$8.320° (2.425 Mev), 


53.953° (4.203 Mev). 

Using the ordinary effective-range expansion, Eq. (1), 
for the three 59 phase shifts, and the new expansion, 
Eq. (37), for the 59” phase shifts, the effective-range 
parameters given in Table I are obtained. In the third 
row of this table, the parameters for the 59° phase shifts 
calculated from Eqs. (21), (22) and the quantity AK 
tabulated in reference 1, are presented. The relation 


sin?do‘ 
Ao (AK), 
C°kR 


(42) 


has been used. It is seen that the omission of v.p. leads 
to a value for P which is considerably smaller than the 
value obtained when v.p. is included in the analysis. 
(The uncertainty in P has been estimated above; the 
central value appears in the table.) On the other hand, 
there is essentially no difference between the results 
obtained from the 59” and 49° phase shifts. This was to 
be expected with P~0.05 because the Yukawa-like 
wave functions which were used! to calculate AK are 
consistent with this value of FP. If P is only slightly 
different from 0.05, there will be very little difference 
between these two methods ; a discrepancy might appear 
if P should be negative (e.g., hard core or square well 
potentials). In any event, the s-wave phase shift must 
be obtained correctly from experiment, i.e., the com- 
plete v.p. scattering amplitude should be included. In 
the example considered above, if v.p. is taken into 
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account only in the s state, the error in P is about half 
of the error produced by completely neglecting v.p. We 
feel that it is simpler and safer to employ the effective- 


range expansion for 6 
VI. CONCLUSION 


Using the effective sion derived for the 


s-wave nuclear phase 


range expal 
shift in the electric potential, a 
} 


procedure which has the advantage that it makes no 


} 


assumption about the nuclear potential, it has been 
shown that the omission of v.p. from the analysis of p-p 
scattering results in a value for the shape-dependent 
parameter which is considerably smaller than the value 
obtained when v.p. is included in the analysis. To obtain 
(from the effective range expansion) a value for P which 


is sufficiently accurate to decide whether or not there is 


an appreciable hard core in the singlet state will require 


wave phase shifts at very 
where the p-wave 


more accurate values for the 
low energy” and also near 4 Mev 
difficulty is present. 

Vole added in Proof.—It has been brought to my 
attention by Dr. M. H and Dr. D. J. 
Knecht that there were some systematic errors present 
in the 4.203 Mev data, and that improved analyses of 


Mact sregor 


soon be forthcoming. 
Consequently, the numbers in Table | 
garded as illustrative of the relative effect of analyzing 


the low energy experiments will 
should be re- 


data with and without vacuum polarization, and not 
as the best values of the effective range parameters. If 
the 1.397 Mev data’ are used instead of those at 4.203 
Mev (along with 0.3839 Mev and 2.425 Mev 
one obtains 


then 


P 0.03+0.06, 


a result which is consistent with a hard core but does 


not confirm it. 
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On an initial hypersurface, x°=0, in the presence of gravitation and source-free electromagnetism one can 
specify the metric tensor, g,,, and its partial derivatives, g,,,o, as well as the electromagnetic tensor, fy». 
These quantities must be specified so that on the initial hypersurface two of Maxwell's equations are satisfied 
and so that the components R,° of the Ricci tensor are proportional to the components 7,,° of the electromag 
netic energy-momentum tensor. It is sometimes possible to specify a different electromagnetic tensor on the 
initial hypersurface which together with the old metric and Ricci tensors wil! describe a properly set initial 
value problem such that the geometry in advance of the initial hypersurface is different for the different 
electromagnetic fields. Thus, the Ricci tensor on the initial hypersurface does not always uniquely describe 
the geometry off the hypersurface in the Einstein- Maxwell theory. The conditions when this nonuniqueness 
exists are explicitly derived. An initial value problem could be set by specifying g,» and g,,,9 on the initial 
hypersurface and deriving an appropriate /,,; however, g,, and g,»,9 cannot be arbitrarily specified but are 
subject to one rather complicated constraint condition on the hypersurface 


I. INTRODUCTION 


HE Einstein-Maxwell theory describes a space- 
time which contains only gravitation and source- 
free electromagnetism by means of a set of nonlinea 
second-order partial differential equations in which the 
dependent variables are the components, g,,, of the 
symmetric metric tensor and the components, /f,s, of the 
antisymmetric electromagnetic tensor. It is appropriate 
for a theory of this kind to ask what information can and 
should be given on an initial space-like hypersurface in 
order to determine the fields uniquely in a space-time 
region in advance of the hypersurface. 

This question has been discussed! and the present 
situation can be briefly outlined. In appropriate units 
the combined Einstein-Maxwell field equations can be 
written, in the absence of electromagnetic sources,” 


R.f—46.°R= fay f?'+da da", 
=0 


dias ¥)>= 0. 


The bracket in [a8,7 ] stands for alternation and since 
fas is antisymmetric f(as,7=4(fas.ytSar.atSra.s)- 
Choose a coordinate system in which the equation of the 
initial space-like hypersurface is x°=0. Suppose one 
gives as Cauchy data the values of g,,, the “time’’ 
derivatives gy».o, and fag everywhere on the initial 
hypersurface. In order that these 26 quantities be an 
appropriate set of variables to specify the Einstein- 
Maxwell fields at the initial time x°=0, it is necessary 
that Eqs. (1), (2), and (3) be satisfied everywhere on the 
initial hypersurface. Evidently it is necessary that on 


' A. Lichnerowitz, Théories Relativistes de la Gravitation et de 
L’ Llectromagnétisme (Maisson et Cie, Paris, 1955), Chap. 2. 

? Greek subscripts assume values 1, 2, 3, 0; Latin subscripts 1, 
2,3; a comma denotes a partial! derivative; a semicolon a covariant 
derivative; R,* represents the Ricci tensor; d= 4(—g) + «*#7* /,, 
is the dual of fg; «%*7* is the antisymmetric tensor density, equal 
to +1 or —1 depending on whether af7é is an even or odd permu 
tation of 1, 2, 3, 0. g stands for the determinant of g,, and I'“g, is 
the Christoffel symbol of the second kind 


this hypersurface, 
satisfied : 


the following six equations be 


Ra°—}5°R= fay f+dayd”, (4) 
Str2,a) 0, (5) 
diy2 3) 0. (6) 


These equations involve only quantities that have 
already been assumed given on the initial hypersurface. 
If these equations are satisfied, one can solve Eqs. (1), 
(2), (3) to get the time evolution of the system. To re- 
peat, the Cauchy problem for the Einstein-Maxwell 
problem requires that the 26 quantities gy», gyr,o, and fag 
can be given only subject to the six constraints (4), (5), 
and (6). One is led to expect that on x°=0 it should be 
possible to find twenty quantities that can be given 
independently of any conditions and to determine the 
other six quantities by solving a set of differential 
equations derived from the six constraint equations. 

It is more usual to say that the given Cauchy data 
involves giving 18 quantities, not 26. Eight of the 
quantities are readily seen to be physically meaningless 
and can be easily eliminated. Equations (4), (5), and (6) 
do not involve the four quantities go,,9 at all. Moreover, 
by using the second fundamental form K ,;= — (g®)~41";; 
to replace gi; and the quantities &*=(—g)!/, 
K'=(—g)!d' to replace f,,, one finds that they also do 
not contain go,. Only the 18 quantities g,;, Ki,;, &*, and 
K* need be specified at «°=0 to determine the solution 
of Eqs. (1), (2), and (3) uniquely (to within coordinate 
transformations at “times” different from x°=0). The 
Zo, and goy,o may be given arbitrary values by coordinate 
transformations which reduce to the identity on the 
initial surface «°=0. Hence, they can be given inde- 
pendent of any condition, and must be found among the 
twenty independent variables referred to above. (See, 
for example, the review by Misner and Wheeler.’) 

Of the given initial data, g,», gu».o, and fag, those 


7C. W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). 
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involving the f,g do not immediately pertain to geome- 
try while the remaining twenty are of course inherently 
With the 


a different electromagneti 


ame geometric initial data, can 
tensor 


geometrical 
one replace fas by 
f ap such 


obeyed? If this can be done, it will be possible to have 


that the constraint equations will still be 


situations where the metric tensor and its first time 


derivative 
uniquely to predict the future space-time. It turns out 


on the hypersurface will not be sufficient 


that this nonuniqueness sometimes does exist and in the 
next section we explicitly derive the condition on fag 
which must be obeyed in order to find a new suitable 
tensor f’.s. Suppose the given data 
satisfy the energy constraint, (4), but not Maxwell’s 


In the next section is also shown 


electromagneti 
equations, 5) and (6 
that, if two different relations are obeyed by fag, one can 
find a new f’,s which together with the given g,, and 
guv.o Will satisfy all the appropriate initial constraint 
equation 

In the third section we take up the question whether 
can be arbitrarily specified and the fas 


gu» and fy, 
remain unspecified but determined by solving the ap- 


propriate constraint equation It turns out to be, in 


general, an impossible task. The given twenty metric 


quantities must still satisfy one or, at most, two 
constraint equations which will then allow the appro- 
priate electromagnetic tensor to be found. The resulting 
problem may not be unique; there may be a family of 
suitable electromagnetic tensors. All of the above results 
are derived in the usual Einstein- Maxwell theory. The 
ituation is then discussed in Sec. 4 from the completely 
geometric point of view of Rainich and a proof outlined 
to show that the situation is the same from this point of 


view also (as of course it must be). 


Il. UNIQUENESS OF ELECTROMAGNETIC FIELD 
FOR GIVEN INITIAL GEOMETRY 


Supp se the Caucl y data Cur, Zur,0, and fap are given 
so that (4), (5), and (6 
Maxwell equations can be solved. Keeping the same g,, 


and g,, 


are fulfilled and the Einstein- 


, can one find a new electromagnetic field f’a 
that will satisfy (4), (5 
a_ different 


answer is that this can 


, and (6) and that will properly 
universe? The 
sometimes be done and we will 


define Einstein-Maxwell 


now display under what circumstances this nonunique- 
ness exists 
If one defines the f’ag by 


.a Cosé+ das siné, 
laa sin# + das c os6, 


one sees that Eq. (4) remains satisfied, 


R.° 45. R f’ ay f° Sut 7, 


6 is an arbitrary function of the coordinates. We shall 
refer to the transformation from fas, dag to fas, d’as 
described by Eqs. (7) and (8) asa phase transformation ; 


it is sometimes referred to as a duality rotation. In a 
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notation to be introduced in the Appendix, @ i 
angle in a phase transformation 

In order that 
field in an initial value problem, it is necessary 
satisfy (5) and (6). Under a condition now 


a phase 


lectromagneti 
that it 
to be derived, 


ee be usable sane 


f'ag can indeed be a suitable electromagnetic field. On 
the hypersurface, use the notation *¢=detg,;; 
&'= (*g)'E'; (—g)'d*=K 'e){H*; H,=¢,,H’; &-H 
6'H;; (EX H) «= €;;, 6H’! 0/dx': ¥-&=8 
etc. With this notation, we can use the 
three-dimensional vector analysi 
On the initial hypersurface ¥-&=0; ¥-3#=0; 
K'=K cosh-+& sind; &’ # sind+ & cosé. 


tion is whether 6 can be chosen so that 


/ 


language of 


and 
Che ques 


v7 -x’=0, v-s'=0, 


V-K'=V-XK’ cos#—sindK’- V4 


rV-& 


inf+co 


AK - VA=O0. 10 


v-&’=-V-K sind—cos#k- 9A 


+V-&« sindé- Ve 11) 
Multiply (10) by cos@, (11 by subtract; then 
multiply (10) by sin#, (11 by ind add. The result 
will be that the tw ) equatior nd (11) are equiva- 
lent to 


V-KH+E-Vd=0, 
v-&—K-VI=0 


in be written 


Vé=aE+sH+ yEXH 14 


If E; is not proportional to H;, V6 « 


The components a, 8, y are as yet undetermined. If EZ; 
is proportional to H ;, one can writ expression analo- 
gous to (14) expressing V@ in term of it 
the direction of E and any tw ther independent 
directions. Using expression (14), one can 
and (13): 


components in 


rewrite (12) 


V -K+a E T iE K 


If the determinant of coef 
the equations can be soh 


(v-3)H-KH+(0-8)E-K 


E-x E-&)(H-x 


Vv K)E-X+(v-8)E-€ 

18 
E-3 E-&)(H-x 
Using the knowledge that ¥ -3¢ 
that a=Oand 8=:0 so that V8=yEXH. y. an arbitrary 
function, solves (12 and 13 We could nave deduced 
this more readily by a prior use of the divergence-free 
nature of € and X; however, ws ill want to use (17 
and (18) later to discuss the situation when & and # are 


y EXH represent a 


0 shows 


0 and vV-€& 


not divergence-free. In order 
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gradient, it is necessary that 


vx (yEXH) =v7x (EXH)+79x(EXH)=0. (19) 


Here VX A=e‘'*A,,;; €'/* is completely antisymmetric 
and equal to +1 or —1, depending on whether #, 7, & is 
an even or odd permutation of 1, 2, 3. Equation (19) 
represents three equations whose components become 
explicit after taking the dot product with E, H, and 
EXH, respectively. The last-mentioned dot product 
will show that Eq. (19) can only be satisfied if 


(EXH)-[ vx (EXH)]=0. (20) 


The entire set of equations (9) through (20) has been 
written in a form which is covariant under all trans- 
formations which maintain the equation x°=0 for the 
initial surface. The explicit use of covariant derivatives 
has been avoided by taking gradients only of 3-scalars, 
divergences only of 3-vector densities, and curls only of 
3-vectors. We now show that Eq. (20) is not only 
necessary but also sufficient to ensure the existence of a 
y which will satisfy (19). Define Y=Iny. Then Eq. (19) 
becomes 


vyx (EX H)=-—¥x(EXxH). 


(21) 


These determine two components, say ¥,; and W 2, of Vy 
in directions perpendicular to EX H. In order that these 
equations can be integrated to give y, it is necessary and 
sufficient that (W.1).2= (W.2).1. This can be written 


(vx vv): (EXH)=0. 


We show that this is a consequence of (21) by forming 
the divergence of that equation: 


v -[v¥yx (Ex) } 
=(¥ xX Vy): (EXH)—(vy)-0x (EXH) 
=—¥-[vx<(EXH) ]=0. 


However, using (21) we have 


Consequently, we have the result that if (20) is satisfied 
everywhere on the hypersurface one can find y (usually 
7 can be a family of functions) that satisfies (19). For 
example, if ¥ X (EX H)=0, then Vy=\(EXH), where 
\ varies arbitrarily along lines of tamgency to EX H but 
does not vary along lines of tangency to E or H [i.e., 
v\-(EXH) +0, vA- E=0, VA-H=0], will satisfy (19). 
Penrose* has given an example of such a situation in- 
volving a collision between two electromagnetic waves. 

Thus, providing Eq. (20) holds, one can give a family 
of y which will in turn give a family of f,g which together 
with gy», £ur,0 Will satisfy the initial constraint equations. 
Although the geometry (g,, and g,,,.o) on the initial 
hypersurface is the same for the whole family of fields, 
the geometry is not the same for regions of space-time 
in advance of the hypersurface. This is true because 7, 
in general, is not a constant but may have different 


* Roger Penrose (private communication) 
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values as a function of points on the initial hypersurface. 
Two electromagnetic tensors f.s and f’,g can satisfy 
Maxwell’s equations and produce the same electromag- 
netic energy-momentum tensor throughout a four- 
dimensional space-time region if, and only if, they are 
connected by relations (7) and (8) with @ being a con- 
stant independent of space-time. Any solution of the 
Einstein-Maxwell equations without electromagnetic 
sources can be used to generate a whole family of solu- 
tions by means of relations (7) and (8) with @ constant 
without changing the geometry. However, it is not this 
special case with which we are here dealing, and the 
geometry does change off the hypersurface as fas 
changes on the hypersurface with varying @. 

Suppose the initial /.g were such that (1) was satisfied 
but not (2) and (3). Is it possible to find a new field, 
f'as, 80 that (1) will remain unchanged, the given g,, 
and gy»,o will be unchanged, but (2) and (3) will be 
satisfied for f’ag? In other words, if ¥-&#0 and ¥-K 
~(0, can one express an K’= cosé+ & sin@ and an 
&'= —K sind+ € cos@ so that ¥V-H'=0 and ¥-&'=0? 
The above analysis shows that for this to be possible one 
must choose ¥@ as given by Eq. (14) with @ and 8 
obtained from (17) and (18), respectively. This choice, 
however, can only be made if 


VX Vd=V X (aE+6H+y7Ex H)=0. (22) 


Equation (22) represents three independent equations. 
Taking the dot product of the above expression with 
E XH permits one to solve for y, 


(EXH)-[¥ x (a@E+¢H) ] 
(EXH)-~x(EXH) ~ 


(23) 


Taking the dot product of (22) with E and H yields 
aE-v XE+E-[¥ x (8H+yEx H) j=0, 
6H-¥ XH+H-[¥ x (a@E+yExH) ]=0. 


(24) 
(25) 


a, 8, and y are given by (17), (18), and (23), respec- 
tively. Thus, if € and K do not satisfy ¥-&=0, ¥-H=0 
they can still serve to provide a suitable Einstein- 
Maxwell problem provided they satisfy the very much 
more complicated relations (24) and (25). In this case 
the initial electric and magnetic fields are given not by 
E and H but by E’ and H’, @ being obtained by inte- 
grating Eq. (14) with a, 8, and y given by the appro- 
priate expressions. Of course, our previous analysis has 
shown that E’ and H’ will not define a unique geometric 
problem if (E’x H’)-[v x (E’xH’) ]=0. 


III. ARBITRARINESS OF g,, AND g,,.. ON 
INITIAL HYPERSURFACE 


Suppose that only g,, and g,,.o are arbitrarily given 
on the initial hypersurface. Can the six equations, (4), 
(5), and (6), be solved for f,g to yield a properly set 
initial value problem? In this section we find that the 


answer is “no’’; the equations cannot always be solved. 
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It turns out that the metric quantities g,, and gy»,o 
cannot be given arbitrarily but are subject to at least 
one and possibly to two constraint equations. 

Equation (1) is the energy-momentum relation of the 
Einstein-Maxwell theory. It can be shown’ that for this 
relation to be true, in the case that p?=R,,R*’/4 is not 
equal to zero, the Ricci tensor must be expressible in the 
form 


R.? 4(1,k°+k,l*). (26) 


2p’ ba" 
k, and 1, are the two null eigenvectors of R,g;/,/¢=kak* 
=); Ro’ka= —2p*k,; Ra®la= —2p*l,; and lak* =p’. 

R,° can be calculated from the assumed initial data. 
An easy calculation from (26) shows that Ro®Rg°= 9’ 
which is consequently given by the initial data. Taking 
the R,” components of Eq. (26) will yield four algebraic 
equations from which four of the components of /, and 
k, can be determined. Since p?=/,k* is given by the 
initial data and since /, and kq are null, there remains 
only one undetermined component of the two null 
vectors. The four equations in (27) involving R,° are 
equivalent to Eq. (4) which is satisfied because of the 
appropriate choice of components of /, and k,. The re 
maining equations in (26) can be solved for gjj;,o0 and 
will determine all but one of these second derivatives. 
This one will remain dependent on the remaining 
undetermined component of the null vectors. 

From the null eigenvectors one can construct an 
antisymmetric tensor, F,,, and its dual, D,,, which 
satisfies Eq. (1): 

Pas 2(LRke— Rul) p. (27) 
From F,, and D,, one can obtain other antisymmetric 


tensors, f,,», with their duals, d,,, by phase trans- 


formations: 


F,, cosd+ D,, sind, (28) 


uy 


d — Pus siné+ Dy» cosé. (29) 


ur 


6 is a function of position. @ can be chosen so that fie,s) 
=di12,3;=0 if, and only if, the expressions F~ £; and 
D” ~H; obey the two constraints (24) and (25). As 
there is only one free parameter still available in k, and 
1, it can be used to satisfy at most one of the constraints, 
leaving at least one still unsatisfied. This still unsatisfied 
constraint can be stated in terms of the geometric 
quantities g,, and g,,.o (since k, and /, are so described). 
Hence, we have the result that g,, and g,,.9 cannot be 
arbitrarily given on an initial hypersurface for the 
Einstein-Maxwell equation to be properly set. These 
initial data must satisfy a constraint equation on the 
hypersurface which has a very complicated form and 


which can be derived by the method outlined above. 


Special Theory (Interscience 


Witten, Phys. Rev 


SJ. L. Synge, Relativity, The 
Publishers, Inc., New York, 1956), Chap. 9; L 
115, 206 (1959), see p. 211 
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IV. RECAPITULATION FROM GEOMETRIC 
POINT OF VIEW 


It is known from the work of Rainich® that the 


Einstein-Maxwell theory [Eqs. (1), (2), (3)] can be 


restated using only geometric quantities. It is instruc- 


tive to see how the discussion of the previous section 
sounds using the geometric equations of Rainich. Since 
the result of this section is merely a review of that of the 
previous section, we shall only outline how the proof 
goes without making any attempt producing a 
rigorous derivation. The first of Rainich’s equations say 
that Eq. (1) or its equivalent, Eq. (26), can be true if, 


and only if, 


If (30) and (31) 
LEq. (27) ] and a family of f,, [Eq. (28) ] by a phase 
transformation from F,, atisfies (1). Out of the 
family f,,, it is possible under some circumstances to 


hold, one can determine an F,, 


y» will 
obey Maxwell’s equations. This choice of @ can be made 
only if 


choose a particular @ so that the corresponding / 


Qiy,r] 
where a, is defined by 


(RR, g)'R,,R*’ 


wre 


In order to insure that the energy density is positive, one 
must also impose the requirement 


Roo <0 34) 


Equations (30), (31), (32), and (34) are equivalent in 


content to Eqs. (1), (2 If the former four 
equations are satisfied, one can find a 


and (3 
n electromagnetic 
tensor which will enter properly into the latter three 
equations. Of concern to us now is whether on an initial 
space-like hypersurface, 2 ZIVE Ly» 
and g,,»,o arbitrarily and to solve Eqs. (30), (31), and 
(32) to give the future development of the g 

The initial data, as has been remarked, assume a 
knowledge of R,° everywhere on the initial hypersurface. 
The inequality (34) can be immediately verified. One 
can then solve Eqs. (30 


0, it is possible to 


ue 


ind 31 for the second 


derivatives g,;,00. How many of the six second deriva- 
tives are determined by these equations? In considering 
the equivalent also six 
parameters available in p’, &., and /, of which the initial 


conditions determined five. Hence, Eq. (26) or 


equation (26) there were 


the 


equivalent set (30) and (31) determine only five of the 


derivatives g;;,o0. The undetermined derivatives can be 
considered as usable in satisfying any constraints that 
Eq. (29) (Maxwell’s equation 


may impose on the 


*G. Y. Rainich, Trans. Am. Math 
Misner and J. A. Wheeler nn. PI 
Phys. Rev. 115, 206 (1959 
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initial conditions. The goa,oo are determined by the 
Bianchi identities and hence unavailable for this pur- 
pose. It will turn out of course that Eq. (29) will impose 
two constraint conditions on the g;j,00, and there is only 
one derivative left to satisfy them. Hence, as deter- 
mined before, there will be one residual constraint 
equation that the initial data must satisfy. If we now 
show how Eq. (29) imposes two constraint conditions on 
the g.j;,o0 we shall have completed our restatement. 

Equation (29) can be rewritten in terms of six scalar 
equations; contracting a,,,—a,, with six independent 
bivectors yields six scalars whose vanishing is equivalent 
to the vanishing of the curl of a,. We shall rewrite Eq 
(29) in this form. One of the bivectors to be used will be 
L,k» which determines F,, by Eq. (27). 1(,,; describes 
a time-like plane or 2-surface which contains time-like 
lines as well as space-like. Absolutely perpendicular to 
this 2-surface is a space-like plane or 2-surface, deter- 
mined by D,,, which we can describe by means of two 
orthogonal unit vectors p, and g,, each perpendicular to 
l, and k,. Six scalar equations equivalent to (29) are 
accordingly 


0 ayy RAL 


= Ay jf, 
O=ay, pq"! = Ay,»)D*’, 


Ay rh = arty, RG = aryl = ajyol4g” =0. 


Equations (35) and (36) are identities following from 
the definitions and the Bianchi identity. This has been 
proved by Rosen’; in the Appendix we outline an 
independent proof. 

The definition (33) of a, shows that ap, ; contains time 
derivatives of g;; no higher than the second; a;. ; con- 
tains no higher than third time derivatives; and a,.o 
contains no higher than fourth derivatives; each term 
contains the highest derivative specified. Hence, in the 
set of equations a, ,,;=90, three will involve third-order 
time equations and three will involve fourth-order 
equations. Barring the circumstance that &, or /, will lie 
along the perpendicular to the initial hypersurface, the 
identities (35) and (36) both involve fourth-order time 
derivatives. Hence, the set of equations (37) can be 
rewritten as a set of three third-order differential equa- 
tions in time and a single fourth-order equation. 

The three differential equations of the third order 
involving only the single undetermined one of the six 
functions gij,000 can only be satisfied if the functions 
£ij,00 Satisfy two conditions; these are the two con- 
straints we have been looking for. Since only one g;;,00 
is still free to satisfy these two conditions, at least one 
of them will remain unspecified as a constraint on the 
initial g,, and g,,.o which therefore cannot be given 
arbitrarily. 

If the appropriate choice of the initial data is made, 
g:j,000 can be chosen so that three of the equations in (37) 


7G. Rosen, Phys. Rev. 114, 1179 (1959). 
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are obeyed and g,; ooo 80 that the fourth is satisfied. One 
then be assured that the full of Einstein- 
Maxwell equations are satisfied everywhere in the initial 
hypersurfac e. 

In this paper we have not discussed the time evolu- 
tion of the fields, we have merely discussed the possi- 
bility of choosing initial data that are consistent with 
the Einstein-Maxwell theory. The time evolution prob- 


can set 


lem needs, however, careful consideration. In the case 
of flat space the problem is very simple. If E and H 
are given on a hypersurface so that ¥-E=0 and ¥-H 

0, one can obtain the time evolution of the system 
from the remaining electromagnetic field equations: 
curlE= — 0H/t, curlH = dE/ dt. These latter six equa- 
tions determine the six quantities E and H and also 
assure that ¥-E=¥-H=0 remains satisfied for all 
time. In the combined Einstein-Maxwell case the situa- 
tion is somewhat different. The energy-momentum 
equation determines al] but one of the free parameters 
in k, and /,. Left still are this one parameter and a phase 
function 6 of somewhat limited usefulness. The Bianchi 
identity means that four of Maxwell’s equations are 
automatically satisfied,* leaving only four independent 
equations. Two relations must be satisfied as identities 
on the hypersurface. Hence, two more equations are 
available whose solution must depend on an appropriate 
choice of the remaining parameter in &, and J, and on @. 
It is not entirely clear that this can be done, and I am 
not aware of any existing proof that it can be.’ The 
problem manifests itself in the geometric version by the 
realization that, after gij,oo0 is chosen to satisfy the 
three third-order equations in (37), all gi;,o00 are com- 
pletely determined by this and the energy-momentum 
equations (26) and (27). Yet, the fourth order equation 
in (37) must still be satisfied. How to do this remains a 


problem for future investigation. 


APPENDIX. IDENTICAL VANISHING OF 
TWO COMPONENTS OF a;, ,,=0 


We now proceed to prove that Eqs. (35) and (36) 
vanish identically. First we outline the derivation of 
Eq. (32) that a;,,,;=0. If R=Oand R,°Rg7=6,7R,,R*’/4, 
there are two null eigenvectors of Rg from which F,, 
can be constructed by the procedure of Eq. (27). Define 
w,,=F,,+iD,,, so that 

Ry» (A-1) 


— 
Wy War- 


If @ is an arbitrary function of space-time, w’,,=w,,e" 
will also satisfy (A-1) whenever w,, itself does. This is 
the phase transformation entirely equivalent to that of 
Eqs. (7) and (8). Can @ be chosen so that w’,, obeys 
Maxwell’s equations, w’,’.,=0? (w’,’ being complex, the 
entire content of Maxwell’s source-free equations are 
expressed in the preceding relation.) To satisfy this 


* This remark is proved in each reference cited in footnote 6 
9 See, however, the remark in Lichnerowitz’s book (reference 1, 
p 51) 
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equation, 6 must be chosen so that 


Wy". »tiw,"8 ,=0. 


Multiplying by w*, and using the identity 


Lsr af 
50” Mage” ’ 


(A-2) 


> "Es 
Wy W's 


which is a consequence of the duality of F,,and D,,, one 
cbtains 


Jt,” ww" » 


B,. (A-3) 
F ap 
Wag 


The reality of the above expression follows from the 
Bianchi identity. It can now be shown that 


a Bip.¢}- (A-4) 


Pe) 


The reality of 8, and the validity of (A-4) are the 
essential steps in the proof that is omitted here, the 
details having been given in a previous paper.'’ From 


(A-3) and (A-4), with the notation w*=w,gw*, one has 


“ L. Witten, reference 6, p. 210 
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on fiw,” yw", PP hed fiw,” ra” en? 


Ct p,o)w?* 


fiw 
ad 


Using the identity 
one obtains 


A-2) and the antisymmetry of w*? 


“ 


— 41”. Ke 


Differentiating (A-2) yields 


oy Pe 
pio 


) s* 50° 
Ww TW pw 


Using this in (A-6) gives 


Alp e w?= 4,’ hor" 4 ¢ w. 


This vanishes because w*’ is antisymmetric but w,’, ,".« 
is symmetric in yw and p. So ar,,4)w** =0 identically ; the 
real and imaginary parts correspond to Eqs. (35) and 
(36) which are identities 
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It is shown that for transitions between “weakly interacting” states, the transition matrix J can be 
expressed in terms of a Hermitean operator 7+ 7, and so invariance of the Hamiltonian under antiunitary 


operators such as 7 


changing the direction of time 


An application is made to r® decay into 2 photons, where it is shown that invariance un 


or TCP implies invariance of transition rates under kinematic transformations, without 


ler 


TCP alone 


implies equality in the number of left and right circularly polarized photons, to 1 part in 10* 


HE invariance of a Hamiltonian under a unitary 

transformation leads to the invariance of the tran- 
sition rates under certain ‘‘kinematic” transformations 
of the quantum numbers in the initial and final states. 
For example, invariance of H under space reflection 
implies invariance of the transition rates under the 
change of sign of all momenta in the initial and final 
states. On the other hand, invariance of H under an 
anitunitary operator such as T or TCP does not in 
general lead to such an invariance of the transition 
rate, but rather to a relation between the transition 
rate from an initial state to final state, and the transition 
rate from the “kinematically reversed’”’ final state to 
the kinematically reversed initial state. This is a 
physically distinguishable process, unless the initial 
and final states contain the same particles. It is, 
however, known that circumstances, 


under some 


* Work supported by the U. S. Atomic Energy Commission. 


t Alfred P. Sloan Foundation Fellow 


invariance under an antiunitary operator nevertheless 
does imply a relation between transition rates for the 
same process. This will be t 
the following two conditions are satisfied 


he case, for example, when 


1. The transition matrix 7 can be taken equal to a 
Hamiltonian, i.e., when first-order perturbation theory 
is used. 

2. The initial and final states (a 
interacting states. 


6) are weakly 


hat the second condition 
alone is sufficient. Specifically, that if the 
initial and final states are such that all products of the 
form (a\T\n)(n\ Tb) be 
compared to (a/T 6), then under the anti- 
unitary operator @ implies equality between the transi- 
tion rates for b for be 


1T. D. Lee, R Rev 
(1957 


In this note we shall show t 
we show 
su 
n 


~ ia can neglected 


Invariance 


where 


106, 340 


a > and GR > 


Oehme, and C. N. Yang, Phys 
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Gr), \be) are the “kinematically reversed” states. 
This follows from the fact that under the assumption 
made, the 7 matrix element can be expressed in terms 
of the matrix element of the Hermitean operator 7+ 7", 
whose invariance under @ follows from the invariance 
of H. 

To establish the theorem, let us consider the transi- 
tion matrix element (a|7\5), where 


1+iT=S, 
the S matrix. The unitary condition on S then gives 


i({—T")=TT', (1) 


i(a| (T—T*) |b) = (a! TT |b). (2) 


Introducing a complete set of states |m) between T 


and 77, one gets 

i(a| (T—T*) | b)=>,, (a| T\n)(n| T*\d), (3) 
where by 4-momentum conservation, the states |) 
must have the same 4-momentum as | a) and | 6). 


Let us separate out the state | a) itself from the sum 
over |n), so that 


dX (a| T|)(n| Tt! b) = (a| T| a)(a| T*| 5) 


+ ¥ (a|T\n)(n|7\b). (4) 


na 


The assumption that the final state 5) is weakly 
interacting will now be taken to mean that all terms in 
the remaining sum can be dropped. The second factor, 
(n|T\b), in such terms represents the transition rate 
to the state |b) from the arbitrary state |m). Now if | 5) 
contains particles which do not have strong interactions, 
such as photons or leptons, these factors will be propor- 
tional to some power either of the fine structure constant 
or the weak interaction constant, and so it is reasonable 
to neglect them. However, in some cases, this second 
factor may be of the same or lower order in small 
constants as the quantity (a, 7| 5) which we eventually 
wish to compute. In this case, we must invoke the 
assumption that the state | a) is also weakly interacting, 
so that (a! T'\mn) will also be proportional to some small 
constant, and then (a! 7|m)(m|7'|6) will be doubly 
small, and so negligible. The validity of this procedure 
must necessarily be examined for each case where the 
theorem is to applied. 

It remains to discuss the term (a T\a)(a\TJ" 5). 
There is good reason to drop this term as well. This is 
again because the assumption that a) is weakly 
interacting implies that the matrix element (a|7| a) is 
proportional to some small parameter, and thus 
(a|T\a)(a\T*\b) will be small compared to (a) T| 6). 
For example, if | a) is a one-particle state, then (a| Ta) 
is proportional to the decay rate of the particle.? We 

? This will be true after renormalization. For a stable particle, 


wave function renormalization implies that (a@|S \a)=1, or 
a|\T \a)=0. 


ANTIUNITARY 
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shall show in the Appendix that the final result still 
holds even without neglect of (a! T| a). 


The conclusion from the above analysis is that 
>. (a| T\n)(n| Tb) 


will be small compared to (a! 7|6), with the order of 
smallness varying from case to case. Thus we can set 


i(a| (T—T*)|b)=0, 
or 
(a| 7\b)=4(a| (7+) |b), (5) 
and 


(a| 7" \b)=4(a| (T+7") | b)= (a| Tb). 

This is the necessary theorem for the application of 
invariance under 6..We now suppose that [6,7]=0. 
Then as usual 

TO = T. (6) 
Also, from (5) 
(a| T|b)*= (a| T*| 5)*. (7) 
But by antiunitarity of 6 
(a| T*|b)*= (0a|0T*| b) 
= (@a| T\ 0b). (8) 


We again invoke the assumption that |a@), |b) are 
weakly interacting to conclude that |6b) and |@a) are 
just kinematically reversed states, (with particles 
changed to antiparticles if @ involves charge conjuga- 
tion). Otherwise it would also be necessary to charge 
from “in” states to “‘out”’ states. 

Denoting the reversed states by |az), |bg) as before, 
we have 


(a\T 6)*= (ap| T | bp), (9) 


(a| T\b)\?= | (ae|T|bp)|? 


which is a relation of the type implied by invariance 
under unitary transformations. 

One place where the above theorem may be useful 
is when the first nonvanishing contribution to the Tf 
matrix for a particular process comes from some order 
in perturbation theory higher than the first. One such 
case is the decay of the #° into two photons. The 
present belief is that there is no term in the fundamental 
Hamiltonian of the form ®E-H which would give this 
decay in lowest order, but rather that the process 
happens through the combined effect of the #°-baryon 
interaction and the electromagnetic interaction of 
charged baryons. 

The initial x° state would be stable apart from 
electromagnetic interactions, so that 


(x”| T\ 2°) =0(a"), (10) 
and thus 

(x T\ 2°) (x TT! 27) =O0(a*). (11) 

The final two-photon state is weakly interacting in 

the sense described above, and the states | nx") for 


which (m|7'|2y) does not vanish can only be states 
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with 2 or more photons, or with electron pairs. It is 
not hard to see that for these also 


(x®| T|n)(n| Tt | 2y)=O0(a*). (12) 
Thus 
(w°| (1 —T") | 2y)=0(a’). (13) 
Since (| (7+7")|2y7)=O(a), it follows that Eq. (9) 
will hold to order a? at least in this case. 
Now let us assume invariance under TCP. Then 
mp’) is the state obtained by acting on |x°) with TCP. 
If the w° is taken at rest, this is just |r°) (apart from 
an irrelevant phase), since #° is its own antiparticle.’ 
For the final 2-photon state, if we analyze in terms of 
the photon helicites, it can be shown that* 
TCP \ll)= | rr) 


TCP|rr)= ll), (14) 


’ 
where |//) means a state with 2 left circularly polarized 
photons and |rr) a state with 2 right circularly polarized 
photons. Thus in this case, Eq. (9) gives 


(x | T | rr (x°| T\ Ul) |\?, (15) 
and so if TCP invariance holds, the number of left and 
right circularly polarized photons in the #° decay must 
be equal (apart from possible corrections of order 
a«’=10~). Thus the result of the experiments of Garwin 
et al.® demonstrating that the numbers of left and right 
circularly 
implied by invariance of the strong and electromagnetic 
interactions under TCP alone 

One may write a 7-matrix element for the process 
w—2y as in reference 4: (7)=Ge-e'+B(eXe’)-k, 
where &, 8 are constants, k is the photon momentum, 
the photon linear polarizations. It then 
TCP, that & and 8 must 
be real, provided that one neglects terms of order ¢é 


polarized photons are indeed equal, is 


and ¢, e’ 
follows from Eq. (9), with 6 


compared to the leading ones. 
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APPENDIX 


In this Appendix, we show that Eq. (9) is satisfied 
even when (a T | a) is not neglec ted. 
From Eqs. (3), (4 


sum 


, we have, neglecting the remaining 


i(a| T—T"\b) 

= (a|\T ayia T' b 

(a|T\ a) 4(a| (7+7" 
or 
(7+ 77°) 
(a| (T—T*)\b (0 | 
) ‘4 

so that 

(a|T\b 
while 

(a T'|b 
Now 


14+R|? 


4f1 +i((a 


4+2i((a|T' 


1—R|?=4/[4+2i( 


But 


i 


— 


—> ( 


i(a|T'—T\a 


(A6) 


of the have 
neglected as being proportional to some higher power 
of the decay constant. (We do not assume this to be 
true about (a| 7 a) itself here 


1+R}? 


The terms in the second sum art type we 


Therefore 


4/[4—(a|T\a)(a\T*\a 2 (AT 


and so 


as before. 
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The usual definition of the curvature of space involves concepts, such as the measurement of the metric 
tensor or parallel displacement, which have no direct physical counterpart. The question of obtaining 
the curvature of a two-dimensional space by means of measurements which are possible, at least in principle, 
is reviewed and a formula given before is corrected and generalized 


RUNO Bertotti has kindly pointed out to the 
present writer that the last formula (5.7) of the 
article, “Relativistic Invariance and Quantum Phenom- 
ena,’ contains an error. It gives the radius a of a 
two-dimensional de Sitter universe in terms of the times, 
ty, fg, and t;, which three successive light quanta take 
to travel from one freely moving material body to 
another one, and back. The second light quantum is 
emitted when the first one arrives back, the third one 
is sent out when the second one returns. The left side of 
the equation contains the second difference t;—2t.+1fs, 
whereas it should contain the second difference of the 
logarithms of these time intervals. At any rate, the 
correct formula is (c= 1) 
tils—t.? 1 
———=—=}R, (1) 


to4 a’? 


where R is Riemann’s curvature tensor which has, in 
the case of two dimensions, only one (invariant) 
component. The other formulas are correct except that 
the incorrect (5.7) is quoted also as (2) on page 262. 
Since it is, apparently, quite possible to make a 
mistake in the calculation, a few details of it will be 
reproduced here. There are four events in the course of 
the measurement: (1) the sending out of the first 
light quantum, (2) the return of this quantum and the 
simultaneous emission of the second quantum, (3) the 
return of the second quantum and the sending out of 
the third quantum, (4) the return of this last quantum. 
The corresponding proper times are given by the 
combination of (5.4) and (5.5) 
7,=a[In(1+sing,) —In cos¢, | (2) 


J 


the successive ¢; differing, according to (5.3a), (5.3b), 
and (5.3c), by 26. We set 


g+36. (3) 


gi=¢e—-36; go=e—5; ¢s=etsd; gaz 
The 7; have to be calculated accurately up to the third 
power of 6. In particular, 
tr, 1+sing 6 
-o_————)—+F 


a cos¢ cos¢ 


& sing 6°(1+sin’¢) 
+-—__—__—._ (4) 
6 cos*¢ 


2cos* 9 
The quantities r;, r2, and r4 can be obtained by sub- 

1E. P. Wigner, Revs. Modern Phys. 29, 255 (1957). There are 
several points of contact between the last section of this article 


and the more elaborate investigation of F. A. E. Pirani, Acta 
Phys. Polon. 6, 389 (1956) 


stituting —36, —6, and 36 for 6 in (4). Hence, 


46’? sing 136*(1+sin’¢) 
_ +——_—_—_—, (Sa) 
cos’ ¢ 3 cos*y 


6°(1+sin’¢) 
+ 


ty v5" Fy 26 


a a cos¢ 


lo Ta—T2 26 


. (5b) 
a a 


ls a Fa 26 


3 cos*¢ 


45’ sing 136°(1+sin’y) 
+ + 


(5c) 


a a cosg cos’ 3 cos*¢ 


The distance between the two material bodies is 
one-half of the time needed for the round trip of the 
light quantum 

d= }1,~ ab/cosg, (6) 


their relative velocity is the change of the half return 
time, divided by the time in which this change took 
place 
i (t3—t;) 6 sing 
v= fs ; (7) 
2ts cos¢ 


Both these expressions are accurate to the next power 
of 6. 

Equation (1) is a direct consequence of Eq. (5). 
It should be noted, however, that the foregoing deriva- 
tion applies only if the world lines of the two particles 
do not intersect. As a comparison of (7) and (6) shows, 
this means that their relative velocity, as defined above, 
is in terms of the velocity of light not larger than their 
distance in terms of the radius a of the universe. If this 
condition is not met, the world lines of the particles 
will intersect and the preceding derivation is not valid. 
It is possible, however, to derive a formula similar to 
(1) for the measurement of the radius of curvature by 
means of light signals between two particles with 
arbitrary velocities with respect to each other. If the 
scalar product of the velocities at the time of intersec- 
tion is denoted by cosha (so that a is the hyperbolic 
angle between the paths at intersection), a calculation 
along the lines of the preceding calculation gives 

tyls—t? 1 
= {1 +- (7/3) sinh’a+4/3 sinh‘a]. (8) 


t,* a 


At the time of the measurement, the relative velocity 
of the particles, defined as in (7), is 


v= cosha sinha. (9) 
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Nonstatic corrections to the two-nucleon potential of Brueckner and Watson and of Gart 


computed within the framework of the ys theory 
u/M to the static potentials 


The S matrix is calculated in second and fourth order for a reduced form of the relativistic 
potential is then chosen so as to duplicate this S matrix to the required order in the coupling constant a 
u/M. We consider to what extent our reduction of the 

rhe resulting potentials are given in analytic form for no cutoff in momentum space and in 


These terms appear as spin-orbit corres 


theory. The 


t i 


ys theory changes its character 


numerical 


form for the Gaussian cutoff employed by Gartenhaus. We give also some additional static corrections to 


previous potentials 


\ qualitative comparison is made with the experimental observations in 


nucleon 


nucleon scattering, the fine structure in the splitting of the He* nucleus, and the contribution of the nonstatic 


potential to the magnetic moment of the deuteron. 


1. INTRODUCTION 


HE fine-structure splittings of the levels in the 
nucleus have prompted many people to propose 
that a velocity-dependent (spin-orbit term) be included 
in the two-nucleon potentials. Recently Signell and 
Marshak! have shown that a good fit to the unpolarized 
and polarized two-nucleon elastic scattering data up to 
150 Mev may be obtained by adding an empirical, 
charge-independent, short-range, attractive, spin-orbit 
potential to the Gartenhaus potential.? Gartenhaus used 
the nonrelativistic, P-wave, extended-source, Hamil- 
tonian. He calculated in perturbation theory keeping 
terms to fourth order in the coupling constant. How- 
ever, he omitted the so-called “ladder corrections,” 
dropping them with the aid of “‘Brueckner and Watson’s 
argument.’ These terms lead, as is well known, to an 
unbound deuteron. 
he Gartenhaus meson-theoretic potential gives a 
good fit to all of the low-energy two-nucleon data. This 
is both encouraging and surprising since the use of 
perturbation theory in meson theory calculations has 
dubious validity. Presumably the inclusion of a re- 
0.089 and a cutoff 
determined from real 
meson-nucleon scattering and photoproduction at low 
energies, includes certain higher order effects. The hope, 
of course, is that the higher order effects which are not 
included in this manner modify only the high-energy, 
short-range, behavior of the potential. 
It is 


normalized coupling constant {2/44 


energy Wmax=Ou, which are 


the (first-order) 


nucleon velocity-dependent terms in meson theory to 


interesting to investigate 


see if a plausible explanation for the spin-orbit term 
* This 
Energy Commission 
t Rand Fellow 
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t Howard Hughes Fellow. Present 
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1 P. S. Signell and R. E. Marshak, Phys. Re 
2S. Gartenhaus, Phys. Rev. 100, 900 (1955 
*K. A. Brueckner and K. M. Watsor 


1953 


work was supported, in 


Atomic 


part, by the S 


Present University of Chicago, 


address: Bell Telephone 
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Phys. Rev. 92, 1023 


can be given. We will follow precisely the philosophy of 
Brueckner and Watson (BW) and Gartenhaus (G) in 
deriving these terms. Our Hamiltonian will be a non- 
relativistic reduction of the (PS) (PS) theory. The 
potential itself will then be computed using nonrelativ- 
istic perturbation theory. As in the case of G we drop 
all so-called “ladder terms.”’ The (PS) (PS) theory in 
this manner leads to a spin-orbit potential of the type 
postulated by Signell and Marshak (SM). Our results 
will be an expansion in powers of the coupling constant 
and the ratio of the velocity of the nucleons to that of 
light. We shall assume that (v/c), u/M. We shall 
keep only the second- and fourth-order terms in the 
coupling constant. Only the zeroth order term in 4/M 
for the instantaneous potential and the first-order term 
in »/M for the L-S potential will be retained. 

Other treatments of this problem have been given: 
Sato, Itabashi, and Sato,‘ Klein,® Marshak and Okubo,*® 
and most recently Sugawara and Okubo.’ All, except 
Sugawara and Okubo,’ have used a modified type of 
(PS) (PV) theory. These treatments** include addi- 
tional terms in the coupling Hamiltonian but consider 
only their L-S effects. (By 
other than the usual o-V¢ coupli 
haus.) Also, it may be pointed out that these earlier 

\ cutoff- 
As a result, the final po- 


singular at the 


idditional we mean terms 


ng used by Garten- 


treatments concerned themselves only wit! 
independent Hamiltonians 
tentials in position space are 
origin. In order to avoid this singularity, the potentials 


radii smaller than an 


highly 


are simply set equal to zero for 
arbitrary cutoff distance 

In addition to computing the L-S 
potential, we have computed the corrections to 
We have done this for the 
Hamiltonian with and without cutoff 
the Hamiltonian without cutoff 


plreces of the 
the 
Gartenhaus static potential 
For the case of 


ur analytic forms for 
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the potential are consistent with the results of the 
previous investigators. 

In Sec. II we discuss our reduction of the theory to 
an effective nonrelativistic Hamiltonian. In Sec. III 
we discuss the definition of a potential and give the 
potentials resuliing from the specific form of the 
interaction chosen. In Sec. IV we compare the potential 
with the experimental results. 


Il. REDUCTION OF THE (PS) (PS) THEORY 
The nonrelativistic limit of the symmetric (PS) (PS) 
theory is defined, for our purposes, by the application 
of a Foldy transformation to the relativistic Hamil- 
tonian.** That is, 
H’' =e'SHe- ‘5 — ie*5(8/dt)(e-*), (1) 
where 
H=a:p+8M+67y:2-¢, (2) 
and 
S=— (18/2M)(a- p+g8yst-¢). 
We find to order g?/M®* that 


H’=M+p?/2M+¢°¢?/2M+ (¢/2M)e-V¢ 
+-g2(d¢/dt)?/8M*+ (92/4M2)2-oX¢ 
+ (g/8M*)[e@- p, d¢/dt}, 
— (1/8M*)[(e- p—ig¢)(o- p+ig¢) }, 
where 


=> THi= to. 


i=] 


It has long been known, that the (PS) (PS) theory 
leads to an extremely strong S-wave scattering in Born 
approximation." This is in sharp disagreement with 
experiment. It has been suggested that a more exact 
solution of the field equations results in a self-damping 
of the S-wave pions. It is argued that this damping is 
so strong that the S-wave effects may be neglected 
altogether. If the only term in the static theory inter- 
action Hamiltonian is of the form ¢’, then it is possible 
to solve exactly the Heisenberg equations of motion for 
the meson field variables.” The scattering is reduced in 
this case from its value in Born approximation (BA) 
by approximately a factor of one hundred. The BA 
does not take into account properly the diminution of 
the wave function near the origin due to the repulsive 
potential simulated by the ¢? term. Since we shall use 
low-order perturbation theory to determine the scat- 
tering of two nucleons, we must regard the coefficients 
of all the terms in the reduced Hamiltonian as subject 
to effective renormalization by higher-order interac- 
tions. We cannot calculate the relative renormalization 


*W. A. Barker, Phys. Rev. 89, 446 (1953). 

*J. M. Berger, L. L. Foldy, and R. K. Osborn, Phys. Rev. 87, 
1061 (1952). 

” G. Wentzel, Phys. Rev. 80, 802 (1952). 

" A. Klein, Phys. Rev. 95, 1061 (1954). 

2S. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1953). 
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of the various terms of H, but we shall adjust their 
coefficients so that they agree with the experimental 
a—N scattering. Thus the coefficients of the terms in 
H are regarded as experimentally measured quantities. 
Meson-meson scattering would also contribute to the 
nucleon force and possibly to the L-S term (if it were 
strong enough). We omit entirely any such term in the 
Hamiltonian. The importance of the FW transformation 
is that it allows us to start with the nonrelativistic 
(PS) (PS) theory and modify it in what we consider a 
reasonable way to fit experiment. Suppression of pair 
terms in the ys covariant theory is more difficult.” 

We have investigated the question of how much this 
procedure changes by dropping of the ys theory. We 
suppress pair terms completely by dropping g*¢?/2M 
from the reduced Hamiltonian‘ and then compute the 
second and fourth order, energy shell, scattering matrix 
element for two nucleons. We then expand the answer 
in powers of u/M and retain the terms of relative order 
one (velocity independent) and u/M (velocity de- 
pendent). We then compute, within the framework of 
the relativistic ys theory, that part of the same matrix 
element which is proportional to ;- tz. The relativistic 
matrix element was integrated over the fourth compo- 
nent of the virtual meson momentum, and expanded 
to the appropriate order in u/M. The coefficient of 
2:*%2 in both cases was the same. Since the ¢? inter- 
action cannot lead to terms proportional to ,- 2, this 
comparison indicates that, except for the explicit 
suppression of pair terms, the nonrelativistic approach 
is the same as the ys theory. We therefore write in 
place of (4) 


H'=M+p/2M+2Ma( f/u)? + (f/ue-V¢ 
+(f/u)*2-@Xb+8(f/u)(1/4M) (Le: p, 0¢/dt}, 
+ (€/2M)(f/u)?? 
— (6/8M"*)| (oc: p—ig¢)(e- p+ig¢) P, (5) 


where a, 8, y, 4, € are empirical damping factors to be 
determined and we have used (f/u)=g/2M, the static 
constant, f?/4r=0.10. 


™M. Gell-Mann had suggested the following way of treating 
the relativistic y, theory. The nucleon field operator satisfies the 
equation (i@—M—gy:¢=0. If we multiply on the left by 
(40+ M —gys¢), we arrive at a second-order equation; 

(t ye ~M £YeV0On@ - oe W =(). 

It would seem that a possible method of getting rid of S-wave 
pions in the pseudoscalar theory would be to throw out the ¢ 
term in this “squared” theory. The resulting “truncated” theory 
which is still relativistic may then be used to calculate an L- 
potential. The truncated theory is quite similar to the (PS) (PV) 
theory. That is, the meson coupling at each vertex is y& where 
k is the four-momentum of the meson in question. On the other 
hand, the nucleon propagators are 1/(()*— M*). Thus, the theory 
is not as divergent in higher orders as the (PS) (PV) theory. 
We have calculated these potentials. The results are not the same 
as the L-S potential arrived at from the Foldy transformation, 
although quite similar in character. However, this truncated 
theory is not satisfactory since, for various processes, the resulting 
S matrix seems to be nonunitary. Also, the identification of the 
BW “ladder piece” (see Sec. III) is not clear in a relativistic 
expression. 





646 K. IDDINGS 
model calculations taking into 
rescattering effects seem to 
indicate that one should take a 0.7,'* if 
one is to fit the S-wave pion-nucleon scattering data. 


Theoretical static 


account S-wave meson 


0.02 and y 


Owing to the uncertainty of these estimates we will, in 
the final numerical compilation of the potential, take a 
equal to zero and 8 equal to 1. The term proportional 
to B has, as we show in footnote 17, a certain flexibility 
to it. We may change the coefficient of the term and at 
the same time add new terms to the last term of (5). 
Since there is apparently no reason for choosing 8 very 
for the equivalent 
Since the terms with 


small or large, we choose, 
Hamiltonian (5), to take B=1. 
coefficients « and 6 do not give any significant contri- 


butions unless « and 6 are much larger than 1, we shall 


very 


neglect them.'® 
In computing all diagrams we use the value f?/44 
0.10, the value of the renormalized coupling constant 
In addition, we should include 
rescattering effects for P-wave mesons, just as the Low 


used by Gartenhaus 


equation does. We shall neglect all rescatterings except 
insofar as they are included in the renormalized coupling 
constant. It is therefore to be expected that there will 
be a rescattering correction to our results. BW have 
investigated this P-wave rescattering for the static 
potential and find that its effects are small. A more 
sophisticated treatment of the nuclear force problem, 
perhaps from the point of view of dispersion theory, 
would of course include it 


Ill. THE POTENTIALS 


We now write the second- and fourth-order potentials 


as 


V = (f?/4e)[A®+ (u/M)B + (f*/4r)A 
fAM4 u/M BY + (py M)FL-S}, (6) 


5 


[ f* (4) 


where A, B, and F are functions of the relative distance 
between the two nucleons and where we have antici- 
pated the result that the largest spin-orbit term is 
fourth order in f and first order in u/M. The term B& 
will be neglected since it is a correction to the static 
potential of order (/?/43)u/M. We feel that there are 
enough uncertainties in the static potential itself to 
u/M, we 
in the final result. However, 


justify the neglect of this term. Since [?/44 
would expect to include B 
due to the symmetry properties of the diagrams, B® 
is equivalent to zero. In the same way, we keep only 
Marshak and 


Okubo have shown that the only form such a potential, 


the largest velocity-dependent piece, F. 


linear in the nucleon velocities and not vanishing for 
real free-particle scattering, can have is L-S. The term 


“4S. D. Drell, M. H. Friedmar 
Rev. 104, 236 (1956 

46 A. Klein has included the term 6~M/y in an attempt to 
include the effective rescattering from the (},}) resonance. We 
ignore this. We also do not complete our Hamiltonian so as to 
make it a relativistic covariant that all the 
empirical corrections made to the FW result reflect only the 
failure of perturbation theory to treat correctly the +; theory 


and F. Zachariasen, Phys 


because we feel 


AND 


p+q 


First and 


ond BA for two 


- 
| 


potential scat 


p -p 


] 
| 


A, on the other hand, depends on the nucleon velocities, 
as well as their position. It is the 
to the 
careful explanation. 

In order to define a potential, we 
formal relation 


term which gives rise 


controversial “ladder term and requires 


begin with the 


¥i+=¢,4+1/(/ 


where V in field theory is an integral over space, 


second-quantized operators, and for the case of non- 


relativistic potential scattering, it is the potential we 
wish to define. The potential is defined so that it 
duplicates the S matrix to any given order for real 
free-particle scattering. The potential is expanded as a 


power series in the coupling constant 
V=V+1 


R, R +R 


Then to fourth order, 


Rj; ; 


This means that the two diagrams for potential 
scattering (first and second BA), Fig. (1), must 
with the fourth-order R matrix from field theory 
Equation (13) obtain the lled 
“fourth-order” potential. 

As is indicated by 
potential must be subtracted out 
matrix in defining V™. In 
and includes in V 
depend on the nucleon velocit 
the energy shell [ these ire desi 
then the iteration of these terms 
from the fourth-order potential. The 
pendence of A is just such as to cancel the usual pole 
present as E,— £, in Eq. (13) and yield a nonsingular 
function. These terms are the 


agree 


enables us to so-Ca 
s of the second-order 
of the f yurth order R 


addition, if one 


13), iteratior 


calculates 


certain nonstati pieces which 
h vanish on 
f2A in (6) ] 


be subtracted 


ies and whi 
gnated by 
must 
momentum de- 


so-called ladder terms 
mentioned previously. BW have already noticed that 
if these terms are grouped with the fourth order, then 
the resulting static potential gives an unb« 

and, in general, disagrees 
other hand, they show that if 


yvund deuteron 
experiment. On the 
he term A is kept in 


with 
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hic. 2. Nonrelativistic sec 
ond-order nucleon force dia 
grams. Arrows point in the 
direction of increasing time 


second order, then for wave functions of the potential 
V—(f?/4r)A with a phenomenological hard core, the 
addition of the term A shifts things so slightly that it 
may be neglected. Their conclusion is that the retention 
of this term in the fourth-order static potential seriously 
overestimates it, since its origin in the fourth-order 
potential may be traced to the predominance of high- 
momentum components in the wave function for the 
two nucleons. These high-momentum components are 
in turn a consequence of the singularity in V static” 
which in coordinate space has a singularity like 1/r’. 
The term A is omitted from the Gartenhaus potential. 
The same situation prevails with the L-S pieces. The 
iteration of A leads to a fourth-order L-S term. To be 
consistent with the results of BW we shall drop this 
L-S term from the fourth-order potential and neglect 
the effect of A on the scattering, since it vanishes on 
the energy shell and is presumably a small correction 
for a wave function satisfying the Schrédinger equation'® 
for V—(f*/4r)A. 

Within the context of the static model the BW 
argument is quite explicit. However, when one considers 
the possible forms the Hamiltonian (5) can take under 
the unitary transformation discussed in footnote 17, we 
must be a little more careful. Some of the new terms 
of order 1/M#* which are generated in such a transfor- 
mation contribute to the L-§S potential, as they must. 
However, the two “different”? methods of computing 
the potential do not yield the same results unless all 
the diagrams of required order generated by these 
pieces are included. There are, in fact, a number of 
diagrams which are formally ladder diagrams and where 
the momentum dependence of the second-order pieces 
are just such as to cancel the pole in an intermediate 
state consisting of only two nucleons. These diagrams 
must be included, otherwise a unitary transformation’ 
will cause changes in the actual potential. 


16 At energies of about 150 Mev, the neglect of A should be 
reinvestigated. Previous results hold only for the deuteron 

‘It is interesting to point out that the fourth and seventh 
terms of Eq. (4) give an effective vertex @- (Vmeson— 4V¥nucieon) 
The reduced theory must be Galilean invariant. As a result one 
might expect a term of the form @ (Vmeson — Vaucleon) tO appear 
at the vertex. This is indeed the term appearing at the vertex of 
the reduced (PS) (PV) theory. Although the argument that the 
term @ must appear has been used previously, 
the statement is incorrect. It is possible to show that the coefficient 
of o-Pnucieon May be any number at all relative to the coefficient 
7: Vmeson and still lead to the same physical result 

Suppose one takes the reduced Hamiltonian (4) and performs a 
second unitary transformation of the form e'’ where S=p(¢ 
8M*)[@-p, ¢],; p is an arbitrary numerical factor. Such a trans 
formation changes the coefficient of the seventh term in (4) so 
that it now becomes (¢/8M*)(1+ ,). However, it is essential to 


Vimeson — Vanucleon 


POTENTIAL 
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+ REFLECTED DIAGRAMS 


Fic. 3. “Single-action” fourth-order nonrelativistic nuclear force 
diagram. All vertices may contain a @-9 or a [@-p, (a¢d ot) ), 
interaction. 


A ‘ 
P 1 
= 


Fic. 4. “Double-action”’ 
fourth-order nonrelativistic 
nuclear force diagrams. All 
vertices may contain ¢ or 
a *: $X@ interaction 
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+ REFLECTED NIAGRAMS 


We apply the BW argument then only to diagrams 
where the pole-cancelling pieces come from recoil correc- 
tion to propagators 

We now evaluate the potential V of Eq. (6). For the 
sake of clarity we rename the second- and fourth-order 
pieces of the potentials. The subscripts indicate where 
the separate pieces come from. By BW we indicate the 
pieces already written down by Brueckner and Watson, 
and by Galilean we mean the piece generated by the 
term proportional to 8 in the Hamiltonian (5). The 
diagrams representing these potentials are given in 
Figs. 2, 3, and 4. The analytic form of these potentials 


note that such a transformation introduces new terms of order 
1/M? into the reduced Hamiltonian. We have demonstrated by 
explicit calculation that to the required order in g and (u/M) 
the ambiguity arising from the unitary transformation S=p(¢* 
8M*)(@-p, @), is not reflected in the potential. That is to say, 
the potential is independent of the adjustment of 8 by means of 
this unitary transformation : 
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are correspondingly 


(f?/4r)AM=V™ (BW), 14) 


V®(BW (2,° 22)[ (f/m)? (2n)*) f (8) (o1-k) (on Ke t/ uy? 15) 


(py| (f2/4e)A| pi) = (41° 22) f/m)? (2m)*) fk (8) (ork) (rk 
<[(pPe— p2)/2Mu* [1/(w+ (pZ—p2)/2M) Je", (16) 
(f?/4e)AM= VO (BW) +V(g)+V (2), (17) 


v(BW)=—[(f/p)! (nyt) f Phare’ (Ret Wei 


« [{3(k’-k)?+-2(2)- 22) (ork Xk) (on kK KY} / (o*w” 
+ {2(2,- e2) (k’-k)?+3(0,-k’ Xk) (o2-k’ Xk)} /(e*w’ (wt+w’))], (18) 
V(b) = — (21-22) (f/u)*/ (20) |f eeare ayer) kek’) 
[27 (ke « he) — y%ers’} / oon’ (w+w"))+ (41> 22)7*/w"], (19 
V“ (¢?) [(f/u)* (2n)*] f areare’ (A) (Re aoe ee 
* [12Ma(k’ - kt) /*w’?+ 24M 202 /(ww' (w+w’))], (20) 


(u/M)(f?/4r)P?FL-S= V1.57+ Vi.98°+ Vi.s(6)+ Vis (¢), 21) 


Vi.s™= (f/m) (3+241- 22)8/((24)*M) | f areare’ «2(b)o*(W' kth’) t 


<[{i(o1+e2)- (px k’) (k-k’)/ (ww) +i(e;4+ 2): (k’ Xk) (p-k’)/ (ww 22) 
V1.8" (3—2,- 22) (f/u)* ((2n)"2M)] f aPeare’ (Be Bee) 
X [i(o1+ 2): (k’ Kk) (p-k) (k’-k) / (ww 23) 
Vii.s(b) = (241° 2) (f/m) *y ((2nyeay] f aarw v?(k)v?(k’ )et(etk © 
[i (oi +2): (k’ Xk) (pk) / (oo 8/2)i(a,+ 2) - (kX p)/w (24) 
Vi.s(e)=C(f/n)* dn] f Paae ere e+”) 10 Gert (1+) - (k’ Xk) (p-k 
X (w*+w"?+ ww") /(w*w"® (w+w")) — bai (01+ @2) (kX p) /(ww’ (w+w’)) 25 


The iteration of A [see Fig. 3, diagrams (E) and (F) ] leads to 
Vira=(f/p) (3—2,- 22)/(2r)*] | d*kd*h’ v2 (k)v? (Rk e**+®? TL (@,-k) (@2-k) (0; -k’) (o2- kk’) /w*w’ 26) 
) L 
The iteration of A [see Fig. 3, diagran (E) and (F)] leads to an L-S piece of the form: 


Vir-s= (f/m) (3 —21- 22)/((29)*(2M ferow e@eayneer . 
X[i(o1+2)- (k’ Xk) (p-k) (2w’+w)/wtw?). (27) 








TWO 


The coefficients a, 8, and y have been included to show 
the origin of all terms. Their numerical values are 
summarized as a~0.01, 8=1, y~=1. Superscript x or 0 
indicates ‘“‘crossed’”’ or “‘uncrossed” diagrams respec- 
tively (c.f. figure 3). 

It is to be pointed out that some of the additional 
terms in the Hamiltonian contribute to the static 
potential as well as to the L-§ potential. With the 
present choice of a@ all terms involving it could just as 
well be set equal to zero. We have included these terms 
for completeness only. In all numerical computations 
we will consider a=0. There remain, however, two 
terms arising from the (*-@xXq@) term in the Hamil- 
tonian which do contribute significantly to the fourth- 
order static potential. These terms combine to give a 
potential which is attractive in the isotopic singlet 
states and repulsive in the isotopic triplet states. Both 
the static piece and the L-S piece coming from the 
«-¢X¢ interaction have a delta-function singularity in 
the relative coordinate for the case v?(k)=1. Owing to 
their extremely singular behavior we shall omit (for the 
case of unity cutoff, and also for the case of a smooth 
momentum space cutoff) the 6-function parts. These 
6-function pieces are peculiar for a number of reasons. 
For the case of no cutoff in momentum space it is 
certainly legitimate to neglect these terms since they 


NUCLEON L-S 


POTENTIAL 649 
contribute to the potential only at one point and 
would, presumably, be lumped in with a phenomeno- 
logical hard core. When a smooth momentum space 
cutoff is used, this is not the case. These terms are then 
spread out and contribute to the potential. Two things 
should be noted about these terms. First, the size of 
the potentials generated by the 6-function pieces is 
extremely sensitive to the maximum momentum 
allowed. By increasing this cutoff slightly above the 
value we shall set it at later on, we can make this term 
have no effect in the region of interest. However, it is 
also true that by decreasing the value of the cutoff 
slightly these terms become very important. Thus, 
there is a serious question here. Second, we believe that 
they should be omitted because they do not appear in 
the relativistic ys form of the theory. We suspect that 
these terms reflect the inadequacies of the Foldy 
transformation in treating precisely the very singular 
parts of the interaction energy of two nucleons, although 
we cannot prove this. 

For the case v?(k)=1 the evaluation of the integrals 
(14)—(24) is straightforward. We include in the follow- 
ing tabulation only those integrals which are not ex- 
plicitly evaluated in BW. The delta-function pieces 
mentioned previously are dropped. 


V(b) = (f2/4r)2 wer: e2(y/wx*)[ (10+) K 1(2") +-82°K 1 (2x) — 2(20+4 27) Ki’ (22) J, (28) 
V™ (¢?) = 12Ma( f?/49)*e~** (x +-1)?/a4*— 48 Ma? (M /p) ( f?/4ar)?K 1 (2)/ (w2*), (29) 
Vi.s?= —uB(3+24,- 2) (u/M)(f?/4e)2e*[ (x +1) (22+-24+-1)/a*]L-S, (30) 
Vu.8(b) = —p (er: ee) (u/M) (f2/40)2e**[ (x +-1)?/x*JL-S, (31) 
Vv.s"=p(3—21- 22) (u/M)(f2/4)? (4/2) [ (eK (x) +2K 1(x))/2* PL-S, (32) 

V i.8(¢*) = — (24ap/x) ( f?/49)?(1—8/2){ [3K (2x) + 24K o(2x) |/x*} LS, (33) 
Virs=— Vi.8°— (3—21- 2) (u/M) ( f2/4r)%e*[ (x 4+- 1) (22+ 344+-3)/x*)L-S. (34) 


A prime on the K function indicates differentiation 
with respect to the entire argument. 

We regard a smooth momentum-space cutoff as a 
necessary, if unexplained, part of the theory and 
therefore a careful comparison with experiment requires 
a recalculation of the potential in configuration space. 
For this reason we have numerically calculated the 
form of the potential when such a cutoff is used. In 
analogy with the Chew theory,"* the results of using 
such a cutoff in & space should not depend strongly on 
the form of the cutoff used but may depend upon the 
maximum momentum allowed. A square cutoff, owing 
to its discontinuous nature, gives rise to oscillations in 
the potential. Gartenhaus used a cutoff of the form 


o(k) =exp(—k/kyf’), (35) 
with 
wa kaP+p*)'= 6p. 
18 G. F. Chew, Phys. Rev. 95, 285 (1954). 








We use the same cutoff function. Figures 5 and 6 are 
plots of the additional static pieces in the iso-singlet 
and iso-triplet states, respectively. Figures 7 and 8 are 
the corresponding plots for the L-§ pieces.” 

Before going to a comparison with the available 
experimental data, we stress again the extreme sim- 
plicity of this calculation. Our Hamiltonian was chosen 
on the basis of a nonrelativistic reduction of the 
(PS) (PS) theory. The S-wave interactions were then 
suppressed in the nonrelativistic theory and the po- 
tential calculated with this Hamiltonian as the starting 
point. Correspondingly V was chosen to duplicate the 
fourth-order S matrix (except for the “ladder terms’’), 
for real free nucleons. All higher order rescattering 
effects were neglected. A number of fourth-order 
velocity-dependent L-$S pieces of order f*u/M were not 
included since they vanished on the energy shell and 


“ We can supply upon request numerical values of the potential 
either tabulated or punched on IBM cards. 
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Fic. 5. Plot in the iso-singlet state (*,;-*2=—3) of the static 
potential coming from the @Xq@ term in the Hamiltonian, 
where x=yr. The dotted curve marked G is the Gartenhaus 
static potential in the spin-triplet, orbital even states (for example, 
the *S, state). If y=1 the resulting potential is the sum of these 
two curves. The curve marked GT is the corresponding phenome 
nological potential of Gammel and Thaler 

rhe sum of the two curves looks similar to the GT curves 
However, with the present choice of y it would appear that the 
potential would be attractive all the way, which is no doubt 
undesirable. If » were changed to some smaller value (in the 
neighborhood of 0.7) the curve might indeed give reasonable 
answers for the deuteron ground state 


. 


thus would not appear in our definition of the potential 
until order f®. 


IV. DISCUSSION AND COMPARISON 
WITH EXPERIMENT 


Nucleon scattering data up to 150 Mev give a 
reasonable indication of the type of L-S potential 
needed to fit the data. The data have been fitted quite 
well by SM. They have added to the Gartenhaus 
the spin-independent, 
phenomenological, potential : 


potential following isotopic 


V d as 
V .a(r) . 8, 
(r/ro) d(r/ro)t. (4/10) 
V i.sl? r<r, (36) 
where 
Vo=30 Mev, ro=1.07K10-"% cm, 7r.=1/M. 


The experimental data at these moderate energies 
indicate definitely that the potential for the triplet odd 
states should be attractive. The situation with respect 
to triplet even states is not conclusive. The addition of 
a spin-orbit the straight Gartenhaus 
potential immensely improves the agreement with 
experiment. The major reason for this improvement is 


potential to 


that the very large Gartenhaus *P») phase shift has been 
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brought down from 57.3° to 15.5°. This is due to the 
fact that the spin-orbit 
repulsive core in the *P» state which wipes out the 
effect of the otherwise deep attractive well in that state. 
SM find, on the other hand, that they could just as 
well have chosen zero for the potential in the triplet 


potential supplies a large 


even state. 

The theoretical isotopic triplet potential 
ment with SM, is attractive except at short distances 
where the cutoff adds a repulsive core 
L-S is nevertheless considerably smaller than the 
phenomenological potential of SM. However, it 
possible, by changing the coupling constant slightly 
(from 0.09 to 0.12) and increasing the maximum cutoff 
slightly, to improve the over-all agreement considerably. 
The question of agreement is not a simple one. In the 
first place, it is evident that the spin-orbit potential is 
not unique. Definite predictions can be made only on 
the basis of numerical solution of the coupled 
Schrédinger equations. Thus one potential may be as 
acceptable as another one which looks quite different. 
In support of this we point out that any L-S potential 
derived from meson theory will involve the exchange 
As a result it will always have 


in agree- 


The theoretical 


1S 


a 


of at least two mesons. 
the asymptotic form of an algebraic function times e~**", 
The original SM potential did not have this behavior. 
that 











However, recently Signell ef al.” have shown a 
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Fic. 6. Plot in the sotopic triplet state (%-? = 1) of the stati 


potential coming from the t-¢X@ ter! the Hamiltonian 
where x=yr. The dotted curve shown parison purposes 





is a plot of the Gartenhaus static potential in the spin triplet 
orbital odd states (for example, the *P) state). If 1 the resulting 
potential is the sum of these two rves. The fact that these two 
terms tend to cancel one another is an important feature since 
the *P, Gartenhaus phase shift is h t arg agree with 
experiment (see discussio! suit 

»P. S. Signell, R. Zinn, a R. E. Marshad, Phys. Rev 
Letters 1, 416 (1958 
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v the deuteron’s magnetic moment of approximately 
10}- 
Auti.s= — 0.056 nuclear magneton. 

- This is an undesirable shift since it precludes the 
possibility of matching the experimental results even if 
the probability for finding the deuteron in a D state 
were reduced to zero. On the other hand, our potential 

oth gives a positive shift which depends on the third power 
of the cutoff distance in coordinate space. Since the 
a shift is positive and of the order of 0.1 nuc lear magneton, 
it is possible to match the experimental value by 
increasing the amount of D state present or changing 

“TT the cutoff radius slightly. 
Another and more qualitative comparison with 
~20- experiment may be found in the shell-model theory of 
spin-orbit splitting in the nucleus. Calculations to date 
-25- in this area are very approximate since the nucleon 
wave functions are not well known. If we write the 

r potential as 
0.2 





Fic. 7. Plot of the coefficient of L-S in the iso-triplet state, 
where x=yr. The unlabeled dotted curve is a plot of “unity 
cutoff” [*(4)=1] and the solid curve for a Gaussian cutoff 
The ordinate is in Mev and {*/4x was chosen as 0.1. The curve 
labeled SM is a plot of the phenomenological Signell and Marshak 
L-S potential in the iso-triplet state. 


change in the range of their original potential to agree 
with the theoretica! range of 1/2y results in an improved 
agreement with the p-p scattering data. Secondly, 
there remains the question of how sensitive are the 
predictions at these energies to changes in the core of 
the static potential." The L-S potential in the 
isotopic singlet state is strongly repulsive in contrast 
with the results of SM. This is a definite prediction of 
the particular way in which we have chosen the pieces 
of the fourth-order potential. If the BW argument had 
been ignored, then the potential would have been 
attractive in both isotopic states. The fact that it is 
repulsive, at present, does not seem to be in obvious 
contradiction with the experimental results on two- 
nucleon scattering. 

It is well known that such a spin-orbit potential will 
change the magnetic moment of the deuteron,” since 
the velocity-dependent potential introduces an extra 
coupling with an external electromagnetic field. If we 
are considering the deuteron, the appropriate L-S 
potential is the isotopic singlet. The intrinsically 
negative potential proposed by SM causes a shift in 


" The pieces of the static potential arising from the fifth term in 
the Hamiltonian of Eq. (5), Figs. 5 and 6, present interesting possi 
bilities along these lines. In the iso-triplet state this repulsive poten 
tia] automatically cuts down on the #P, phase shift. Thus the L-S 
potential, for the purpose of cutting down on the *P», does not, 
a priori, have to o as big as the phenomenonological L-S po 
tential of SM. 

2S. Otsuki, Progr. Theoret. Phys. (Kyoto) 20, 171 (1958) 

1H. Feshbach, Phys. Rev. 107, 1626 (1957) 


Vi.s=CVilr)+Vol(r) 21-22 )L-S, 
both the V; and V, parts give first-order splittings for 
a single particle outside a closed shell, the V;(r) through 
a direct expectation value and an exchange term and 
the V(r) term through an exchange integral only, since 
it is evident that the closed shell has no net isotopic spin. 
We have made a rough comparison with experiment 
by calculating the P;—/P, splitting to be expected in 
He’. The energy difference is given by the formulas of 
Blanchard and Avery.* We choose harmonic oscillator 
wave functions for the nucleons, taking radial wave 














Fic. 8. Iso-singlet (¢:-42~ —3) L-S potentials, wherex=yr. 
Ordinate is in Mev. Dotted curve is analytic form, solid curve is 
for the Gaussian cutoff (see text) 


* C._H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951) 
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Fic. 9. Fine-structure splitting in He® (see Sec. IV of text 


functions 


f= (a/y/x)'(49)! exp(—a’r*/2), S-state nucleons ; 


g= (2a V3) (a 2\/m)*2ar exp(—a’r*/2) 


’ 


P-state nucleons. 


For the purpose of this crude estimate we approximate 
our two-nucleon spin-orbit potential by 


: le 
2i* Tole 


The resultant splitting is 


P,— Py=(Vi'+ V2! ]X0.75A, 

where V;’+V.2’/=20 Mev and A is a dimensionless 
function of the cutoff radius, r., and the size of the 
nucleus, a~'. A is plotted in Fig. 9. It is encouraging 
that agreement with observed value of the splitting 
(3.5 Mev) corresponds to the choice 1/a~1.2/u and 
r.=0.3, a result not incompatible with other shell- 
model calculations. The splitting is quite sensitive to 


the cutoff in r space and therefore no quantitative 


AND 
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results follow. The reason for this trouble is the rather 
sharp singularity of the approximate V,.s at the origin. 
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Note added in proof. The recent work’ of Sugawara 
and Okubo implies that there are no L-S pieces of the 
required order in the ys theory, wit! 


would 


Christy for a 


“pairs suppressed.” 
The only L- S pieces which arise come from the inclusion 
of additional pair terms in the 
terms. These results do not 


relativistic coupling 


contradict the results of 
this computation. Sugawara and Okubo “‘damp”’ pairs 
by neglecting all negative-energy diagrams. That is to 
say, they omit all intermediate states (in “old fash- 
ich contain an anti- 
matrix 


ioned”’ perturbation theory 


nucleon. Although it is true that the large 


li 
elements of order one between nucleon and antinucleon 


states should be damped, it is by no means clear that 
the v?/c? 


corrections to these vertices should be treated 
in the same way. Our point is that writing the matrix 
elements for these negative-energy diagrams as 
g’[ 1+0(v?/c*) ] and then retaining the c*) term will 
give an L-§ potential. If these pieces had been included 
by Sugawara and Okubo, their 
agreement with the analytic potential computed here, 
including, of course, the piece Vin g 
between the 
sources. First, we do not 


inswer would be in 


Che differences 


two approaches then arise from two 
suppress pair terms by 
suppressing all negative-energy states, but instead we 
Hamil- 
tonian (5). Second, we employ the BW argument (and 
what we think is a c extension of it 
Sugawara and Okubo do not use t! 


means that even the stati 


suppress S-wave terms in the nonrelativistic 


while 
This 


nsistent 
is argument. 
potentials will disagree. 
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The correction to the photon propagator due to the emission of a virtual pion pair is evaluated taking 
into account the effect of the strong pion-pion interaction in the J=1, T=1 state of the pions recently 
discussed by several authors. Results are given for different sets of parameters describing the pion form 
factor, and the possibility of investigating the structure of the form factor by means of electron-electron 


and electron-positron collision experiments is studied 


I. INTRODUCTION 


URING the past years some suggestions have 

been made of a resonant interaction of pions with 
pions.' In particular, a strong interaction in the J/=1, 
T=1 state of two pions was introduced by Holladay’ 
in studying the nucleon’s anomalous magnetic moments 
and the n-p mass difference in Sachs’ model of the 
nucleon. More recently Frazer and Fulco,’ following 
the approach of Chew and Mandelstam, and assuming 
a resonant interaction in this state of two pions, have 
derived an electromagnetic form factor for the pion. 
They were able to show that by appropriate choice of 
the position and width of the resonance they could 
resolve previous discrepancies between the experi- 
mental data and the dispersion-theoretical treatment 
of the isotopic vector parts of the nucleon form fac- 
tors.4> Subsequently this suggestion has been con- 
sidered in connection with some other strong-interaction 
6 In the present work we are primarily 
studying the effect of the FF pion form factor on certain 
purely electromagnetic processes’ in order to derive 


pre cesses. 


* Fullbright Research Scholar for 1959-60, on leave of absence 
from Northwestern University, Evanston, Illinois. 
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Rev. 100, 440 (1955); M. Cini and A. Eberle, Proceedings of 
International Conference on Mesons and Newly Discovered 
Particles, Padua-Venice, 1957 (to be published). 

?W. G. Holladay, Phys. Rev. 101, 1198 and 1202 (1956 

*W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
(1959); Phys. Rev. 117, 1609 (1960), hereafter referred to as FI 

*G. F. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958) 

*P. Federbush, M. L. Goldberger, and S. B 
Rev. 112, 642 (1958). 

*M. Gourdin and A. Martin, Nuovo cimento 16, 78 (1960). J 
Bowcock, W. N. Cottingham and D. Lurié, Nuovo cimento 16, 
918 (1960); F. Bonsignori and F. Selleri, Nuovo cimento 15, 465 
(1960): F. Cerulus, Nuovo cimento 14, 827 (1959). 

7L. M. Brown and F. Calogero, Phys. Rev. Letters 4, 315 

1960), hereafter referred to as BC. The expression for II(p*) 
contained in BC Eq. (8) is too large by a factor of 2, and as a 
result so also are the expressions derived from it [Eqs. (9), (12), 
and (13), as well as the corresponding Figs. 1 and 24 This error 
was kindly indicated to the authors by Prof. L. Michel. The same 
error appears also in older results on the spin-O vacuum polariza 
tion contained, e.g., in reference 13 below—and has been noted 
by A. I. Akhiezer and V. B. Berestetski in Quantum Electro 
dynamics (Second Edition, State Technico-Theoretical Literature 
Press, Moscow, 1959). 
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information about the form factor in a context in which 
we do not have to simultaneously interpret other strong- 
interaction effects. 

We may expect pions to play an important role in 
electromagnetic processes only at center-of-mass ener- 
gies of the order of the pion mass. Experiments at such 
energies, using clashing electron beams, are now being 
prepared at Stanford University.*® 

For styding the pion form factor the most obvious 
type of experiment is that which leads to the production 
of real pion pairs. In the case of electron-positron 
collisions, the annihilation into two pions is of the same 
order of magnitude as the large-angle Bhabha scat- 
tering.’ In fact it occurs already in the same order of 
perturbation theory as the scattering. In this lowest 
order of approximation the only possible two-pion 
final state is. the /=1, T=1 state; therefore the cross 
section is proportional to |F,|*, the absolute square of 
the J/=1, T7=1 form factor. (It must be borne in mind 
that “lowest order” statements are approximate owing 
to radiative corrections, which at these energies are 
important. However, if | F,|* is strongly peaked, as FF 
suggest, the J=1, T=1 state will be strongly favored 
near the energy of the peak.) In the case of electron- 
electron collisions, pion pair creation is also possible, 
but one may expect the cross section to be smaller by 
a factor a’. 

Another class of experiments which can give in- 
formation on the pion form factor involves the effects 
of virtual pion pairs. These are studied in detail in this 
work. 

In Sec. II we derive the general expression for the 
photon propagator in terms of a sum over all possible 
real intermediate following the method of 
Kiallén."”° The sum is then restricted to two-pion inter- 


States, 


.* Barber, Richter, Panofsky, O'Neill, and Gittelman, High-En- 
ergy Physics Laboratory, Stanford University Report HEPL-170, 
June, 1959 (unpublished); W. K. Panofsky, Proceedings of the 
Ninth Annual Internationa! Conference on High-Energy Nuclear 
Physics, Rochester, 1959 (unpublished); G. K. O'Neill and E. J. 
Woods, Phys. Rev. 115, 659 (1959) 

*N. Cabibbo and R. Gatto, Phys. Rev. Letters 4, 313 (1960). 

”G. Kallén, in Handbuch der Physik, edited by S. FI 
Springer-Verlag, Berlin, 1958), Vol. 5, Part 1; see especially 
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mediate states, and the correction to the photon 
propagator due to the virtual emission of a noninter- 
III the FF pion 


form factor is inserted, obtaining the correction due to 


acting pair of pions is obtained. In Sec. 


a virtual pair of strongly interacting pions. In Sec. IV 
this result 
electron and electron-positron collisions. The influence 


is used to obtain corrections for electron- 


of ordinary radiative corrections is also discussed. 

The results turn out to be small (less than 1%); 
however, they should be considered in the analysis of 
experiments designed to look for a failure of quantum 
electrodynamics. Also, 
conditions the corrections have a characteristic energy 
dependence, similar to the derivative of the pion form 
factor, and could be used to determine precisely the 
position of the peak as well as to distinguish them from 


under certain experimental 


the other radiative corrections of higher order in a 
which been calculated but which can 
reasonably be expected to be monotonic at high energy 


have not yet 


Il. GENERAL EXPRESSION FOR THE 
PHOTON PROPAGATOR 


In this section we write as a sum over real inter- 
mediate states the propagation function of the photon 


D,»* (x), whose definition is 
Dy?’ (x—x’)=1i(0| PA, (x’)A,(x) |0). (1) 


this function can be 
as the sum of the free-field propagator and 


Fourier transform of 


10,11 


The 
written 
an explicitly gauge-invariant correction : 

bu» Pb ue — PuP 
t 
p—te p* 


11 (0) — fl (p*) —ixll(p*) 
p’—te 


x (2) 


In this expression II(p*) is a sum over all physical 
states |) having total energy-momentum p= p: 


3p) & ©} 7,(0)|2)(z! 7,(0)|0), (3) 


. a 
f f 


II (p*) 


where j,(x) is the current operator and V is the nor- 


malization volume. [1(p*) is also a real quantity, given 


by 
* II(—a) 
f(p pf da. (4) 
“9 p’+a 


One may note that the result actually depends on the 


renormalized quantity 


Il(—a) 


f(0)— f(p*) ref da, 
J 5 a(p’ +-q) 
Sec. 43. We use the notation, and in particular the metric, of 
Kallén; p? = — pe+p*; &/4e=1/137 
"G. Kallén, CERN Report 57-43, 1957 (unpublished 


AND 


F. CALOGERO 


which is convergent even if II(—a) remains finite for 
large a. 

Equation (2) for the propagator, with the definitions 
which follow it, is exact. While this important formula 
appears in the literature," we 
find a derivation. We have 
provide one in the Appendix. 

Specializing to the contribution to (2 
particle states |&,k.), we can write 


have not been able to 


thought it worth while to 


from two- 


y 
kiks)(Rik2| 7,(0)10), (6) 


Il(p?)=— 0! 7,(0 


treated in 


coupling, 


and, in particular,‘ for two-pion states 

lowest order in the electromagnetic 
ieV 

(O} 7,°(O) | ki jkot) = (ki— ks), 
(4w Ww)! 


x (8)1542 


Here w, we are the energies of the pions and i, j are 
isotopic spin indices. F,(p*) is the pion form factor 
which we shall discuss in the next section. From the 
form of Eq. (7) it is clear that only the T=1, J=1 
state of two pions is produced.” 

Letting the normalization volume in (6) go to 


, « 


infinity, we replace the restricted sum by an integral 
over a 6 function, and substituting (7), we get 


2 1 +K, kK 
f Kur. 


WiWe 


«5(K,+K 


2 f KdK 
/Ki p K 


( 4 } 
1+ )e 
Pr 


Ala for 
) for 


where 


and the momenta are measured in units of the pion 
mass. 

We must evaluate also the real part of the correction 
1 (0) — M(p*) and this involves an 
depends on the detailed form of 
section we 


F,|?=1, 


integral which 
F,(p*)\*. In this 
taking 


neglect the pion | ion interaction. 


and obtain the well-known results 


Il (Pp \a 
(0) — (p 


129)2*6 , ; (11 
(12) 


also less form: The two-pion state is 

J=1. But then the 
isotopic spin state 7=1 
1949 


2 This may be seer 
connected to one photon, hence, it must have 
Pauli principle selects the antisymmetri 

3 R. P. Feynman, Phys. Rev. 76, 769 
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with <= 1+4/p’, and 
f(s) =$4+22+2! In[(s!—1)/(s!+-1) J. 


For real positive z, the absolute value of the argument 
of the logarithm must be taken in f(s). For negative z, 
one must replace z! In[(st'—1)/(z#+1)] by —2y arc 
coty, with y=(—z)'. For complex values of z (rele- 
vant in the next section), f(s) is defined in a plane 
cut along the negative real axis. 

It is interesting to compare Eqs. (11) and (12) with 
the corresponding quantities calculated for a pair of 
spin-} particles having the same mass. This comparison 
is displayed in Figs. 1(a) and 1(b). In particular, the 
dispersive part [Fig. 1(b) ], which is the part entering 
in the lowest order radiative corrections, very 
different for the two cases. While both show peaked 
behavior near the pair threshold, in contrast to the 
spin one-half result the spin zero peak is about one- 
tenth as high and has a discontinuity only in the second 
derivative. This is due to the difference in the two cases 
of the threshold behavior of the absorptive part II(p*), 
arising from the fact that while the boson pair must be 
produced in a P state, the fermion pair may be produced 
also in an S§ state. 


(13) 


1s 
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Fic. 1. (a) The imaginary part and (b) the real part of the 
correction to the photon propagator due to the emission of a 
noninteracting virtual pair. p is measured in units of the mass of 
one of the virtual particles. The spin-O graph is amplified by a 
factor of 2 
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Taste I. Parameters of Eq. (14) corresponding to the curves 
of FF, and constants y and 4 of Eq. (18). 


SY 6 
0.082 
0.106 
0.101 


0.0185 
0.047 
0.014 


Ill. CORRECTION TO THE PHOTON PROPAGATOR 
INCLUDING PION-PION INTERACTION 


The electromagnetic pion form factor proposed by 
FF has a rather complicated analytic form. We have 
found, however, that it can be well approximated by a 
simple resonance curve, which is very convenient in 
performing the integration necessary for obtaining the 
real part of the correction to the: photon propagator. 

We introduce the function 


F,'(p*)\*= AL(P+C)P+ BP, 


adjusting the three real parameters A, B, C to fit the 
curves given by FF. This can be done quite satis- 
factorily over the entire resonance region (which 
occurs for p? <0), and in particular we satisfy exactly 
the condition 


(14) 


F,'(0)\?=1. (15) 


2C is the point beyond the 


For p’<po, where p= 
resonance for which 


F,'(pé)|?=1, (16) 


the agreement is less satisfactory, Eq. (14) falling 
below the FF curve. However, p:? has a value such that 
for ~*<p¢ the contribution to the form factor from 
states containing four or more pions might be of 
importance, so that even the FF curve becomes un- 
reliable. In this region we have chosen to put the form 
factor equal to unity, obtaining thus the contribution 
of a noninteracting pion pair for this part of the integral. 
That is, we choose 


F,(p*) |?= | Fe’ (p?)|?, 
1, 


0O> p> pir 
pi> pf’. (17) 


While we believe this choice of asymptotic behavior to 
be the most reasonable one in the absence of other 
knowledge, the convergence of the integral Eq. (5) is 
such that the contribution from the region a>— p¢ is 
only of the order of a few percent for any reasonable p’. 

FF have given, in fact, three curves corresponding 
to three different sets of resonance parameters, all of 
which lead to agreement with the experimental data 
on the nucleon form factors. Our fits for these curves 
are given in Table I. Inserting Eqs. (17) and (10) into 
Eq. (5), the integration can be performed analytically 
and yields the final result, 


11 (0) — 11 (p*) = (a/ 124) { (1— | Fe’ (p*) |*)208 f(¢/20) 


— f(z) +p | Fe’ (p*)\"L—v+6(C+p*)/B]). (18) 
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y 4 lon 
Fic. 2. The real part of the correction to the photon propagator 
due to the emission of a virtual pair of interacting pions. The 
curves refer to different sets of parameters describing the pion 
form factor. p is measured in units of the pion mass. The ‘6” in 
parenthesis at the side of the graph should be a “12.” 


The function f(z) is (13) and 


to= 1+4/ pi’. 


The constants y and 6 are defined by 


given 


by Eq. 


with 


their numerical values are given in Table I. We have 
plotted Eq. (18) for the three curves of FF in Fig. 2. 
One notices that in the region around the peak of the 
form factor, the real part of the correction to the photon 
propagator re sembles the derivative of the resonance 
curve. This may easily be seen to be a property of the 
Hilbert transform [ Eq. (4) | of a peaked function. This 

in the experimental deter- 
mination of the resonance parameters 


behavior may be useful 


IV. APPLICATION TO ELECTRON-ELECTRON 
COLLISIONS 


The correction to the photon propagator which we 
have calculated above may be applied immediately to 
a number of problems of current interest,“ of which 
the most important are probably high-energy electron- 
electron and electron-positron collision cross sections. 
M@ller or Bhabha 
scattering, we note that only the real part of the cor- 
rection to the 
the scattering matrix 
elements. We obtain for the fractional correction 


Considering the lowest order 


photon propagator enters because of 


re ality of the order 


lowest 


28(M.+M.)(C:2®M,+C."M, 
K , (20) 
S(M,\+M 
“The corrected photon | given in BC has been 
applied by L. Michel and ¢ Bouchiat to obtain a contribution 
to the magnetic moment of the muon. We wish to thank Professor 
Michel for informing us of this result 
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where M, and M, give the contribution of the two 
lowest-order diagrams, characterized by the momentum 
transfers p, and p», and the symbol S represents a sum 
over final and an average over initial spins. The cor- 


rection factors C; are defined through 
C,=C(p2) = 1(0)—N(p 
CF+iC;. 


imll(p? 
(21) 


Of the two lowest-order diagrams for Mller scat- 
tering, each describes the exchange of a virtual photon 
having a momentum which is spacelike, 
outside of the more interesting region 


and therefore 
rhe correction 
in this case turns out to be slowly varying and smaller 
than in the electron-positron case 

Of the Bhabha diagrams, one contains a spacelike 
photon and the other a timelike photon for which — p* 
is equal to the square of the total center-of-mass energy. 
The contribution of the second diagram is effective at 
backward c.m. angles, transferring to the cross section 
the peculiar energy dependence of the real part of the 
photon propagator exhibited by Fig. 2 

Explicit formulas for K as a function of angle and 
energy for Mgller and Bhabha scattering are given in 
BC together with illustrative curves for one resonance 
[parameter set (b)]. For other resonance 


parameters 
and other experimental condit 


numerical result 


given in BC and 


are easily obtained from the formulas 

from Fig. 2 of this article 
We may remark that in 

and positron into a pair of particle 

the diagram containing the 

in lowest order, so that 

section for this process i 


he annihilation of electron 
ot photons , only 
is present 


CTOSS 


1+A 


where — pf’ is the square of the total c.m 


We come now to a consideration of the 


energy. 
influence of 
In general 
d not only must they 
comparison but also 
their interference with pion-pion interaction effects is 
relevant. However, these corrections, 


other radiative corrections on our results 
these are large at high energies, a1 


be included in any experiment 


whi h have been 


evaluated in several articles,’® appear to depend 
critically on the way the experiment is performed, as 
has been recently emphasized 

It is well known, in fact, that 
ceivable detection apparatus has a finite momentum 


resolution, it cannot distinguish e!| 


because any con- 


astic scattering from 
considers 


certain bremsstrahlung processes hen one 
therefe re, 


radiative corrections to the scattering it is. 


1G. R. Lomanitz, Corne ersity ctoral dissertation 
1950 (unpublished); M. L tedhez roc. Roy. Soc. (London 
A220, 219 (1953); A. I : ‘olovin, Proc. Acad 
Sci. U.S.S.R. 90, 55 -olovir Exptl. Theoret 
Phys. (U.S.S.R.) 31, 4 956) (translation: Soviet Phys 
JETP 4, 385 (1957 | aN é Nuovo cimento 
45, 817 (1960). We wish to thank Furlan arid Dr. Peressutti 
for helpful communicatior ivance of publication 

16 Yung Su Tsai, Nuovo 1960 
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necessary to take this finite momentum resolution 
explicitly into account, thereby eliminating the infra- 
red divergences of the separate results. This is done by 
adding to the elastic cross section the bremsstrahlung 
cross section integrated over the photon momentum k 
up to a value |k| =k.ax, which depends on the energy 
resolution, as well as the angular resolution, of the 
electron counters. The assumption of very good energy 
resolution and isotropic Rmx leads to the.inclusion of 
only the soft-photon part of the associated brems- 
strahlung processes and to large radiative corrections 
at large energies. For example, assuming Rmx of the 
order of the electron mass, the radiative corrections at 
a total c.m. energy of 500 Mev are of the order of 70% 
at a c.m. angle of 90°. 

However, Tsai has remarked'® that in practice the 
aforesaid conditions assumed for k,,.x cannot be satis- 
fied in most high-energy experiments. He has made a 
calculation of the radiative corrections in the high- 
energy limit assuming that the electron detectors have 
no energy resolution, an assumption which corresponds 
to the conditions of the experiment now in progress at 
Stanford. He was therefore required to include, besides 
the soft photons, the part of the hard-bremsstrahlung 
spectrum which is accompanied by both electrons 
entering the counters’ angular apertures. It turns out 
that in this type of experiment the radiative corrections 
are much reduced. For example, at 90°, for a total 
energy of 1000 Mev and with an angular resolution of 
7°, all measured in the c.m. system, the correction 
to the section is 9.5%. If, as seems likely, 
this cancellation between the radiative correction and 
the relevant part of the hard-bremsstrahlung cross 
section occurs also for the higher order corrections, we 
can consider the theoretical cross section to be suffi- 
ciently well known for the detection of the effect of 
pion-pion interaction, and we can neglect the inter- 
ference of the latter with the ordinary radiative 
corrections.’™ 

Finally, we discuss the interference of the lowest 
order radiative corrections with the pion vacuum 
polarization corrections. As we have stated above, these 
considerations are relevant to good-resolution experi- 
ments, in which case also ordinary higher corrections 
should be considered. We now define as the fractional 
correction 


cross 


2 ReSM*N 


-— (23) 
$| M2 


where M+N is the matrix element for the scattering, 
N being the pion correction. As before, S represents a 
sum over final and an average over initial spins. 

1% Note added in proof.—In considering the interference terms 
one must bear in mind that when hard bremsstrahlung occurs, it 
diminishes the energy of the intermediate photon leading to a 
smearing of the pion correction and a weakening of the cancellation 
between bremsstrahlung and radiative corrections. An inter 
mediate energy resolution, i.e., much larger than the electron 


E 
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We write 


M=M,+M,+M', (24) 


where M’ is the matrix element of the radiative cor- 
rection including the appropriate bremsstrahlung 
contribution. 


We have 


ReSM*N = S{(M,+ M2)(Ci:"M,+C2"M2) 
+ (ReM’)(C\®9M,+C."M;) 


— (ImM")(C\'M,+C,'M))). (25) 


For Bhabha scattering, where p; is spacelike while 
ps is timelike, C\’=0 but C,’ is large. Furthermore, 
C,” and C,;* are generally very different. For these 
reasons a careful evaluation of Eq. (24) using the 
high-energy limits of the real and imaginary parts of 
M’ would be required." 

For Mller scattering, instead, where p,; and p, are 
both spacelike, C;’=C,'=0 and C,* and C,* do not 
differ greatly, being in fact equal for 90° scattering 
where the effect is maximum [see Fig. 1(a) in BC]. We 
may write 

} “s 


(K+Cf) (+f), (26) 


where C is the average value of C," and C,*, 


_ §(ReM’)(C,\2M,+C2®M2) 
C= (27) 


S(ReM’)(M,+M;) 


while f is the fractional ordinary radiative correction 


2S8(ReM’)(M,+M,) 
S(M,+M.)? 
C 


(28) 


At 90° we have C; 


K ’ 


Cr 
K(i+af(+f>, 


which for f= —0.70, say, gives K’=2.17K. 
We may expect similar results at other angles. 


4K, and therefore 


(29) 
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mass but not completely absent, appears therefore as the most 
convenient 

17 While the leading term in the high-energy limit of the real 
part of the radiative corrections of order a is generally of the form 
(Inx? where « is one of the invariants on which the cross section 
depends, the corresponding imaginary part is expected to behave 
as 2r\In|\«x| since it arises from (Inc? = (In|x|+iv? when « is 
negative. Since In(E/m) is about 27 for 2E=500 Mev, we may 
expect ImM’ and ReM’ to be about equal. Since C,/ at its peak 
is several times the maximum of C2", we may guess that the term 
containing the ImM’ would dominate the term containing ReM’. 
This would produce an asymmetry of the backward nom curve 
in Fig. 2 of BC, raising one peak while lowering the other. 
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APPENDIX 


In this Appendix an expression for the vacuum 
expectation value of the time-ordered product of two 
photon field operators A,(x), A,(x’) is derived. We 
start from the expression given by Kallén'* for the 
vacuum expectation value of the commutator of two 
photon fields: 


(O|[A,(x),A,(x’) ]|0) 


=—1iD,,' (x’ —x) = — (29) f ape =’ e(p) 


IT (p*) 
x| 5.50 — 
p 


e 


i IT ( 
M- f da 
2 0 a ; 


which we write as 


D 


D,,' (x) [ dal 6,»p:1(@) — 0,0,p2(a) |D(x; a), 


defining 
D(x; a)=—i(2x) fap eo +a)e(p), (A.4) 


and 
Il(—a) 
pi1(a) =46(a)4 
a 


Il(—a) 
p2(a)= —2Mi(a). 
“a 


As is well known, a similar spectral representation 
will hold for all the D’ functions," in particular,” 


2 


D,,*’ (x) f dal 5,.p1(@)—0,0,p2(a@) |Dr(x; a), (A.6) 


*G. Kallén, reference 10, p. 348, Eq. (43.26) 

” H. Lehmann, Nuovo cimento I1, 342 (1954). Lehmann treats 
the scalar and spinor fields; the generalization to include a vector 
field is straightforward 

* The validity of this spectral representation, which is evident 
for the D’ functions which are solutions of the homogeneous 
Kliein-Gordon equation and which are connected by linear re 
lations with constant coefficients, follows also for 


Duo™" (x)= 4 iD 
[where D,,“>’(x) and D,,'(x) are defined so as to agree, for free 


fields, with the definitions used by Kallén, reference 10, p. 190 ff. ], 
from 0,¢e(x)=6,05(0) and D,,'(0) =0 


r)—e(x)D,,' (x) ] 


AND F. 


CALOGERO 


where 


Dp(x; a) (27) 


"|p t+a—te | 


‘f ape 


Introducing the explicit form of p;(a), pe(a 
for the Fourier transform of D,,”’ (a 


> Il(—a) 
D,»*'(p) f dal p’+ a—te | (.f3 a)+ | 
0 a 
IT ( = @) 
tsb —- 2mo(0)|). 
a 


f da{_a(p’+a—ie) | 'Il(—a 


‘ | 
-f da{ p?—ie] (? - 
0 a Pp 


and using the well-known expression 


Now noticing that 


1 1 
=P + ind (p?-+a), 


Pr +a 


where P stands for principal value, we get 


pP+a-— ie 


f [a(p?+a—ie) | "Il (—a)da 
‘ 1 1 
=[r-ied f da(P -P 
0 a +a 
—17b(p +a) )in(—a 


=[p—ie} “[1(0)— fl (p*)—ie ll (P? 


with 


x 


fi (p”) pf dal p’+<a | ‘II(- 


In the same way we also get 


f da{ a*(p?+-a—ie Il(—a)=[ p?—ie}'2M 


0 


x 
—[p’—ie} f da{ a(p’+a—ie) }"Il(—a 


Introducing (A.12) and (A.10) into (A.8), the 
expression for D,,"'(p) is obtained 


A.12 


desired 
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